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It wa* intended Unit the subject of Magnetism mid Electricity 
should be a volume complete in itself, of the Series forming a Text* 
Book on Physics, but it has l«cn found necessary to divide it into 
two. The present volume contains an account of the chief phene- 
men* of electric and magnetic systems when they ore respectively 
charged and magnetised. The effects of changes in the systems are 
only considered statically, after the changes are effected, and the 
systems have become steady again. The phenomena accompanying 
the program of change belong to electric current or electro- 
magnetism and will he treated in another volume. 

The view of electric action taken by Faraday and largely deve- 
loped in mathcnmt it'nl formhy Maxwell still holds good. Faraday 
showed that we must regard the material medium between 
electrified bodies as in an altered condition. In this volume the 
quantity which is taken as measuring the alteration is termed 
"electric strain.” The term is adopted in preference to “ electric 
displacement” or "electric polarisation,” in that it does not 
suggest or Imply any special hypothesis. When the term to firet 
found useful, it to not neeesaaiy to form a hypothesis as to the 
nature of the alteration, though the somewhat vague representation 
of it as the beginning of chemical separation, the drawing apart of 
two equally and oppositely charged portions of atoms or meieeulest 
which Faraday appears to adopt, is helpful The electron theory 
to, substantially, a much more highly developed ted dynamical form 
of Faraday's theory. But the electron theory was suggested by the 
phenomena of electric discharge, and is so hugely a current theory 
lint it to more appropriately considered In the companion volume, 
lathis volume it is only introduced occasionally la magnetism. 



ti PREFACE 

The experiments arc selected chiefly for their value ill establishing 
the fundamental principles, and no attempt is made to give a com- 
plete account of experimental methods. For fuller details the 
reader is referred to Wiedemann's Die Ijhre von for Mtkiricii&t, 
Qraetss'a ffanibuch der ElekiricUSt und dee MagneHamm, Winhel- 
mann’s Hmdbuch der Phytdk, or the Knrych/urdia Drilamktu 1 1 tit 
edition. 

The mathematical development is only carried so far as is needed 
for the account of the experiments described. The aim is to build 
irmly the foundation on which the mathematical theory may lie 
raised. 

- The companion volume is now at press and will be issued 
shortly. 


J. H. P. 
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PART I : STATIC ELECTRICITY 


CHAPTER I 

GENERAL ACCOUNT OF COMMON 
PHENOMENA 

Rbuirlfk&Mtm by friction- Action# between Ixidiuft both elm?! rifled by 
friction— Two kiad# of cleotri (ion tloti— Low of electric tmtchirnioiil ftoliou 
— Electric notion# not mngmitio— Conduction end itmulntbm— (loUMtfn! 
electroicotHi— SIcctrifloetlon by Induction — tfotertlon of kind of charge 
by fch« iltolroicopft— Nature of Induced elect rlftcation- Only the outer 
•urfect of ft conductor in charged— The two eicotrlflcfttlotia niwaya occur 
together, Inducing each other— Diaohnrga of eleotrlfloatlon— Frictional 
ttiftchltiee— Ram* of discharge from tajlntii— Lightning conduoton— 
KI«Hdro)ihitrus Honmitt'* doubler — Belli*# iimohine— liolte’i machine— 
Wlmahornt/n mtudiim* Tim heyden jur«~ Frank tilt’* Jar— He# Id uni charge. 

Electrification by friction. n stick of sealing-wax 

has been rubbed with any dry woulien nmteriat it is found to 
attract dnst, small piece* of papr, bran, or other very light par- 
tielea. A dry gloss rod after l wing rubbed with aifk acta in a 
similar way, ami the property is shared by many other substances. 

’ When showing thia peculiar action the surface of the rubbed 
rod ia said to be electrified, to have undergone electrification, or to 
poiMM electricity, thia term being derived from the Greek fiXarrpoe 
— amber, a substance which waa known to the ancients to possess 
theae electrical properties. 

Many very aim pie and interesting experiments may be made on 
electric actions, We may, for instance, attract egg-shells, paper 
rings, wood laths stts|midt'd by silk threads, ftec., by electrified! rods 
ofaeallng-wax, resin, ebonite, and glass. Perhaps the moat striking 
experiment is the electrification of dry paper. If several sheets 
of paper are thoroughly dried before the fire or by ironing with a 
hot iron, and are, while still quite hot, laid in a pile and stroked 
sharply with the finger-nails, they adhere very closely together, 
if separated, they for a short time show electrification to a very 
hlgb degree, arid attract small pieces of paper with great violence, 
'■mam to the wall if brought near to it, end *o on. 

fo making these elementary experiments, we find that frr 
diffenmt substances oertain “ rubbers " ere the meet efteienb 

t ■ -A 
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Thus, resinous materials, such ns stilling wax *»r ' ulcimitr, dmitld 
be rubbed with wool or fur, ami glass with silk. 

Actions between bodies both electrified by Motion. 
We may study electric actions between bodies in more detail l»v 
means of some such apparatus as the following, which we may term a 
disc electroscop. Two discs, a, b (Fig. 1), an; attached to the ends 
of a vulcanite or varnished glass rod, pivoted and free to turn on 
an upright support; a is glass and b is vulcanite ; r,d are two other 
discs, of glass and vulcanite respectively, provirled with vulcanite 
handles. On rubbing a and r with silk,’ ami h and tl with wool or 
fur, all the surfaces are electrified. On presenting the glass disc r 
to the ^lass disc a, we find that it repls it. We find also that the 
vulcanite disc d rcpls the disc b , or that the similar bodies rejiel 
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each other when electrified. On the other hand, r attracts b, ami 
^attracts a. 

Two kinds of electrification : vitreoua or u»lti?«, 

resinous or negative. We have, then, two distinct kind* of 
electrification — that of the nibbed glass and that of the nibbed 
iiileanite. Further exprimcnU show that there are mile these 
two kinds, and they are often termed, from their simplest modes of 
production, vitreous and resinous respectively. But it is to be 
observed that when acting on a given electrified body they exert 
opposite forces, which tend to neutralise each other. Th«» the 
detached dims c and d may be so electrified that if held dose 
together in front of a or of b they will produce no motion, their 
two^stiops being equal and opporite. 

. Keaee, tn Wgard to their mechanical actions, we may apply to 
the two «i<cti ift eatit«s the terms positive and negative/ Wtrem* 

r*^SSttu4X.‘* k " “ POd,i ' , *• “ a 

mmay now make the following statement j 
i or electrio ttUK&ant oal action. Bodies if similar ly 
^^ified repel each other, and if oppositely electrified attract mJi 

fly* may m ' 

pended glim add vulcanite discs ; t)i nhintflfying thrum fey 
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their appropriate rubbers. Each whiter, if very dry uiitl held at. 
tliu end of a vulcanite handle, will lie f'otmtl to rejiel the disc rubbed 
by tbe other, while* it attract* it* own dine. Or if two other discs 
which electrify each other be ntblxal together and presented to the 
glass disc, one attracts and the other repel* it. 

It must uotilje supposed that a given substauce is always 
electrified in the same way. The nature of its electriticatiou 
dcjH'tids on its physical condition and upon the rubber used. It is 
found that substances can be arranged approximately in order, thus 

f Cut's fur, 

Glass, 

Wool, 

Feathers, 

Wish!, 

l*aper, 

Ebonite, 

Silk, 

— Shellac. 


So that if any one of these substances is rubbed by one higher in 
the list it is negatively electrified, while if rubbed by one lower in 
the list it is positively electrified. The order in such a list must 
not lie taken as quite fixed, since change hi physical condition may 
alter the position of a substance hi the list. A polished surface, 
for instance, apjiears to increase the tendency to positive electrifi- 
cation, so that while polished glass is near the head of the list, 
roughened glass may la* low down. 

Maotrlo notions not magnetic. We may at once dis- 
tinguish electric from magnetic action by the fact tiiut iron, nickel, 
and cobalt are, with ail the other metals, ubsent from the above list. 

Conduction and insulation. At one time it was supiwsed 
tliat the metals and other substances not showing electric attrac- 
tion after friction were non-electric, differing fundamentally from 
substances such as shellac and glass, which were alone regarded as 
lieitig capable of electrification. But afterwards it was shown that 
the real distinction is in the degree to which a substance will allow 
electrification to spread over or through it. Shellac and dry glass 
keep the electrification for a longer or shorter time on the surface 
where It is first duvelopcd, ana are therefore termed inmtktor*. 
Metals allow it to spread over their whole surfaces or to be com- 
municated to other bodies which they touch, and are therefore 
termed conductor!. If a metal rod is held by an insulating handle 
it may be electrified easily by friction with fur, but if it is touched 
by tm hand, a conductor, it instantly loses its electrification. 

There is no doubt a fundamental difference between conductors 
and perfect insulators. But we term many bodies insulators which 
are really very slow conductors, and we may have every intervening 
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stage between moderate insulation, such as that of wool or that of 
baked wood, and good conduction, such a* that of the metal*. 
Sometimes a body may be in itself an insulator, but may have a 
tendency to condense water from the air on its surface, anti the Him 
of water will form a conductor. This explains the difficulty 

Z ’mced in keeping electrification on glass or the still greater 
ty in keeping It on paper. Sometimes the surface of the 
insulator decomposes. This uften happens with vulcanite and 
glass, and the products of decom|x»ition form a conducting layer. 
The insulation of glass may be improved by iinnirrdun for a short 
time in boiling water. Dust may also prevent insulation by form, 
ing a continuous coating of conducting matter on the surface of a 
body. 

The hygroscopic tendency of glass greatly impairs its efficiency 
as an insulator except in a very dry atmosphere. It is, therefore, 
necessary in electrical experiments with glass either to replace the 

gbua surface by another less 


"Z—l/ Cbink whwh slides up 
anti down mf 



nygpmmpk or to toko 
precautions to keep the surfhee 
dry. Often the glass is covered 
with shellac varnish or with 
sulphur. A very simple plan to 
preserve the insulating property 
of a vertical glass rod U to allow 

jys;- 

l' mdi WMwwdasilartFIg. Above 

V, fl * “* placed some asbestos 

wm,% fibre awlrtened wfob strong auh 

fea cork which may ^ jirought doit to*^* thfj^f^t noHn 
**j d «W« the air of the Jar thoroughly, and 

Sft t *» 

fiftwl Em? "*■**• J* —n a-JTC. 

tile lower end of an insulated metal ."*** !?* 

mm*** JS!C3SiXtl ,l ieTft 

narrow strips of 

m * MritlsSwd 
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w hich can ho closed by the cork c when the instrument is nut in 
use, in order to prevent the entrance of dust, j>,}> are two brass 
side plates which can 1m* arranged at any distance on each side ot 
the gold leaves, the wild ti venous of the instrument wing greater 
the nearer the plates are to the leaves. If the wood of the ease m 
nonconducting the side plates shuuhl Ik* connected by wire to 
earth. The reason for this will Ik* seen when we have considered 
tlie phenomena of induction. The top of the rod tuny conveniently 
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end In n meUl table t. If thin is touched by an electrified body 
some of the electrification in communicated through it to the rod 
and leaves. Mid the leaves, being similarly electrified, repel each 
other and stand out as in the figure. .. , . 

An important Improvement in the construction of the 
Mid-leaf electroscope which is now usual consists in prolonging 
She central rod by a thin metal strip, and having only one 
gold leaf which is attached to the strip near it* upper end. The 
fixed vertical strip then takes the place of the second gold lea£ 
On electrification the gold leaf stands out from the strip. W* * 
r epres e nts a form of the instrument suitable for lantern projection. 
It is convenient to have a glass scale engraved on one of the g ss* 


Blootrlfloation by indnotioo. We have describe d above 
Hm charging of the electroscope by contact with an ole rtiW w 
body, liui contact is not necessary. On bringing m 
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hotly near the clod ro*coj»e the leave* diverge, nr the »ingle leaf 
stands out from the strip, showing that ihei have iindcrgiMic 
electrification. The electrification thus produced at a distance 
without contact is said to lie induced. 

Detection of kind of oh urge by the gold-leaf electro, 
scope. If the electroscope lie slightly charged, uiv liv rubbing 

the table with flannel or fur, it will indicate the 

CZ5> hind of charge on any hotly brought near to the 

]j table. If, for example, an exeited etaniite rial 

held over the table make* the leaf or leaves stand 
cut further, an excited glass rod makes them 
1 j\ \L* ^ nearer together, and i**rr tvrjw, We shall 


we later how these actions may tie explained. 
Here we take them aa the remits of direct ex- 
periment and shall use them to test the nature 
of induced electrification. 

ITfttnre of ixtduood alootrtfloation. It 
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is brought ntsr an insulated conductor it 
induces electrification of the kind opposite to its 


malices electrification or tite kind opposite to its 
. , ow n in the nearer part, and of the kind similar 

hlvT'a 1 * th lJ5 rther of , lh f > b«ly. *» in Fig. 0, 

" '££££*_* S£?,“ ~PP«- *™> I* •l«trJW 


insulating 
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same way as thesurSce round it When liSS ^ *£"11" ^ 


wme way as thesurfee round it Wh«nJift«d frZvZL i” T 

ptawves its electrification, and we ml! 

means of the gold-leaf eleetroeeope. * tha kind by 

mm fil ^ 

fern It 32!™^ 
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This gi\os us mi miiiii imml reason for Hscrihiug the ulgchrah' 
signs 4- m«l — to the* two kinds of electrification. Not only do 
they show opposite meehnniml actions, hut when they come together 
in proper proportion the resultant effect is non-electrification. 

We may describe induction, perhaps, more easily by materialising 
our conception of electrification, regarding it ns something which 
we call electricity, in addition to and possessed by the matter, 
rather than of as a condition of the matter. A neutral body we may 
regard as possessing amounts of the two electrifications practical! v 
unlimited and so mixed together ns to neutralise each other. Each 
electricity must lie endowed with an action of repulsion on its own 
kind and of attraction on the opposite kind. This, we must note, is 
not a repetition of the statement on p. 2 of the mechanical action 
tie tween electrified bodies. One gives the nature of the force 
between portions of electrified matter tending to move matter ; the 
other gives the actions between electrifications tending to move 
electricity even though the matter is kept at rest. 

Using this new conception, wo may say that the + electricity 
on A (Fig. 5) decomposes the neutral mixture on 11, drawing 
the opposite — nearer to itself and repelling the like +, which we 
may term complementary, away to the other end. 

This mode of description is merely provisional. We shall see 
later that we must suppose the medium round the electrified bodies 
to take part in the phenomena, and when we trjf to assign to the 
medium its share in the action the above conception of electrifica- 
tion ceases to lx* adequate. But if we use it, not ns a hypothesis 
but rather as nti illustration to aid us for a time in arranging the 
ascertained facts of electric induction, it will be at least quite 
harmless. 

If we touch 11 with the finger or with any other conductor, so 
breaking down its insulation, B becomes ‘part of the general 
conducting system, consisting of the table, floor, walls, and so on, 
and then either the positive electricity can get further away from 
A and so leaves B, or A draws up towards itself more negative 
from the surrounding conductors on to B. Whichever process 
takes place the effect is the same, via. B loses all its positive 
charge and is only negatively electrified. If now we break the 
communication with the earth, B retains this electricity even if A is 
removed ; on the removal of A the electricity on 11 is redistributed, 
and negative will be found on either end of it. 

We may now explain the action of an electrified body in the 
fundamental experiment of the attraction of light bodies, such as 
bits of paper or bran. The electrified body acts by induction on 
these light bodies, electrifying their nearer surfaces with the kind 
opposite to its own, the complementary charge of the Mine kind 
going either to the further side or passing away to the table or 
whatever the particles rest upon. The Bodies thus W ffiiiti fo 
electrified attract each other and the partklee iy to Use eteetriffed 
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surface. Frequently they only adhere for * moment ami are then 
repelled. This is especially noticcahle with i»ith hall* suspended 
by insulating silk threads. They rn»h to the electrified surface 
and then rush away, standing out as in Fig. 7. 'I1»c cxplana- 
tion of this repulsion is that on touching the elect rifled surface, 

they yield up their op|K»ilc elect rill- 
cation, being slight conductors, and 
f \ gather from the surface some of its 

I % own electrification ; bring now elec- 

- / \ trifled in the same sense as the surface, 

J \ they are repelled from it. 

<>. The gold-leaf electroscope may be 

used to illustrate some of tbc pbeno- 
tncna of induction. !<r! us use the 
form with two leaves. If a negatively 
electrified rod, sac of vulcanite, tie 
j-U-s held above the table of the electro- 

scope as in Fig. U, the table is electrified 
?ta. 7. positively and the leaves negatively. 


?ia. 7. positively and the leaves negatively. 

The negative in the leaves induces 
positive In the side plates, their negative going off through the 
conducting communication to the fable or floor, or, let us say 
generally, to the earth symbolised by the plate K. To be sure 
that we get rid of this negative charge it is advisable to connect 
the side plates to the gas- or water-pipe* by wires. 


±*+t±. 
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limit)’ t‘k'ctroM’u|K)H, I here me no special side plates. In that ease 
the surface of the glass may lie dusty or damp and ho become 
oppositely electrified. If the glass is prfectly insulating the 
opposite electrification is induced in the nearest conducting 
surfaces ami the leaves are stilt pulled out by the attractions of 
those surfaces rather than pushed apart by mutual repulsion. 
But the nearer the oppositely electrified surfaces the stronger its 
outward pull. Hence the ml vantage of having adjustable side 
plates, which may lie brought very near the leaves when the charge 
is small. If while the electrified rotl is over the table of the 
electroscope we either touch the table or allow the leaves to 
diverge so far that they touch the side plates, the negative from 
the leaves either passes away to “ the earth," i.r. to the surrounding 
conductors, or is neutralised by a further supply of positive 
brought upfrom the earth, and, erasing to he electrified, the leaves 
fall together. On breaking the earth comiminieation the positive 
on the table above remains, and on removing the vulcanite this 
positive spreads over tho mi and leaves, and induces negative in 
the side plates. These again attract the leaves, which are once 
more drawn apart and remain apart as long as the insulation is 
preserved. 

We can now see how an electroscope, left charged with positive in 
this way, may be used as a detector of the kind of charge possessed 
by another fxxly. If a positively electrified body is brought near 
its table, then the table is negatively electrified by induction and 
positive is sent down into tho already positively electrified leaves, 
and they are forced still further apart. If a negatively electrified 
body is Drought near the table, it is positively electrified and either 
this positive is drawn up to it from the leaves or negative is sent 
down to the leaves, and in either case they are less strongly 
positively electrified and fall together somewhat If the body is 
strongly charged with negative and is brought nearer, a point may 
be reached when the positive in the leaves is just neutralised and 
they come together. If the body approaches still nearer than this 
point, then there is a balance of negative in the leave* over and 
above that neutralising the positive previously there, and the leaves 
diverge once more. It will easily be seen how the indications are 
modified if the initial charge of the elcctroseojx} is negative. 

Only tho outer surface of a conduotor is eleotxified 
unless there are Insulated charged bodies within It. This 
may be proved a* follows: A narrow, deep, tin can, is placed on a block 
of paraffin to serve as insulator and Is charged with electricity either 
by contact or induction. If we place a poof plane in contact with 
tine inside of the can and then remove the plane to aa electroscope 
no charge is detected, however strongly the outride may bee^umd. 
In fact, the can acts as a screen protecting the inside apses from 
outside electrification, and the more nearly it is oioeed the more 
complete is rim protection. The tendency of electrification to fibs 
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outside of ft conductor may lx- shown in another way, Flaring I 
can on the paraffin, uncharged, we may introduce within it 
charged conductor, sitch a* a jprtmf plane nr a metal Imll with 
insulating handle. On lowering the charge*! laxly well within t 
can and allowing it to touch the in»hlr ol the can it liernmc* im 
of the inside surface. Ita electrification at once leave* it, ami i 
taking it out of the can it is found to lie entirely di»rl»arged. I 
aid of the proof plane wc can show tliat there i* no electrification < 
the inaide of the can. Hut before contact the itwidc of the can w 
electrified by induction, theatateof affair* being represented by Fi 
0 ; the + on the mutilated body within the can induce* - on ti 

inner surface ami the complementary ■ 
i* drawn to the outside. Hut we "mi 
still aay that the can acta a* a comple 
screen between the inside and the outaid 
For the + charge on the outside may I 
shown to remain in the same nositlr 
| -f- wherever the + body is placed within ll 
I i conductor so long as It is some distan* 

1 ] below the top. 

| -J- We may, for example, conduct It 
■ , experiment with the can on tlte table < 
ill *8°M*leaf electroscope so that the churn 
on the outside extends to the leave 
Their divergence remains the same, boa 
ever the body within the can may h 
moved about When It ia well beta 
toe top, the + on the outside is really related now to a — chara 
whkh it induces on the surface of the nearest conductors, tit 
table, wall, &c. 

The two eleotrifioatioao always occur together, ia 
duciag each other; or eleotrifloetkm ia always ia 
dtwtive. The analysis of these simple eases of induction prepare 
u» for the general statement that all efoctrifkatlon isaceommmtedb 
aducti<m, U. that whenever we have one kind of electrification m 
have somewhere, facing it, the other kind, and the bodice wboee ear 
teem ere subjected to these related charge* am being pulled toward 
3? lihe imt eh^pter we shall describe experiment 
!™~r 'verify this, and shall dhow else that the two related etsetii 
are always equal in quantity, so that if any conducting 
cer^aon be made between the oppositely electrified surfaces th* 
eiscmfi cations coming together exactly neutralise each other. Thin 
in the experiment represented in Wg, 9, the + on the inside 
, 18 ^ 0,1 th * ln#}d « of «*m The + on tbs 

the can teduorn wirni r on the inside of the walk of tbs 
room. 1£ the bode touches the can the first + and — s om e 

to the can by a wire or by tb body, 


fro. #. 
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those two charges come together and also neutralise each other 
and no electrification of either kind room ins. 

When electrification is produced by friction the two electrifica- 
tions are at first one on the rubber and the other on the rubbed 
Ixxlics. When the two bodies arc widely separated they may no 
longer act only on each other, but on the walls. Thus a charged 
ebonite rod which after being rubbed with wool is held up in the 
middle of a room has its opposite + on the arm of the holder, on 
the table, or on the walls. If two rods both negatively electrified are 
held up near each other they appear to repel each other, but our 
further study will show that we ought rather to regal'd them as 
drawn apart by the opposite walls, which are positively electrified 
by induction. 

Discharge of electrification. When an insulated 
electrified body is touched by the finder or by a conductor 
connected with the ground the electrification passes away and the 
body is said to be discharged. We have described this discharge 
as if the charge merely went to the earth. We can now see more 
of the true nature of the process. The electrification of the body, 
when insulated, is accompanied by opposite electrification of 
the walls, floor, and surrounding conductors, and we may regard 
the two charges as tending to come together, but unable to pass 
through the separating insulating medium. When a conducting 
bridge is made the two charges spread along or through it and 
unite to neutralise each other. Frequently they are able to break 
down the insulation of the medium if the electrification is con- 
siderable, and a spark occurs. In all eases of electric discharge 
the energy of the electrified system is dissipated in the discharge, 
either as heat in the conductors, or ns light, heat, and sound, and 
perhaps chemical energy in the spark. 

Method* of producing electrification in large 
quantity. Frictional machine*. Many different forms of 
machine have been devised for producing electrification con- 
tinuously by friction, and for a long time they were in common 
use. As they are now superseded for most purposes by induction 
machines, it will suffice ir we describe one Form — Winter's plate 
machine. A full account of the mode of constructing and using 
this and other frictional machines will be found in Harris's 
Frictional Electricity. 

In Fig. 10 p is a circular glass plate mounted on a horizontal 
axis, which can lie turned by the handle h in the direction of the 
arrow-head. The plate passes at the lowest point between two 
pads of silk or leather, stuffed with wool, and these serve as 
rubbers. Their power of exciting electrification Is greatly 
increased if an amalgam, usually of mercury, sine, and tin, is mixed 
with lard and smeared over the surfaces. The pads are backed 
with wood and connected to earth, either through the woodwork of 
the machine or, if this is not sufficient, directly by a wire to the 
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gas or water pipe*. At tile level of the horisonUl radios tin* plate 
passes between two metal combs r — the collector*. These rotnlM 
have sharp teeth pointing to the plate ami separated from it bv a 
small interval to allow of free running. Two silk Hap » attached 
by their lower left-hand edges to tins rubbers extend nearly In 
the combs and are held so as loosely to cover tlie section nf the 
plate between rubber and collector, ’lire minis arc connected to 
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of tho plate, the excellence} of its surface and of the surface of the 
rubbers. The advantage of the particular structure chosen for 
the ring is not very clear. It certainly makes the sparks brighter, 
and this is probably explained by the fact that it increases the 
capacity of the prime conductor so that more electricity is stored 
ill it before a discharge occurs, and more, therefore, jwsscs in the 
discharge. 

The ease of discharge from points. If a very sharp 
metal point is placed on the prime conductor it is found that dis- 
charge takes place from it continuously, the air or dust in the air 
acting to convey the charge to the surrounding ami oppositely 
charged conductors. We need not here discuss the mode of dis- 
charge. It is sufficient at this stage to my that tho electrification on 
any conductor tends to accumulate at any projecting point on the 
conductor and to a greater amount jier unit area the sharper the 
point. It appears then that even with comparatively weak charges 
the crowding of the electrification on to a point may be so great 
that the air is unable to insulate, and discharge occurs through it. 
The point appears in the dark to glow. If the hand be held over 
the point the impact of the electrified air streaming from it is dis- 
tinctly felt. A sort of Barker's mill may easily be made to work 
by means of this point discharge. A light “ whirl * represented in 
1%. 11, consisting of a number of spokes with ends pointed and 
taint tangentially, is pivoted on a vertical 
metal support on the prime conductor of a 
machine. When the machine is turned the 
whirl rotates with the points directed back- 
wards. We may explain the motion thus: 

Were the points covered with some efficient 
insulator the whirl would be in equilibrium, 
the pull on the strongly electrified points 
being neutralised by the pulls over the more 
weakly electrified remainder of the surface. / * 

But «a the points are not insulated the Q p,c< 

charge Is constantly streaming of them and > - ■ 

so the pull on them is diminished. The pull Fiu. u. 

ou the rest of the surface is therefore not 
fully compensated and the whirl rotates. Or, without considering 
the arrangement of forces, it is enough to say that forward 
momentum Is generated in the air streaming from the point, and 
that the equal backward momentum is manifested in the retreat 
of the (Kiiut. 

Lightning oonduotorc. The efficiency of lightning con- 
ductors dejiends on the case of discharge from points. A flash of 
lightning is merely a spark discharge on a grand scale be t ween 
oppositely electrified clouds or between a cloud and the eertl. 
Suppose that a cloud is highly charged. The under surface induces 
opposite electrification on the ground underneath it* and if the 
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mutually inducing charges rise above a certain degtvc »» Ha»li nr 
flashes may ensue between the cloud* ami conducting projection* 
from the eartli, such as building*, tree*, or conducting ruck*. Hut 
if there be a lightning conductor with a dwrp jmint directed 
upwards and well connected below with the earth, the earth charge 
may pass off continuously by the {mint towards the cloud ami may 
neutralise the charge there, or at any rate prevent it from rising 
to sparking intensity. We may illustrate this action of a lightning 
conductor oy placing a sharply pointed eartli-eonneetcd metal rod 
near the prime conductor of a machine. If the machine is now 
turned the discharge from the point to the prime conductor 
prevents the gathering of a charge in the latter, and this may la* 
shown by the fact that a gold-leaf electroscope placed near the 
prime conductor is nearly unaffected. Hero the prime conductor 
may be taken to represent a cloud and the sharp point a lightning 
conductor. If the point is now covered by a round metal knob 
the continuous discharge from it ceases and the charge on the 
prime conductor gathers till there is a spark Horn it to the knob. 
JThe electroscope indicates the gathering of the change and its 
dispersal in the spark.* 

Induction machine*. The eleotrophorue. The elect ro- 
phorus is exceedingly useful for the production of a series of small 
charges. It consists of a flat cake (HR, Fig. IK) of some resinous 
material, say of vulcanite, resting on a metal plate BB, called the 



Alwu t a « ov ?A b m ! t * 1 ***** CC * fonri»h«l with an 
tMukting handle H. The stti&ce of the ebonite is flrst electrified 

J? M . "W ® ft J h ^tlng with cattkin. The negaUve charge 
thus developed induce# a positive charge on the uoner surface 
of the sole, Which, lying & the 15 

*** Since the two surface* are 

perfect f&Mfr-tfagr an m t absolutely in contact except at 
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a few points. The charged ebonite therefore acts inductively 
across the intervening layer of air on the cover, and some positive is 
induced on its under surface and the complementary negative 
on its upper surface. The cover is now touched with the finger 
and so earth-connected. The positive charge on the sole can 
now get very much nearer to the upper surface of the ebonite 
and we may regard it as passing round through the earth and the 
body of the operator to the cover, which receives nearly all the 
charge previously in the sole. The negative charge in the cover we 
may regard either as neutralised by the addition of positive or as 
passing away through the operator. Now removing the finger, the 
cover is insulated, and on lifting it by the insulating handle 
it contains a positive charge which is quite large enough to be 
useful for many purposes. The charge on the ebonite still remains 
practically undiniiuished and at once induces another charge on 
the sole. By discharging the cover and replacing it on the ebonite 
the process may be repeated, the original charge of the ebonite 
sufficing to give a great number of chaws to the cover. Though 
the original charge is thus the exciter of all the succeeding charges, 
it must not be supposed that it is also the source of their energy. 
The cover when placed on the ebonite and charged oppositely is 
attracted by it, ami in lifting the cover up again more work 
must he done than that required merely to raise its weight, and 
it is this excess of work which gives to the charge on the cover 
the energy it possesses. The operator therefore supplies the 
energy of each charge in the uctot raising the cover. 

As illustrating t he fact that the charge on the elamite acts induc- 
tively through a thin layer of air on the ordinary cover, it is 
interesting to note that If a layer of mercury Ikj poured on to the 
cake and touched to earth the cake is discharged. Evidently the 
mercury fits so closely on to the electrified surface that the two 
electrifications are able to unite. 

It is important to notice that the charge taken away on raising 
the cover is nearly all derived from the sole. When the cover is 
first placed on the cake a small electrification of the cover, 
-|- below, —above, no doubt occurs. But the greater part of the 
charge on the cake is still occupied in inducing the charge on the 
sole. When the cover is touched the sole charge rushes up into 
the cover, and really forms the charge carried away when the 
cover is raised. This may easily be proved by placing the electro- 
phorua when excited on an insulating pillar, if the cover is put 
on the cake and touched, the sole charge cannot now pass into the 
cover and a very small result is obtained. 

The electrophorus is a convenient instrument only when a 
•mall quantity of electricity is required. For though any number 
of nearly equal charges can be obtained on the cover in succession 
from the same electrification of the resinous cake, and may be 
communicated to a suitably arranged conductor, it would he both 
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troublesome and slow to gettar together my, m 

m . Doubler.— Very soon oiler the invenlh* <f 
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i « the uppar ude, B on both M* nod V «J «l» ™*J jjj 
the varnish acting as an insulator. B am I ] _ tiw (a \ m 

insulating bendlm. Ut - »» m 

insulator, which we may sum**** to 
be an elactroacope as tlmt will serve 
as an indicator of increasing charge ; 
B Is placed on A. If a conducting 
body charged, say, positively touches 
A, while B Is touched to earth, 
almost all the charge will gather on 
A* for there it can be quite dose to 
the opposite negative charge induced 
mi the under side of B. This nega- 
tive charge is neartv equal to that 
on A. Now insulate B and remove 
the body* let B be raised ami 
brought against Ct touch C to 
earth. A positive charge nearly 
equal to tile negative on B or the 
. , positive on A gathers on C. Insulate 

Q $ad replace B on A ; touch B to earth ; touch C to A, when 
nearly m whole of its charge will pass to A, being added to and 
thus almost doubling the original charge. Repeating the pmmm 
after each series of operations, the ehanm on A la nenriy doubled 
and may soon be made a very large multiple of its original value, 
as the electroscope will show. The disadvantage of tnU form of 
apparatus is that it requires considerable manipulation, and it was 
Moi&lowed bv instruments in which the process was carried out 
atodji tateUt by tfri tinning cl a handle. Probably they ware not 
jema.to' ham been centidered merely aa 
euriomfie** 4 J&se madaW, invented bytofii ht 1681, should have 
secured nwr« E : i;,», It appears, however, to have been neglected, 
and it was no! tihil tha Independent inveutiou of machines by 
Varley, Thomson, Tester, and noils, about the years ltMKMft, that 
general attention was directed to the subject. Siam tort time 
various forma of machine*, all dependent on i n duction or n 
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Belli’a machine.* In the form hen* dewrihcxi there are two 
metal plutest he Held platen A H,l»ent, an in Kig. 1 4, like the rovers of 
a hook and fixed on insulating pillars. The movable part consists of 
two circular metal plates, the “carriers'" (‘ 1), at the extremities 
of a glass arm. % turning a handle these can Ik* revolved on a 
horizontal axis so that they pass through the spaces pnrtially en- 
closed by the field plates. Projecting from the inside of each 
field rdate is a spring which each carrier touches as soon as it is 
completely within the field plates, After contacts with the springs 



are broken the carrier* come in contact with the two ends of a wire 
n n, the ** neutralising rod ** of later machines, which puta them in 
electric communication while still within the field plate*. To 
understand the action of the machine let us suppose that to begin 
with there is a positive charge on A and that the carrier plates 
start from the position of contact with the wire n », C being 
within A and D within B. Then negative electricity ia induced 
on C and positive ie aent to D. These charge* are carried round 
until (’ touche* the spring » within B,ami D touches that within A. 
Since the carrier* are almost enclosed by the field plates and ore in 
contact with them, their charge*, tending to get to the outside, pern 
almost entirely to the field plates, increasing the + charge cm A 
ami giving a — charge to I). Ills carriers then move on to con- 
tact with the end* of the wire tt n, when D will be negatively 
and € ponitively electrified by induction. Further rotation brings 
C again within A and 1) within B, and on contact with it the 
charge* go to increase those on the field plates. Thus the charges 
on the field plate* rapidly increase. 

• iH t mum nmm wmmh m 4i A»»« Hoi* tottib* YtfttlOji L 

(tiJIJK p* 111* 
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It is not always necessary to electrify a field l»J n,r *° **’* ,,,r 
machine in action. There is frequently some charge to U-«m 
with, perhaps due to friction of a carrier against a *j»rnig. amt if 
the two plates are not electrified equally the machine a ill mcreasr 
the larger charge and soon make the smaller charge of the o|>|»n«ite 
sign to it, if it was not so initially. .... . . , 

In 1860 C. F. Variey* invented a machine similar m principle 
to that of Belli, and later I/mi Kclvinf devised a mollification, the 
« replenisher” used to charge the jar in his Quadrant l.h* tromrti i . 



Via. 1A 



■uthot. iffiportant development* mm made In Toepler* machine 
mm mMm.t W# shall on iy describe the machine 
».«% mxfmm to this <matey m& introduced fay Wimsfaumt in 
18 $®, a modification of the previous machine* somewhat mom 
eeriau- and eamdmt in its working. 

■„ 'The Wlm&xanb sum -fa us, The common form «f this 
©aohtoe is represented in Fig. 16. It eondnts of two exactl 
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velocities in opposite direction* on the kiuiic use*. On the outer 
face* of the plates me ecjunl numbers of thin brass sectors arranged 
radially nl equal intervals. On the horizon till diameter are the 
collecting combs eomieeted with the discharging knolls which arc 
placed anove the plate*. Two Hitmll Iz’vden jars have their inside 
coatings connected one to each of the collecting combs, while their 
outside routings are connected with each other. At 4 !i° or there- 
abouts to the horizontal, the Ixrnt position being found by trial, 
are two neutralising rods, one opposite each face, and nearly at 
right angles to each other. These terminate in wire brushes which 
touch the sectors as they revolve. To start the machine most 
easily, the discharging knobs are placed nearly in contact and the 
handle is turned. After a few revolutions of the plates, if the 



machine is fairly dry and dust-free, sparks will pass. The knobs 
may now be separated gradually, and the sparks will continue to pats 
till tha limiting length is passed Even when the machine will net 
excite itself it may readily bt sat in action by holding an electrified 
body near one of the brushes on the far side of the plates front it, 
and then rotating the plates. The Wlmshurst is one of the most 
easily worked and most regular of the influence machines. The 
explanation of its working can be given most readily by aid of a 
diagram in which, as represented in Fig. 10, the plates are re- 
placed by co-axial cylinders. We may then distinguish them as 
tuner and outer. lot us first leave out of account the discharging 
circuit and suppose only that we have the two neutralising rods 
M}tMg, Mjttg. lot the plates revolve as in the figure, and let us 
suppose that in some way, say by friction as it passes the brush n } , 
* sector at the highest part of the inner plate is slightly positively 
aloottiflsd. As this comes opposite m, it induces - on the 
of the outer {date under »*,, and sends + «# to W 
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sectors of the outer plate under The smaller the sectors 
and the more numerous they are, the greater will be the quantity 
of — induced through m x by the + on the inner plate, and it 
may be much more in total amount than the original + if a 
sufficient number of sectors pass m 1 while the inducing charge is 
near that brush. Now the — passing round on the outer plate 
arrives opposite n x when the + on the inner arrives at w 2 , and, 
meanwhile, the + given to the outer plate through m 2 arrives 
opposite n, g, and under these charges not only is the + on the 
inner plate under ?i 2 neutralised, but a — charge is induced on 
it there while a + charge is given to the sectors under n v These 
are carried on, and when under m x m 2 they induce — and + on 
the outer plate, while when under n^i 2 they are reversed. 



FlO. 17. 


« JSfT geS ° n ^f/ifferent parts of the plates are therefore 
' ** •fP' 6 ’ and lf the sectors are sufficiently numerous the 
ft** ^ mount up until the increase is balanced bTkakate 

S he necessit y of a number of sectors it is suffident 

^^^er the case represented diagrammatically in Fig. 17 where 
g^ ^hptoe cm v two sectors at the opposite ends of a 
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combs will clearly tend to draw out — and leave + on the right- 
hand discharging rod. On the left-hand rod, — will be left, and 
if the knobs are not far apart the charges may soon be sufficient 
to spark across. But if the knobs are so distant that no sparks 
pass, the charges on them may soon reach a steady state, and no 
more electrification being taken from the combs, the machine works 
just as if the discharging circuit were removed, and increase is 
balanced by leakage. 

Storage of electrification. The Leyden jar. The 

Leyden jar is a device for collecting and storing large quantities of 
electrification. It usually consists of a glass jar, as shown in Fig. 
18, lined inside and out with tinfoil to perhaps three-quarters 
of its height ; the neck of the jar is closed by a cork, or preferably 



Fig. 18. Fig. 19. 


some insulating material, through which passes a metal rod termi- 
nated above in a knob and below in a chain, which puts it in 
communication with the inner coating of tinfoil. If the jar is 
held in the hand, the outer coat is connected to earth, and 
if the knob is applied to the prime conductor of a machine, the 
positive charge from the prime conductor passes into the jar and 
collects on the outside of the inner coating. There it induces a 
negative charge on the inside of the outer coating. If the knob is 
held at some distance from the prime conductor the jar is charged 
by a series of sparks, and the successive rushes of negative elec- 
tricity to the outer coating through the arm may frequently .be felt. 
If the source gives large charges in each spark, the rushes through 
the arm would be painful, and the arm must be replaced by an 
earth-connected wire. 

To discharge the jar it is only necessary to connect the two 
coatings, or to connect the inside to earth. As it is disagree- 
able to the operator to form part of the connecting circuit it is 
usual to employ a discharger, consisting of metal tongs provided 
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with an insulating handle (Eig. 19). The knobs being separated 
a proper distance, one is first brought against the outer coating, and 
the other is then brought near the knob of the jar ; the discharge 
takes place by means of a spark more or less brilliant, according 
to the charge in the jar. If the tongs are brought first against 
fee knob, discharge sometimes occurs through the operator if there 
is faulty insulation in the handle. It is therefore advisable to 
observe the order above described. With a given machine as 
source of electrification the maximum charge collecting in a jar, 
which we may take as indicating its electrical capacity, is pro- 
portional, as we shall prove later, to the area of the coating, and 
inversely as the thickness. It depends also on the nature of the 
insulating material of which the jar is made. It would, for 
example* be greater for an ebonite jar than for a paraffin jar of the 
same dimensions. Sometimes, instead of a' jar, a flat 
P^e of glass is used, coated on its two sides. We 
may evidently regard this as sf jar opened out. 

Franklin’s jar. If the coating is not abso- 
lutely in contact with the glass the charge resides on 
the surface of the glass, passing, no doubt, through 
the intervening thin layer of air. This was proved 
by trank Im by means of a jar with movable coat- 
ings. Fig. W represents the separated parts of 
such a jar. The lowest is a tin cup to form the 
outer coating. The middle is a glass beaker which 
ats i nto the cup, and the upper is a tin cylinder to 
term the inner coating when dropped into the 
beaker. After charging the jar we may remove 
first the outer coating, and then the inner by an 
insuring hook so as to prevent earth connection 
before the coating is removed from the jar. The 
teto coatings wijl now be found free from charge. 
After building up the jar again, however, a dis- 
charge may be obtained on connecting the cUingT 
showing that when the coatings werf removed Te 
two surfaces of the glass still retained the charges 
may seem at first sight inconsistent with the 
^tecteopkorus, in which the charge 
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intervening air space is therefore 

jar Is charged, left for 
IWs'-.t© be entirely free 
» shfflfefe time another 
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ppeared, but much less in quantity, and another spark may be 
obtained. Leaving it again for a time after discharge, another 
but still smaller charge gathers and a third spark may be 
obtained, and so on. These successive charges are termed residual 
charges, and the successive sparks residual discharges. We shall 
give the probable explanation of the phenomenon later. 



CHAPTER II 

QUANTITY OF ELECTRIFICATION 


Use of the electroscope to indicate equality of charge — The two electrifica- 
tions always appear or disappear in equal amounts whether the electrifica- 
tion is by friction, by conduction, by induction, or by supply from current 
— Electrification resides only on the outside surface of a conductor unless 
it contains insulated charged bodies— An insulated charged conductor 
inside a hollow conductor induces an equal and opposite charge on the 
ina&e and an equal like charge on the outside— Imagined construction 
of multiples and submultiples of an arbitrary unit of charge — Imagined 
method of measuring any charge in terms of this unit. 


We shall bow describe a series of experiments, some illustrating 
the general laws of the production and distribution of electrifica- 
tion, and others showing that we may make definite and consistent 
measurements of quantity of electrification. 

Use of the electroscope to indicate equality of 
charge. If a deep and narrow metal vessel, such as an ordinary 
ro*md tin canister, is placed on the upper table of a gold-leaf electro- 
scope, it may be used to detect a very slight charge of electri- 
fication on a body, by the introduction of the body within the can. 
It is not necessary to communicate any of the charge to the can, 
for it will act inductively, calling up an opposite charge on the 
inside of the can and sending a like charge to the gold leaves.* 

As the body is being lowered within the can the divergence of 
tte leaves rapidly increases at first, but soon it approaches a limit, 
wbksi it does not exceed, and the leaves remain practically fixed 
iwwOTer the body be moved about within the can, so long as it 
aot come near the open top. 3 

% a lid with only a small hole for the 
nffidlatag hotter of -the body to pass through, the body may be 

Kjf® e ^ e t°P> without change in the divergence 
Stiff ka w^ ThUs 1 a in the position of a charged body 

a closed can does not affect the indications of an electro- 
scope connected with the outside of the can. This result, which is 

fa this chapter the gold-leaf electroscope may 
Efeetrometer Ascribed, on. p. 87, tie caubeiuz 
ifc ^ I ' Much, greater sensitiveness 

<sf he made sufficiently sensitive 

fgf * ’ ^ SS&KK th * leareS> “ d U 
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of great importance, may be verified with great exactness by 
connecting the can to earth until the charged body is inserted. 

, The induced like electrification on the outside of the can is 
discharged and the leaves remain together. They are then in the 
most sensitive position, and the sensitiveness may be still further 
increased by approach of the side plates. If there were any 
change in the effect on the leaves due to change of position of the 
inside body it would now; be noted most easily. 

Here we have a definite effect due to a charged body, which 
may be easily observed, and, one which is consistent. For on 
successive withdrawals and insertions the same divergence of the 
leaves is obtained, and the exact position of the charge within the 
can is unimportant. We may, therefore, use this effect to compare 
two different electrifications as to quantity. If two charged bodies 
inserted successively, produce the same divergence, they are to be 
regarded as having equal charges. If the divergence is not the 
same the greater divergence corresponds to the greater charge. 
Again, if two oppositely electrified bodies are inserted in the can at 
the same time, they tend to send opposite, electrifications into the 
leaves and so to neutralise each the effect of the other. If the 
leaves do not diverge at all, the charges are to be regarded as equal 
in amount though opposite in kind. We have thus defined what 
we mean by equal charges on different bodies, whether like or 
opposite in kind, and we can now state the fundamental law of the 
production and disappearance of electricity, viz. : 

The two electrifications always exist in equal amounts . If any 
amount of one appears or disappears , an equal amount of the other 
appears or disappears at the same time . 

The truth of this law may be tested by the following simple 
experiments with the gold-leaf electroscope and can. 

Electrification by friction. If a rod of sealing-wax and a 
rod of glass are rubbed together within the can the leaves do not 
diverge. They are both electrified, howeyer, for on withdrawing 
one of them the effect of the other is at once evident. But since, 
before the withdrawal of one, the leaves did not diverge, it follows 
that the two kinds of electrification are produced in equal 
amounts, one on the sealing-wax and the other on the glass. 
We may use other pairs of substances, and in every case we shall 
find that the two bodies rubbed together are electrified oppositely 
with equal amounts. 

Electrification by conduction. If we first lower an insulated 
charged conductor into the space inside the can, touching the can to 
earth meanwhile so that the leaves remain together and in the 
position most sensitive to variation of charge, and if we then 
lower a second insulated uncharged conductor into the can till it 
touches the first, we know that conduction takes place from the 
first to the second. But the electroscope gives no indication ; 
then the total amount of electrification remains the same, though 
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now it is on two bodies. Again, charging the second body 
oppositely to the first before inserting it into the can, and keeping 
the can untouched to earth until both conductors are within it 
but not in contact, if we now bring them together the smaller 
charge will be entirely neutralised by a part of the larger and will 
disappear, while the rest of the larger charge will spread over both 
bodies. But the electroscope remains unaffected by this process, 
or the algebraic sum is still the same. The two kinds have, 
therefore, disappeared in equal amounts. 

Meetrification by induction. Returning to the first of the 
two preceding experiments, while the second uncharged body 
was being lowered into the can it became electrified by induction 
on approaching the charged body. This we know from our 
general experiments on induction, described in Chapter I. Since 
the electroscope gave no indication of change of amount, it is 
evident that equal and opposite amounts must have been induced 
cm the body. The unlike was near the first body, the like remote 
from it. On contact the unlike was neutralised by some of the 
charge on the first body. So that it is again evident that the two 
kinds disappeared in equal amounts. 

Electric current. We shall see hereafter that the electric 
current as produced by voltaic cells or dynamos may be regarded 
as a conduction of electrification along the wire in which it occurs. 
The quantities conducted even in a short time are usually 
enormously great compared with the quantities with which we 
deal ha experiments with the gold-leaf electroscope on charges 
produced by friction or induction. Making a small voltaic cell, 
and connecting the plates together by a wire so that the current 
flows, let us insert it within the electroscope can. No vestige of 
charge is shown. Hence the two kinds are being produced and 
are disappearing in egual quantities. 

Tho distribution of electrification on conductors. 
Electrification resides only on the outside surface of conductors, 
unless, bemg hollow , they contam insulated charged bodies . 

If the deep can of the previous experiments, or preferably a 
hollow insulated metal globe with a small opening to the inside, is 


inside stews m trace of efectnScation on withdrawal. Or, if a. 
chaiged coteoctor is brought within the hallow conductor and 
ieucfaed to it, it is entirely discharged. Oh contact it forms part 
of the inside of the hollow conductor and can no longer keep its 
eleetrtfic&iioo. r 

Faraday (J Srp. Mes. vol. i. §§ 1178-4) made experiments on a 
scale to stew that the charge of a conductor resides on the 
A cute wiai eaA edge IM it fengj ConsfeBto of a light 
wooden framework covered in with paper, ' was made thoroughly 
conducting by copper wire and bands of tinfoil. It was insulated 
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and charged by a powerful machine till “ large sparks and brushes 
were darting off from every part of its outer surface.'” Faraday 
went into the cube and lived in it, and using lighted candles, 
electrometers, and all other tests of electrical states,*” he was unable 
to detect any charge within the cube. 

Faraday devised a very simple and interesting method of 
showing that charge resides only on the outer surface of a con- 
ductor by an experiment known as the u butterfly-net experiment.*” 
A conical muslin bag (Fig. 20a) which may be 10 or 12 inches 
long is fitted on to a ring about 4? inches in diameter, placed on 
the top of an insulating pillar with a base fixed to the table. The 
muslin is preferably slightly starched. After it is starched two 



Fig. 20a. 


insulating silk threads are attached to the apex, one inside, one 
out, so that the bag may be easily turned inside out merely by 
pulling one of the threads. A charge is then communicated to 
the bag, and it can be detected on a proof plane which has been 
applied to the outer surface while no charge is thus detected on 
the inner surface. The bag is then pulled inside out by one of 
the silk threads, and the outside, which was previously the inside, 
is found to possess the whole charge. 

When an insulated charged conductor is brought within a hollow 
conductor it induces an equal and opposite charge on the inside of the 
hollow conductor , while an equal like charge goes to the cndside. 

Let Fig. 21 represent a deep can on the table of an efeeiief 
scope and let a positively charged insulated conductor be InseriW 
within the can. Outside the can and in the leaves » a 

positive charge, as may be shown by the collapse of the gold leaves 
on bringing near the can a negatively electrified body, mj- m 
ebonite rod. Inside the can there is a .negative m- 

toiich the can to earth to discharge the outside posiriveiAetrifi- 
cation and then withdraw the charged JNdfVv Smm, the 
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outside of the can and the gold leaves become negatively electrified. 
We may at once prove this by again bringing up the ebonite rod, 
when the leaves will diverge still further. Now, discharging the 
electroscope and again inserting in the can 
the positively charged body, we know from 
our experiments on induction that the quan- 
tities on the inside and the outside surfaces 
of the can are equal, though opposite. 
Touching the charged body to the inside of 
the can, it is entirely discharged, and at the 
same time the inside charge of the can dis- 
appears, while the outside charge is un- 
affected. Hence the inside charge must 
have been exactly equal in amount, though 
opposite in kind, to the charge on the 
inserted body. Faraday used the cube 
already described to show that a charge 
within a conductor induces an equal and 
opposite charge on the inner surface of the 
conductor. For this purpose he passed a 
long glass tube through the wall of the cube 
so far that it reached well within it. A wire 
from a large electric machine passed through 
the tube, and by discharge from the end of the 
wire the air within the cube could be highly 
electrified. If while the machine was being 
worked the cube remained insulated, the 
outside became strongly charged. If it was 
put to earth this charge was conducted away. If at the moment 
that the machine was stopped the cube was insulated again, no 
charge gathered on the outside, showing that the electrification 
of the air within was exactly neutralised by the charge which it 
induced on the inner surface of the cube. 

Imagined construction of multiples and sub- 
multiples of an arbitrary unit of charge. Before pro- 
ceeding further with the account of electric induction it may 
assist us if we consider a method of making quantitative measure- 
ments of dbaige whieh depends .upon the foregoing experiments*. 
The method is impracticable owing to the impossibility of perfect 
insulation, but* as a conception, it is a legitimate deduction from 
the. principles to which we have been led, and it serves to show 
that we can attach a definite meaning to the term “ quantity of 
electricity.” 

; -.Itte-m suppose that perfect insulation is possible and that we 
have a conductor on a perfectly insulating stand. Let us impart 
to A, Mg. some arbitrary positive charge. With a perfect 
insulation this charge will remain on A for ever, and so being 
definite and consistent we may choose it as the unit of charge. 



Fig. 21. 
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Let a small can B have a lid furnished with an insulating 
handle h and let the under side of the lid have some arrangement 
by which the base of A can be attached when A is inverted. Let 
H be an insulating handle by which the can may be lifted up. Let 
an insulating base plate be fixed to the can. Let C and D be two 
other cans similar in general plan to B, but large enough to con- 
tain it. Let a metal piece S be fastened to the lid of each of the 
larger cans so as just to touch the smaller can when inside. 

We shall now show that we may give to C a charge equal to 
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any positive multiple of the unit, and to D a charge equal to any 
negative multiple. To charge C with a positive multiple, place 
the unit within B, place B within C, and put the lid on C, taking 
care not to touch the conductors in any case, hut moving them 
always by their insulating handles. Then following out the process 
by the aid of the upper row of diagrams in Fig. 2% it is easy to 
see that when B is taken out of C, C will have a positive unit on 
the outside. On taking A out of B, B may be inserted in B, as 
represented in the lower row, and its negative charge is imparted 
to D. On taking B out of D, B is free from charge. As A 
has its original charge we may repeat the process any number of 
times, each repetition adding a positive unit to C and a negative 
unit to D. We may imagine the preparation in this way of a 
series of multiples of the unit, both positive and negative, by having 
a number of cans like C and D. By making a numberof exactly 
similar cans, charging one with a unit and sharing fhfe umt 
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with another, then sharing one of the half units with another, 
and so on, we may suppose sub-multiples prepared on the scale 

i, h h 

Imagined method of measuring any charge in 
terms of the unit: W e may now use these quantities some- 
what as we use the weights of a balance. Suppose that we wish 
to measure the quantity of electricity on a given body, let us 
place it insulated within an insulated can connected to an electro- 
scope. Then let us place within the can and also insulated from 
it quantities of the opposite kind of electricity until the leaves of 
the electroscope fall together. Then the two kinds are equal in 
amount. It is evident that we may keep the can to earth while 
we are inserting the charged body and the opposite quantities and 
then test their equality by lifting them all out at the same time. 
If the opposite charges are unequal the electroscope will at once 
show a charge. 



CHAPTER III 


PROPOSITIONS APPLYING TO 
“INVERSE SQUARE” SYSTEMS 


The inverse square law — The field — Unit quantity — Intensity — Force 
between quantities m x and w? 2 — Lines of force and tubes of force— Gauss’s 
theorem — If a tube of force starts from a given charge it either continues 
indefinitely, or if it ends it ends on an equal and opposite charge— The 
product intensity x cross-section is constant along a tube of force which 
contains no charge— If a tube of force passes through a charge and q is 
the charge within the tube, the product intensity x cross-section changes 
by 4 V q — The intensity outside a conductor is — Representation of 
intensity by the number of lines of force through unit area perpendicular 
to the tines — Number of tines starting from unit quantity — The normal 
component of the intensity at any surface is equal to the number of 
lines of force passing through unit area of the surface — Fluid displace- 
ment tubes used to prove the properties of tubes of force — Spherical 
shell uniformly charged— Intensity outside the shell — Intensity inside 
the shell— Intensity at any point in the axis of a uniformly charged 
circular disc— Intensity due to a very long uniformly charged cylinder 
near the middle— Potential— The resolute of the intensity in any 
direction in terms of potential variation— Equipotential surfaces— The 
energy of a system in terms of the charges and potentials — The potential 
due to a uniformly charged sphere at points without and ^ithin its 
surface. 

The inverse square law. In the chapters following this we 
shall show that certain actions at any point in a space containing 
electric charges may he calculated on the supposition that each 

"• ' the pohii proportion 

to the square of the 
method of calculation 
holdsfor magnetic and for gravitative systems. It is to be noted 
that the supposition of direct action according to the inverse 
square law is adopted merely for the purposes of calculation. 
Experiments show that it gives correct results, but, as we shall 
see, it does not give us any insight into the real physical actions 
occurring in the system. 

There are certain propositions which are mathematical conse- 
quences of the inverse square law, and it will be convenient to 
prove these before we discuss the experimental verifications. These 
propositions hold good alike for electric, magnetic, and gravitative 

system^ p roye the propositions on the assumption that we are 


element of charge exerts a direct action at 
to the element, and Inversely 
fHstanre* of the noint from It. 
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dealing with an electric system in which the charges are separated 
by air. Some of the propositions will, however, apply at once to 
magnetic and gravitative systems if we use corresponding units of 
measurement. 

The field. The space in which the action of a system is 
manifested is termed its field. 

Force between quantities and m v Experiments which 
are described in Chapter V show that a small body charged with m 1 
acts upon a small body charged with m 2 and distant d from it with 
a force proportional to m 1 m^jd 2 , whatever be the unit in terms of 
which we measure the charges. 

Unit quantity. The inverse square law enables us to fix on 
the following convenient unit : If two small bodies charged with 
equal quantities would act on each other with a force of 1 dyne 
if placed 1 cm. apart in air, each body has the unit charge on it. 

This unit is termed the Electrostatic or E.S. unit. If two 
bodies have charges m 1 and m 2 in E.S. units and are d cm. apart, 
the inverse square law shows that the force between them is 
m 1 m^fcP degrees. 

Intensity of field. The intensity at a point is the force 
which would act on a small body placed at the point if the body 
carried a unit charge. 

The intensity due to a charge m at a distance d is mjd?. 

Lines of force and tubes of force. If a line is drawn in the 
field so that the tangent to it at any point is in the direction of the 
intensity at that point, the line is termed a line of force. A bundle 
of lines of force is termed a tube of force. Or we may think of a 
tube of foijee as enclosed by the surface obtained by drawing the 
lines of force through every point of a small closed curve. 

We shall now prove a theorem due to Gauss which enables us to 
obtain the intensities in certain cases very simply, and which also 
shows us that lines and tubes of force indicate for us the magnitude 
as well as the direction of the intensity at 
every point in their length. 

Gauss’s theorem. If we take any 
closed surface S, and if N is the resolved part 
of the intensity normal to the surface at the 
element cZS, positive when outwards, negative 

when inwards, then yN<£S?=4"7rQ, where Q is 

the quantity of charge; within the surface S. 
Any charge without the surface makes on 

the whole no contribution to f NdS. 

To prove this let us consider ah element 
of charge g, situated at a point O within a 
closed surface, such as is indicated by S in 
Kg- 23. * Let an elementary cone of solid angle dw be drawn from 
iffi; Intercepting an element of area dS of the surface S. Let this cone 
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be represented on a larger scale in Fig. 24, in which AHBK repre- 
sents dS. The intensity at dS mav be taken as qj OA 2 outwards 
along the axis of the cone, and if 0 is the angle which the axis 

makes with the normal to AHBK, then N = and 

XfJQ. — 9^ COS 0 

OA 2 * 

But if we draw ALCM, a section of the cone through A 


B 



% 

Wm. 24 . 

and perpendicular to the axis, the angle between AHBK and 
ALCM is 0, and since dw is so small that BC is practically parallel 
to AO, ALCM = dS cos 0. 


Hence NdS = 

OA 2 
= qdw. 

If we now sum up for every element of the surface, the 
contribution of q is 

f NdS = J qd& = qj df*> = 4x§ 

since the total solid angle round q is 4x. 

The normal intensity at any point of S due to any number of 
elements of charge is equal to the sum of the normal intensities due 
to the separate elements. Hence for the whole charge Q within S 
we shall have to add up all the quantities such as 4x2, an( i m 

f NdS = 4-xQ. 


Now let q be outside the surface at 0, Fig. 25, and let an ekmwmitr 
sr coned* cut S in dSj at A, and dS a at B. Let the intensities at A 
[ B normal to the surface be N* N 2 respectively. Then, as weh&te 

neuiSfee eagefe 
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will hold good for every elementary cone drawn from O to cut S» 
and therefore an element of charge q without S on the whole makes 

no contribution to./lWS, and only the charge within S counts. 

We have taken the simple case in which each cone drawn from 
a point inside cuts the surface once, and each cone from the out- 



side cuts it twice, but it is easy to see that the results are true if 
the surface is re-entrant, so that it is cut any odd number of 
times in the first case and any even number of times in the second 
case. 

We shall now apply Gauss’s theorem to tubes of force. 

If a tube of force starts from a given charge it either 
continues indefinitely, or if it ends it does so on an equal 
and opposite charge. Let a tube start from a quantity q on 
an element of surface S v Fig. 26. In describing the tube as starting 
from q we imply that within S x the intensity is zero. 

Suppose that the tube continues some distance from S x and 



that it ends at P, as represented in the figure, without reaching 
any ot|ier charge. Prolong the tube within S v make another 
closed end, and to the closed surface thus formed apply Gauss’s 
theorem.. Over the whole of this surface N = 0, for along the 
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bides of the tube the intensity is parallel to the surface of the 
tube and has no component perpendicular to it, and therefore 

/ NdS=0. But f N dS=4xy, since q is the charge within. Then 
4 tt?= 0 and q = 0. 

Then the supposition that the tube, starting from any real 
charge can end at a point in the field where there is no charge, 
is inadmissible. 

Now suppose that the tube begins at S x , Fig. 27, on a charge 
and ends at S 2 on a charge q 2 . By ending we mean that within S 2 



the intensity is zero. Prolong the tube as dotted within S 1 and S 2 
and thus make two ends. Apply Gauss's theorem to the closed 

surface thus formed. Then / NdS=0, since N = 0 at every point, 

and 47 t(# 1 +{/ 2 ) — 0- 
Hence (u = — ■ q r 

The product intensity x cross-section is constant 
along a tube of force which contains no charge. Let S A 
Fig. 28, be two cross-sections of such a tube, and let I x l 2 be the inten- 
sifies at those sections. Let us apply Gauss's theorem to the closed 



surface formed by the tube between S* and S s and by fie ends SAr 
N k** g no value over the sides of the tube since the intensity is along 
the tube. Over the end S p IMS = IA* Xhtr the 444 .N# ' 

■idfJL* negative as L is inwards. Then J NdS = I A — IA ■ # * 
^ ^ ■ — the tube between % Mi 
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If a tube of force passes through, a charge and q is 
the charge within the tube, the product intensity x 
cross-section changes by 4 v q. Let S X S 2 , Fig. 29, be such a 
tube having charge q within it between S x and S 2 . Applying 



Gauss’s theorem to the tube and its ends S,S,, it is evident that 
IA - I 2 S 2 = 4 n . 

The intensity just outside a conducting surface is 
normal to the surface. Let a, Fig. 30, represent the section of 
a small circular area of a conducting surface charged with <r per 
unit area, and let a be so small that it may be regarded as plane and 
the surface density of its charge as uniform. Let it be circ ular . Let 
PjPg be two points on the axis of a respectively at equal distances 
just outside and just inside the surface and so near that P x P 2 is 
indefinitely small compared with the radius of a . 

Now the intensity at any point may be regarded as the resultant 
of the intensity due to a, and the intensity due to the rest of the 

surface and to other bodies in the 
system which we may denote collec- 
tively by S. At P 2 the intensify is 
zero, as it is a point within a con- 
ductor, so . that the intensity there 
due to S is equal and opposite to 
that due to a. From symmetry, 
that due to a is normal. So also 
must that due to S be normal. At 
Pjf&ie intensity due toS is the same 
as , at P 2 , since the distance between 
the points is negligible compared 
with the distance of the nearest parts 
of S. The intensity at P t due to a 
is equal «d opposite to its value at P ? and is therefore eq ual to 
and in the. .same direction as the intensity doe to Sy and 'both* are 

normal to the surface. ~ ; 

7" The intensity jnst outside a conductor is where <r 
is the charge per unit area or the surfece density^ F« 
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suppose that the tube in Fig. 29 starts from unit area on a con- 
ducting surface at q. Then the charge at q is <r. Let the tube 
be prolonged within the conductor and be made to end at S 2 . 
Then I 2 = 0, since there is no field within the conductor. Then 
IiSj = 4 7 t<t. If S x is close to the surface, by the last proposition 
it is parallel to the surface, and also has unit area, and therefore 
I 2 = 4 wcr. 

Representation of intensity by the number of lines of 
force through unit area perpendicular to the lines. Along 
a tube of force intensity X cross-section is everywhere constant if 
there is no charge within the tube. Draw a cross-section S x where 
the intensity is I* and imagine that through each unit area at S x , I* 
lines of force pass along the tube. There will be in all I x Sj lines 
in the tube. Let S 2 be a section further on where the intensity is 
I 2 . All the IjSj lines pass through S 2 , and the number through 

unit area of it will be I 2 , or will be equal to the 

^2 ^2 . 

intensity at S r Hence if we draw lines of force from any surface at 
the rate of I lines per unit area (the area being perpendicular to the 
intensity I), the number passing through unit area at any point in 
their course (the area being perpendicular to the lines) will be equal 
to the intensity at that area. 

If the area of the surface from which we draw the lines is S, 
the total number through it, f IdS, is termed the flux of force 

through S. The magnitude of the intensity, as well as its direc- 
tion, is therefore indicated by the lines of force when drawn on 
this scale. Where they are closer together the field is stronger ; 
where they open out the field is weaker. 

Number of lines of force starting from unit quantity. 
If a charge q is at a point, the intensity over the surface of a sphere 
radius r drawn with the point as centre is g/r 2 . We must then allow 

qj?& lines per unit area, or 4 = 4 irq in all. That is, from 

quantity g, 4nrq lines start, and from unit quantity 4 w lines 
start. 

If a tube of force contains a charge q at any point the flux of 
force, as we have seen, changes by 4xg, that is, the charge q adds 
its lines to those already going along the tube. 

The normal component of the intensity ST at any sur- 
face is equal to the number of lines of force passing 
through unit area of the surface. Let AB, Fig. 31, repre- 
sent an element a of the surface, and let I, the intensity, make 
an angle $ with the normal to AB. Let AC represent the pmap- 
of AB perpendicular to I. Thai AC == a cos 6. The nWfear 
of lines through AC = la cos Q = leos Ba. = No. But the same 
number of lines pass through AC and AB. Hence the number 
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The total number of lines of force through a surface 
is equal to the sum of the numbers proceeding from each 
element of charge considered separately. For if q is one 
element the number which it sends through an area a at distance r 

is where d is the angle between the normal to a and r. 

The total number sent by all the elements is 


y qa cos 6 
r a 




cos Q 


But = sum of components of intensities along the normal 

= N, which proves the proposition. 

We can now state Gauss’s theorem thus : The total flux of force 




through a closed surface is equal to 4 x X charge within, or is equal 
to the number of lines of force sent out from that charge. 

Fluid displacement tubes used to prove the properties 
of tubes of force. The properties of tubes of force may be 
deduced from the properties of “tubes of displacement” in an 
incompressible fluid, and as these tubes of displacement form a 
vataaMe symbolic representation of the tubes of force in magnetic 
-awe some extent in electric-systems, we shall here add this 


space to be filled with an incompressible fluid with 
at various points at which fresh fluid can be introduced, 
Sr .. , at otJl “ P^nts at which fluid can be withdrawn. 
If a small volume® of fluid be introduced at any point 0, then to 

^Tj° r rt aD ®<J ual volume ® must be pushed out through 
surrounding 0. Draw a sphere round O, Fig 32 

th t5 uki lying in its surface 

be^pasfaed ^to -the conorntnO spherical surface with radius 

.“*. TO " a,e the inner 


»»feoe b eqml to that contained between 
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v is small, d also is small, and the volume between the surfaces is 
Hence 

v = 4urr 2 d 
7 v 1 

or a s= — . 

That is, the displacement of any particle varies inversely as the 
square of its distance from the source. 

Now imagine an electrical system in which a charge q is put 
at O. The intensity will be numerically equal to the fluid dis- 
placement if we make q = If the point 0 is a sink instead 

of a source, and if volume v of fluid is removed, the displacement 
is reversed and is equal to the intensity due to a quantity of nega- 
tive electricity — q = — placed at the sink. 

Evidently if the quantities of fluid introduced or removed at 
the various points of a system are exceedingly small,* we may com- 
pound the displacements due to each separately, according to the 
vector law, in order to obtain the resultant displacement. TYe 
may, therefore, imagine a fluid system corresponding to any 
extended gravitative, magnetic, or electric system, the matter in a 
gravitative system being replaced by a series of sinks, while North- 
seeking magnetism and positive electricity are replaced by sources, 
and South-seeking magnetism and negative electricity aie replaced 
by sinks. The quantities of fluid introduced or withdrawn are 
proportional to the quantities of matter, magnetism, or electricity 
which they represent. Lines and tubes of flow in the fluid system 
will then follow the same course as lines and tubes of force in the 
corresponding force systems. Drawing a displacement tube in the 
fluid system, since no fluid passes out through its walls, equal 
quantities must pass across every section in any part of the tube not 
containing sources or sinks. If, then, dj d 2 be the displacements 
at two sections S x S 2 , d 1 S 1 = d 2 S 2 , or displacement X cross-section 
is constant. Replacing displacements by the corresponding and 
proportional intensities, we obtain for a tube of force the 
corresponding property that intensity X cross-section is constant. 

We may also prove easily the other properties of tubes of force, 

but these we leave to the reader. 

We shall now find the value of the intensity in some simple 

C£LS6S« 

Spherical shell uniformly charged. Intensity out- 
side the shell. Let S be a sphere, Fig. S3, over which a 
charge Q is uniformly spread. Let S x be a concentric sphere 
outside S and of radius r v The intensity over S x is, from the 
symmetry of the system, everywhere perpendicular ter 
everywhere of the same magnitude. Let it be equal to I. Then 
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Q 


by Gauss’s theorem 47rr 1 2 r=47rQ or I — — 2 , that is, it is the same as 

if Q were all concentrated at the centre. . 

It is obvious that for a gravitating sphere arranged in con- 
centric shells, each of uniform density, the same result holds, and 

the attractive intensity at a point 
outside the sphere is the same as if 
the whole mass were collected at the 
centre. 

Intensity inside the shell. 
Now draw a concentric sphere S 2 of 
radius r 2 inside the shell S. The 
intensity I over S 2 is from symmetry 
everywhere normal to S 2 and every- 
where the same in magnitude. Then 
47rr 2 2 I = 4)7t X 0 = 0, since there is no 
charge within S 2 . Hence 1 = 0 every- 
where within S r 

It is obvious that if S is the sur- 
face of a gravitating sphere arranged 
in concentric shells, each of uniform density, the shells outside 
S 2 produce no intensity at S 2 , while the shells within act as if all 
collected at the centre. 

Intensity at any point in the axis of a uniformly 
charged circular disc. Let AB, Fig. 34, be a diameter of the 
disc, and GP its axis. The intensity at P will, from symmetry, be 
along CP. Let the charge per unit area of the disc be cr. This is 



Fig, S3. 



temed ife surface density of charge. To find the contribution 
to tfaf intensity we need only consider the resolved 
P®*i along CP, Take an element of surface dS with section 
EF and let FPC= <0. The intensity due to it along CP is 
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base, 6 is the angle between dS and the cross-section perpendicular 

to PF. The solid angle of the cone is therefore du = ^ 

Hence dS contributes ardw. 

The whole disc then gives intensity cr X solid angle subtended 
by the disc. If we draw a sphere radius PA the area of this 
sphere cut off by AB is 2w.PA.CG, where PG is the radius through 
C, and the solid angle which it subtends at P is & 7 tPA.CG/PA 2 
= & 7 rP A(P A — PC) / PA 2 = 2x( 1 — cos a), where a = APC. 

The intensity at P is therefore 27 r<r(l— cos a). If* the radius 
of the disc is very large compared with PC, a is very nearly 90°, 
and the intensity is very nearly 2x<r. 

Whatever the form of the disc may be, so long as it is plane 
the intensity will still be if the radius to the nearest point of 
the edge makes an angle with PC indistinguishable from 90°. 
For the whole of the area outside that distance subtends a 
vanishing solid angle at P. 

Intensity due to a very long uniformly charged 
cylinder near the middle. In the plane perpendicular to the 
axis of the cylinder and bisecting it the intensity is evidently 
radial. It will be radial, too, at a distance from this plane small 
compared with the distance from either end, if the distance from 
the axis is also small compared with the distance from the ends. 
For if EE', Fig. 35, are the "ends, and C is the central point, take a 


E F 


point P, not quite in the plane through C. Draw PD perpen- 
dicular to the axis and make DF = DE'. The intensity due to 
FE' is evidently radial. That due to EF is in comparison negligible, 
since EF is by supposition not large, and it is very distant from 
P as compared with the part of the cylinder immediately under P. 
Hence the intensity at P is radial. Further, if the position of P 
changes by a small amount parallel to the axis the intensity is 
only changed by a removal of a small length from one end of the 
cylinder to the other with negligible effect. Draw a cylinder 
radius r and length PQ = 1, Fig. 36, co-axial with the charged 
cylinder, and apply Gauss's theorem to the surface thus formed. 
The intensity I, as we have just seen, is normal over the circular 
surface and everywhere the same, and it has no normal component 
over the flat ends of the cylinder PQ. The quantity of charge 
within is where a is the radius of the charged surface. 

Then JiidS = % rrl = 4x X % r#<x 

and I = 4nrCkrJr* 


C D 
Fig. 35. 
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Ife is the charge per unit length = 2irctar 
T=%e/r. 

If P is inside the charged surface, the cylinder drawn through 
it now contains no charge, and we see at once that 1 = 0. 

Potential. The description of inverse square systems is very 
much assisted by the use of a quantity termed the potential, which 
we shall define as follows : 

The potential at a point. If q is an element of charge 
and r is its distance from the point, the sum of all the terms q/r , , 

p, ,Q 



Fig. 36. 


where each element of charge in the system is divided by its 
distance from the point, is termed the potential at the point. 
The potential is usually denoted by Y. We have then V = 2g/r. 

We shall show that the potential at a point is equal to the 
work done in bringing a small body charged with unit quantity 
from an infinite distance or from outside the field up to the point 
against the forces due to the system. 

Let an element of charge q be at the point O, Fig. 37, and 
let the small body with unit charge be moved from a point A by 


0 

9 


P 

D 



Fig. 37. 


miy path ABC to P. Let B be a point very near to A and let 
BM be perpendicular to OA. The work done in moving the 

n ^ 

unit from A to B is • AM, since AM is the distance moved 

iri the direction of the force. But since AB is very small, we may 
put AM=OA— OB and OA 2 = OA . OB. ■ 

The work done is therefore q =q ( J :M 

* oa . ob Hob oa/ 
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Similarly the work done along 


and 


53 


3J 13 33 


BC -i(oc ob )’ 

CD =s(ro-<fc> 


and so on. 

When we add up, evidently all the terms but the first and 
last occur twice and with opposite signs, and the total work done 

= 2 (oP“oa)' 


The work done from A to P Js, therefore, the same, whatever 
the path from A to P. 

If A is at*an infinite distance the work done to P is q{ OP. 
That is, it is equal to the potential at P due to Q. 

The work done from A to P is equal to the difference of the 
potentials due to q at P and A. 

In any extended system we may divide the charges into elements 
so small that each may be regarded as at a definite point. The 
intensity at any point in the field is the resultant of the intensities 
due to the separate elements, and the resolute of the intensity in 
any direction is the algebraic sum of the resolutes of all the separate 
intensities in that direction. The work done in moving unit 
quantity along any path is, therefore, the sum of the works done 
against the forces due to the separate elements. 

Hence the work done in moving the unit from an infinite 


distance to the point P in the field is 2^, or is equal to the poten- 
tial at the point. The work done in moving from P to Q is evidently 
2^~ — 2^^, or is equal to the difference of potentials at Q and P. 

The resolute of the intensity in any direction in 
terms of potential variation. Let PQ, Fig. 38, be a given direc- 
tion, and let X be the resolute of the intensity in that direction. 


-P Q ' ^ X 

Fig. 38. 

Let V|V Q denote the potentials at P and Q, two neighbour- 
ing points. The work done against X in going from P to Q 
is — X . PQ, since we have supposed X to act from P to Q. Then 
V Q — V P = — X.PQ 


or 


X = - 


Vq-Vp 

PQ ' 


If we denote PQ by dec, then in the limit 
^ dV 
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Equipotential surfaces. We have seen that we may 
assign to each point in a field a definite number expressing its 
potential. Let us suppose a surface drawn through all points 
having the same number indicating their potential. Such a surface 
is termed an equipotential surface or a level surface. Since it is 
all at one potential no work is done in moving unit quantity in a 
path lying on the surface. The intensity must, therefore, be 
normal to the surface. In other words, it cuts the lines of force 
everywhere at right angles. If we draw a series of equipotential 
surfaces with unit difference of potential between successive members 
of the series, their distances apart show the magnitude of the 
intensity everywhere. For if I is the intensity at any point on 
one surface and d the distance of the point from the next sur- 
face, Id is the work done on the unit in going from one surface 
to the next. But this is by supposition unit work, then Id = 1 
or I = 1 Jd. 

The energy of a system in terms of the charges and 
potentials. If there is a charge q x at a point A, the work done 
in bringing up unit charge to a point B against the force due to 
q t is q x /A B. If instead of unit charge we bring up charge o 0 , the 
work done is q x q 2 /AB. 

Let us suppose that we have a system consisting of elementary 
charges q x at A, q 2 at B, q 3 at C, and so on, and let us put AB =*. 

AC = r 13 , BC = and so on. Imagine that initially q x only is 
in position, and that all the other charges are at infinite distances 
away and apart from each other. Bring q 2 up to B. The work 

done is-2&. Now bring q z up to C and the work done is 
'12 


Ml + M 3. 


•13 


Continue this process till the system is built up, and evidently we 
shall have the product of each pair 'of charges divided by their 
distance apart occurring once and once only. The total work done, 

or the potential energy of the system, is therefore where we 

v ' 

sum for all pairs of elementary charges. m “ 

. ^ ow ^PP 0 ®® tkrt a11 the charges are in position except q„ which 
potion is 11160 * 16 dlStanCe ' The work done in bringing \ into 

M? + Ms. 


5 + 


'12 


7 33 


= ?1 (k + i3 + 

'*13 7 13 

= ?iV x 


•) 


where V, is the potential at A due to the rest of the system. 
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Next suppose that all the charges are in position except q 2 , 
which is at an infinite distance. The work done in bringing q 2 
into position is 

( h c h ( h% 

r l2 7 23 



= ? 2 V 2 


where V 2 is the potential at B due to the rest of the system. 

Proceeding thus with each element in turn, the total work is 
?iV x + + ^ 3^3 +&c. = 2gV. But in the work thus done each 

product such as — — n occurs twice, and twice only, once when q m 

^mn 

is brought up, and once when q n is brought up, and therefore the 
total work done is twice the potential energy of the system. We 
have therefore 

Potential energy of the system = 

where each element of charge is multiplied by its potential. 

W e may illustrate these results by considering 
The potential due to a uniformly charged sphere at 
points without and within its surface. Let a charge Q be 
distributed uniformly over a sphere radius OA = a, Fig. 39. We 



have shown (p. 39) that the intensity due to the charge at any 
outside point B is the same as if the charge were concentrated at 0. 
Hence the work done in bringing up unit charge from an infinite 
distance to B is the same as if Q were concentrated at O and 

V B = where r =0B. Within the sphere, as we have shown, 

the intensity is everywhere zero, so that the potential is constant, 
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since no work is done in carrying the unit from point to point. 
It is, therefore, the same as the value at 0. As all the charge 
is at the same distance from 0, 


Vo 


_ y £. Q Q 


OA 


The same result is obtained by putting the potential of the sphere 
equal to the value at A, which is obtained by supposing B to move 
up to A, whence 



The energy of the charge, since it is all at the same potential, is 

1 


1 rtir 
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The two kinds of charge always prese«%and facing 
each other. Experiments of the kind describfet^hi Chapter II 
show that the two kinds of electrification are£$3jpays produced 
together in equal quantities, that they accompany each other 
while they continue in existence, and that on ceasing to exist 
they disappear in equal quantities. Sometimes, in experimenting, we 
devote all our attention to a charge of one kind alone and speak as 
if it existed independently ; but it is of the greatest importance to 
remember that the opposite or complementary charge is really in 
existence, perhaps on the neighbouring surface of a non-conductor 
used to develop the electrification which we are studying, or 
perhaps on the conducting table, floor, or walls of the room, 
so that not only is it in existence, but is in the presence of the 
inducing charge. If we have a charge in one room we cannot 
have.the complementary charge in another. If we attempt thus to 
separate the two kinds each will at once induce its own opposite 
on the inner surface of the surrounding conducting walls. Again, 
when we put a charged conductor “to earth” we sometimes speak 
of the disappearance of the charge as if it merely spread away to 
the infinite conducting earth. But in fact we are making a con- 
ducting bridge by means of which the charge and its opposite 
may come together and neutralise each other. The two kinds of 
charge, then, are always present together in the electricjSeld, each, 
as it were, inducing the other. As Faraday* put it, “Bodies 


* Exp . Res. voL i. § 1178. 
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cannot be charged absolutely,” ie. with one kind of electrification 
alone in existence, “but only relatively” to other bodies some- 
where in. their presence which take up the opposite charge “and 
by a principle which is the same with that of induction . All 

charge is sustained by induction.” 

We may arrange our experimental knowledge of induction 
more clearly by the aid of a hypothesis, originally due to Faraday 
and subsequently developed and extended by Maxwell. . We shall 
here give a general account of this hypothesis, filling in ^the 
details as they become necessary for the explanation of the various 
points in the theory of electric action. 

Electric action in the medium. Let us suppose that a 
charged insulated body is placed within a hollow conductor. We 
may think, for instance, of a charged brass sphere hanging by a silk 
thread in the middle of a room. Then there will be an opposite 
charge on the walls. In describing the two opposing surfaces as 
electrified the most important experimental fact which we connote 
is that the two surfaces are being pulled each towards the other. 
This action was formerly supposed to be direct, each little bit of 
wall surface, for instance, pulling at each bit of brass surface at a 
distance, the intervening matter playing no part in the action and 
being unaffected by the existence of the two electrified surfaces 
between which it lay. But Faraday succeeded in showing that 
the action varies with the nature of the intervening insulator, 
and we may describe the variation by saying that the pull on the 
electrified surfaces with given charges is greater with some 
insulators than with others. This fact is entirely unexplained, 
unless we adopt the view taken by Faraday that the insulator 
plays an essential part in the action. He supposed that it is 
altered in some way during the process of electrification, so that it 
exerts pulls on the conducting surfaces with which it is in contact. 
In fact, he regarded electrical actions as similar to the drawing 
towards each other of two masses connected by a stretched india- 
rubber cord. In the case of a cord the pulls on the masses depend 
on the nature, quality, and strain of the cord, and can be expressed 
in terms of the strain. The energy which appears in the motion 
of the masses is regarded as having been previously stored up as 
strain energy in the cord during its stretching. So the electrical 
pulls ^ are supposed to be accompanied by a condition in the in* 
sulating medium analogous to strain and to be expressible in terms 
of this condition, which we may call electrical strain . The elec- 
trical energy is supposed to be stored in the medium during the 
electrification and to pass out of it again on the motion of the 
diaiged bodies towards each other or on the neutralisation of their 
charges. The electrification of a conducting surface may therefore 
be regarded as a surface manifestation of an alteration in the state 
of the contiguous insulator, somewhat as the pressure on the ram 
of a hydraulic press may be regarded as a surface manifestation of 
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the compressed state of the water which connects it with the plunger. 
When Faraday first gave this account of electrical action it was 
only supported by the variation of the effect of a given charge 
with variation of the medium, and no independent evidence of the 
state of u electrical strain ” was in existence. But it has been dis- 
covered that some insulating media when between charged surfaces 
are affected in regard to the transmission of light. Unless we 
make the further and very far-fetched hypothesis that the light 
itself is acted on at a distance by the charged surfaces, Faraday’s 
supposition becomes for these media a proved fact. We have also 
good evidence of electrical strain in the electro-magnetic waves dis- 
covered by Hertz and used now in wireless telegraphy. We know 
only one way of explaining the phenomena discovered by Hertz, 
viz. by the supposition that the disturbances are waves travelling 
through the air with a definite velocity. This implies the existence 
of both electric and magnetic energy in the air. The electric energy 
implies the existence of that which we have called electric strain. 
It is also called electric polarisation, electric displacement 
(Maxwell) and electric induction (Faraday). 

No strain within conductors when the charges are at 
rest. When the charges and the charged bodies in a system are 
at rest this condition of electric strain is confined to the air or 
other insulator between the charged surfaces and does not occur 
within the substance of the conductors. This is evident if we 
consider the experiments already described with closed conductors. 
These show that a hollow closed conductor may be regarded as 
entirely screening the space within from the space without. No 
electrification is induced on bodies within by external charges ; no 
mutual pull is exerted on an electrified surface inside by an 
electrified surface outside. Interpreting these facts by Faraday’s 
hypothesis, we must suppose that the substance of the conductor 
is not itself in a state of electric strain. If it can acquire that 
condition it rapidly loses it, being incapable of permanently 
storing electric energy. The electric strain which exists in the 
insulator and which is manifested by a pull on the charged surface 
of a conductor ceases at that surface. The pull outwards on the 
conductor, of course, strains it, and corresponding to this strain 
there is a stress between the external layer and the layer beneath 
it which neutralises the outward electrical pull. But the strain in 
the conductor is an ordinary elastic strain, not an “ electric strain,” 
a change of shape of a visible kind which can be calculated 
from the elastic properties of the conductor, though it is too small 
to be seen and there are no recognised electric phenomena con- 
nected with it. The nature of the electric strain in the insulating 
medium is at present unknown, though we may make guesses as to 
its nature, and we only term it “ strain ” from analogy, since there 
are forces accompanying it somewhat resembling those accompany- 
ing elastic strain. Taking this view of the nature and function of 
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the insulator, it is usual to call it the Dielectrk The region round 
a system in which electric strain is manifested is termed the held 

*Even though at present we can give no complete explanation 
of electric strafn, we can still compare the magnitude of the strain 
at different points of the field by means of some chosen effect clue 
to it, and we may also assign direction to it. For instance, the 
magnitude may be taken as proportional to the force on a very 
small charged body, the direction coinciding with that of the force 
exerted. Or some other effect may be taken, such as the charge 
which gathers on either side of a proof plane when held perpen- 
dicularly to the direction of the force. „ , 

Similarly, without attempting to explain the nature ot a beam 
of liwht when traversing a transparent medium, we may assign 
direction to it at any point — say that of the normal to a surface 
held in the position of maximum illumination — and we may com- 
pare the magnitude at different points by the illumination of an 

interposed surface. . 

The direction of electric strain. Let us suppose that 
a small insulated conducting sphere is placed at any point in the 
field. Then one hemisphere will be positively, the other nega- 
tively electrified. This we know from direct experiment. There 
will be one diameter about which each charge is symmetrically 
arranged if the sphere is sufficiently small, its ends being at the 
two points of maximum electrification. We may define the direction 
of electric strain as that of the diameter so drawn, and we shall 
consider it as drawn from the negative towards the positive 


electrification. 

But we shall have similar symmetrical electrification at the two 
ends of any small conductor itself symmetrical about an axis and 
an equatorial plane, when the axis, is placed 

S arallel to the direction of strain as above 
efined. For instance, if two proof planes 
be held together in the position shown in 
Fig. 40, the arrow-head denoting the direc- 
tion of strain, the one is entirely positively, 
the other entirely negatively electrified, and 
Fia. 40. on separating the two while in this position 

the charges may be shown to be equal and 
opposite by the electroscope. Further, the charge on each plan e is a 
maximum when so held. For on holding the planes at some other 
angle to the strain, and then separating and testing the charges, 
these will be found appreciably less than when held as in Fig. 40. 
When the planes are as in Fig. 41 the electrification is as indi- 
cated, and on separating and testing the planes they are found to 
be unelectrified. From this effect of induction, combined with the 
tendency of a positively electrified body to move with, and a nega- 
tively electrified body to move against, the strain, we may obtain a 
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very easy mode of indicating the direction of electric strain. 
Suspending a small elongated conductor, say a piece of a match, a 
straight cotton fibre, or a short piece of wire, by a cocoon fibre 
passing as nearly as possible through its centre of gravity, the two 
ends will be oppositely electrified unless the con- 
ductor is at right angles to the direction of strain. 

When so electrified the ends will be acted on by 
forces constituting a couple, which will set the con- 
ductor with its axis along the direction of strain as 
a position of stable equilibrium. The position at 
right angles is evidently unstable. Such a conductor 
may be termed an a electric pointer.*” 

Finally, we may indicate the direction of strain 
by the direction of the force on a very small posi- 
tively charged body, say a pith ball hung by a silk 
fibre. Its charge should be so small that surround- 
ing charges are not sensibly affected by its presence. 

Direct experiments in the field round a charged 
globe or round the knob of a charged Leyden jar 
show that the three methods — (1) by two proof planes, (2) by an 
electric pointer, (3) by a charged pith ball — give the same direction 
for the strain. 

We may use any of these tests for the direction to prove that 
The electric strain just outside a conductor is normal 
to the surface of the conductor. Perhaps the simplest 
proof of this is attained by suspending a small electric pointer from 
the end of a thin ebonite or shellac rod and bringing it near the sur- 
face of an insulated conductor, when it will always take the direction 
of the normal. A very striking verification is obtained by fixing 
the pointer at some little distance from the conductor and then 
introducing another conductor, say the hand, into the field and 
gradually bringing it up to the pointer. When the second con- 
ductor is brought quite close to the pointer it will be normal to 
this second surface. If pith balls be fixed by short silk fibres to 
the sides of a conductor, when the conductor receives a charge they 
will all hang in positions agreeing with the supposition that the 
strain is normal to the surface. Or if two proof planes be used, they 
give the maximum charge on separation after being held parallel to 
the surface and close to it, and no charge when they have been held 
perpendicular to the surface. This last method enables us also to 
show that the direction of the strain is from a positively electrified 
surface and towards one negatively electrified. The law thus proved 
may be regarded as a case of the more general law that positive 
electrification tends to move in the direction of strain and negative 
electrification against it. Had the strain a component parallel to 
the surface of the conductor, the electrification would move either 
with or against that component. Such motion of the charge does 
actually occur while a body is receiving its electrification. The 
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strain is not then altogether normal to the surface, and the electrifi- 
cation moves about until a distribution is attained such that the 
strain is normal to the surface. Then there is equilibrium, for, 
the conductor being surrounded by an insulator, the electrification 
can move no further. In the case of a conducting circuit carrying 
a current produced, we may suppose, by a voltaic cell, equilibrium 
does not exist, and the strain has a component along the surface 
of the wire from the copper terminal towards the zinc terminal, 
and therefore either positive electrification moves with it or negative 
electrification moves against it, this motion of electrification being 
one of the chief features of the current. While the motion goes on 
there is also strain in the conductor itself, but such strain can only 
be maintained by perpetual renewal, the energy for the renewal 
being supplied by the cell. 

The magnitude of electric strain just outside a con- 
ductor. Usually we are practically concerned with the magnitude 
of the strain only where it ceases at the surface of a conductor. 
We shall take the amount of charge gathering per unit area on 
the conductor as the measure of the strain there. For instance, if 
°n a given conductor there is at one time twice the charge per 
unit area that there is at another time, the strain just outside the 
conductor hi the former case is twice as much as in the latter.* 
Definition of surface density. The charge per unit 
area on a conducting surface is termed the surface density. The 
surface density, then, may be taken as measuring the strain in the 
insulator just outside the conductor. If we wish to measure the 
strain at a point not close to a conducting surface we may bring a 
small conductor there and note the charge gathering per unit area 
on one side or the other. But in general the introduction of a 
conductor into a system alters the strain in the part of the field 
immediately around it, so that the charge per unit area does not 
m general measure the original strain, though it is probably pro- 
portionate to it. But there is one case in which the introduction 
of a conductor does not appreciably affect the strain in its neigh- 
bourhood, viz. when the conductor is a small exceedingly thin 
conducting plane held perpendicular to the direction of strain, and 
this case may be more or less nearly approached in practice by the 
proof phme. By using a pair of exceedingly thin equal proof 
Sn Q f Q kn ° W r f e ^e may measure, at least in imagination, the 
Pomtby holding the planes m contact at the point and 
irormal to the strain, then separating them and measuring the 
charge of either. The strain equals the charge per unit area We 

Sgjgjf « “ * *«■»«« °< 4»1U <>f S„ S 

Measurement of strain at any point. We measure the 

ti "“ a r?r- wi ? 

dimensions charge /length 2. Eoensions, w kile electric strain has 
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electric strain at any point in a medium by the charge per unit area 
gathering on a conducting surface which is introduced so as to 
pass through the point, but which does not alter the strain in the 
region immediately outside itself. 

We shall usually denote the strain by D. The quantity which 
is here termed electric strain is, as already stated, that which 
Maxwell termed cc electric displace- 
ment.” We have thought the 
former term preferable as having no 
meaning beyond that which we put 
into it. The latter term almost 
irresistibly carries with it the idea 
that electric strain is a displacement 
of something in the direction of in- 
duction, an idea which may prove a 
hindrance leather than a help. 

Tke variation of electric 
strain with distance from the 
charged surfaces or bodies. 

The inverse square law. If a 
conducting sphere A, Fig. 42, with a 
charge + Q is hung by an insulating 
thread within a hollow spherical cavity in a conductor B, the two 
spherical surfaces being concentric, — Q will be induced on the 
inner surface of B. If the insulating medium is homogeneous, then 
from symmetry each charge is spread uniformly so that if A and B 
are the radii and cr A cm the charges per unit area or surface densities, 



whence 


Q — 4ttc?(Tk : — Q = 47 r&V B 

Q Q_ 
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Then the strain in the medium just outside each surface is from 
the centre and inversely as the square of the distance from the 
centre. If we suppose the radius of the outer surface reduced till it 
passes through a point close to P distant r from the centre, the 

strain at P is now measured by But there is no reason to 

suppose that the approach of the conductor towards the point 
has altered the strain in the region between the sphere through P 
and the inner fixed sphere, for the strain just outside A still remains 

the same, viz. and is difficult to imagine this constancy 

existing with a variation occurring in the medium a little way off. 

We may therefore consider that the strain at P is always 

so long as r is intermediate between a and &. 

This is exactly the value for the strain which we should obtain 
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bv calculating it on the supposition that it is due to the direct 
action of the charged surfaces, each little bit of charge q acting 
directly at its distance d without regard to the nature, conducting 
or insulating, of the intervening matter, and producing strain 

-JL- always from or towards itself according as it is positive or 

negative, all the strains due to the various elements being com- 
pounded as vectors. For with this law of action, as we proved 
in Chapter III, the charge on B will have on the whole no effect 
on a point within its surface, while the charge on A will have 

the same effect as if collected at its centre, giving therefore ~ $ 

as the resultant. Within A and without B there is no strain, a 
result again agreeing with that obtained on the supposition of 
direct action. For within A the point is within both spherical 
surfaces, and neither will on the whole have any effect. Without 
B each charge will have the same effect as if collected at the centre 
of the sphere on which it lies. Being equal and opposite, the 
two charges will evidently produce equal and opposite strains 
neutralising each other. These results suggest the general law that — 
The strain at any point of any electrical system with a homo- 
geneous insulator may becaladated by supposing that it is the resultant 
of the strains due to separate elements of the charge , each acting 
according to the law charge 4nr (distance)^ ^ these elementary strains 

being compounded according to the vector laze. 

Assuming this, we may pass to the general case in which we 
have any assigned arrangement of conducting electrified bodies of 
known shape possessing known charges, and separated by a homo- 
geneous insulator. Whatever the distribution, we know (1) that 
there is no strain within the conductors, and (2) that the strain 
just outside each surface is at every point perpendicular to the 
surface. Assuming that the strain is everywhere, both in the 
conductors and in the medium, the same as if each element acted 
separately according to the inverse square law, it is possible to find a 
general mathematical expression for a distribution which will 
satisfy the conditions stated above, and it may be shown that 
there is in each case only one possible distribution. The mathe- 
matical expression can be interpreted numerically only in a few 
cases. Among these cases are an ellipsoid wifh a given charge, 
a sphere acted on inductively by a charged point, and two charged 
spheres in contact. In some, cases the results of calculation have 
been verified by experiment, and we may therefore consider that 
the employment of the inverse square law is justified.* 


fr€< * u ? ntIy given wMch depends onlv on 
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. Lines and tubes of strain. A line, straight or curved, 
drawn in the electric field so that at every point of its course the 
tangent to it coincides in direction with the strain at the point is 
termed a line of strain. We may suppose such a line traced out by 
an 44 electric pointer ” moved always in the direction of its length, 
and with its positive end forward. Imagining the lines drawn 
closely together and in all parts of the field, they map out the field 
for us in regard to the direction of strain. There is no method 
like that of the use of iron filings in magnetism w r hich will show 
the whole course of the lines, though sawdust scattered on a thin 
ebonite plate gives some indication of the electric field. We may, 
however, have a number of pointers in the field to show the 
direction at different points. It is interesting to study in this way 
the field diie to the knobs of two or more charged Leyden jars. 
We may show, for instance, that the field due to two similar jars 
charged equally and oppositely from the terminals of an influence 
machine resembles the magnetic field of a bar magnet. 

A bundle of lines of strain forms a tube of sir am* 

Results deduced from the inverse square law, W e may 
at once apply to electric strain the results proved in Chapter III for 
systems in which the inverse square law holds. It is important to 
notice that the quantity which we have there called 44 intensity ” 
must be divided by 4nr to give what we here call strain, for the 
intensity just outside a conductor is rcr^ while the strain is cr. 
We have 

The product strain x cross-section is constant for every 
cross-section of a given tube. Calling strain x cross-section 
the total strain at the section, we may say that the total 
strain is the same throughout the tube. 

Unit tube. If a tube starts from +1 of electrification it is 
termed a unit tube. If the area on which that + 1 is spread is a, 
and the surface density is or, then cra=l. But if D be the strain 

just outside the surface, D = <x=~. Then just outside the surface 

Da = l, and this product is constant along the tube. The total 
strain in a unit tube is, therefore, equal to unity. 

A tube starting from a given quantity of positive electri- 
fication either continues indefinitely or ends on an equal 
quantity of negative electrification. 

For example, each unit begins on +1 and ends on —1. Then 
the statement in Chapter II, p. £5, that equal quantities of the two 
electrifications always induce each other is true not only of the 
whole charge, but also of the separate elements. We may connect 
each element of the one with an equal element of the other by a 
tube of strain. 

Applying Gauss’s theorem to any closed surface and remembering 
that we have to divide intensity by to give strain, 
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The total normal strain over any closed surface drawn in 
the medium is equal to the total quantity of the electrifica- 
tion within. 

The total quantity is, of course, the algebraic sum of the positive 
and negative electrifications. 

If the surface is unclosed we still 
have a useful expression for the total 
normal strain over it. 

Kg* 43. If Fig. 43 represents a unit tube 

with cross-section a and strain D, 
Da = l. Let S be a cross-section making any angle 6 with a . 
Then S = a/cos <9. If D N be the component of strain normal to 

S, D n =D cos 6. Then D N S = D cos 6 X — ^- 3 = Da = 1. Or the 
? * cos 6 

total normal strain over any section of a unit tube is unity. 

Now suppose that we have any surface through which n unit 

tubes pass. The total normal strain over their ends cut off* by the 

surface will be n . Or 

The total normal strain over any surface is equal to the 
number of unit tubes passing through the surface. 

The transference of tubes of strain from one 
charge to another when the charged bodies move. 
We have seen that it follows from the inverse square law that 
in an electric system occupying a finite region each element of 
positive charge is connected with an equal element of negative 
charge by a tube of strain. But if the charged bodies move, the 
pairs of elements connected may change and we can see in a 
general way how this may occur. As an illustration let us take 
tiie case of a charged body originally near a conducting table, 
Fig. 44, with nearly all its tubes going down to the surface. 



Fig. 44. 


Suppose that then an insulated conductor B, Fig. 45, is brought 
between A and the table. If B were an insulator the tubes would pass 
through it. But the parts of the tubes within B will disappear, 
since a conductor cannot maintain any electric strain ; and we have 
the arrangemeat more or less like that in Fig, 45, where most of the 
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positive elements of charge on A are now joined up to negative 
elements of charge on B, and positive elements on B are joined up 
to negative elements on the table. 

If A and B are connected by an insulated conductor* most of 



the tubes from A to B will move sideways into that conductor and 
disappear. Others of the tubes from A to the table will move 



inwards, and the upper parts will melt away in the connecting 
piece, so that their positive ends will lie on B, and we shall have 
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As another illustration, suppose we have two insulated spheres 
charged with equal + 5 and — 5 respectively and near together, 
so that nearly all the lines of strain go from one to the other. 
Let us further suppose that we have two plates charged with + 5 
and — 5, and with five lines of strain between them, as in Fig. 48. 

Let us suppose that in the spheres the + charge is below and 
in the plates the + charge is above. Then the lines of strain are 
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Fig. 48. 



in opposite directions, as indicated by the arrows. Now move the 
two spheres towards and finally into the space between the plates. 
When the nearest lines of strain of the two systems come together 
the strains are in opposite directions, and where they overlap they 
will neutralise each other and disappear, and we may trace the 
successive steps in what happens to one line of strain somewhat 
as in Fig. 49. Repeating this process, we may imagine that in this 
way, say three out of the five lines of strain between the spheres 

Nd 


Fig. 49. 

are neutralised one after the other, and that ultimately we have 
the arrangement shown in Fig. 50. We still have five lines from 
each sphere, but three come to the upper from the top plate, and 
three go from the lower to the bottom plate, and only two go 
between the spheres. J b 

Molecular hypothesis of electric strain. 

to give here a hypothetical representation of the 
dielectric when it is the seat of electric strain, 
assuming that the molecules of the dielectric are 


[tmay be useful 
condition of a 
We begin by 
really made up 
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each of two portions, one positively, the other negatively electri- 
fied, and that the two portions are connected by tubes, or, as more 
easily drawn, lines, of strain, and that they are pulled towards each 
other by the forces accompanying the strain. In making this sup- 
position we are really identifying chemical with electric attraction. 



Fig. 50. 


We must also have motion of the two parts of the molecule round 
each other, otherwise the two would be pulled into contact and the 
tubes would disappear. But we may for our present purpose leave 
the motion out of account and conventionally represent a molecule 
as in Fig. 51, where we suppose, for definiteness, that there are 
five lines of strain connecting the two parts. If the dielectric is 
in a neutral condition we must suppose that the molecular axes 
are distributed equally in all directions, so that there are equal 
numbers of positive and negative ends of axes facing in any 
direction, and there is no resultant electric action outside, and 
therefore no external indication of the molecular charges. 



Q p 


Fig. 51. Fig. 52. 

Let us now suppose that the medium is between two conducting, 
plates, Fig. 5£, and that these become charged. We may suppose 
that, in the charging, + and — are moving along the surfaces, each 
pair of elements being connected by a tube of strain as PQ, and we 
may think of such a tube as picking out, as it were, the molecules 
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suited for its purpose — those which will help it to stretch from plate 
to plate. Let a f3 y be three such molecules. Theline of strain PQ 
coming against these will neutralise one of the lines of strain of 
each in the way followed out in the illustration last considered, and 
we shall get the arrangement of Fig. 53 changing to that of 
Fig. 54, where now one line of strain goes across the spaces between 


7 e * 



Fig. 53. 


the molecules in the row forming a series of extended links in the 
chain. The strain between the two parts of each molecule is not 
only lessened, but the + of each is also now connected up to the 
— of the next, and so they will tend to move apart. There is 
thus separation of the constituents of the molecules, the begin- 
ning of chemical dissociation, and this beginning constitutes the 



Fig. 54. 


electric strain in the medium on the hypothesis considered. If a 
second tube moves into the same chain of molecules it will leave 
three tubes between each portion, and there will now be two 
outside, and the separation is still greater. If a third tube moves 
in there will be only two tubes between each portion of the original 
molecules, and three tubes connecting each with the opposite 
portion of the next, and still greater separation. If five tubes 
move in, then, there will be a total neutralisation of the strain 
between the parts of the original molecules, and each will be con- 
nected with the opposite of the adjacent molecule. There will 
be re-pairing all along the line and no continuity of strain. 
The electrification will, in fact, have been destroyed. We may 
imagine that something of this kind occurs when a spark discharge 
begins. 


CHAPTER V 


THE FORCE ON A SMALL CHARGED BODY 
IN THE FIELD, AND THE PULL OUT- 
WARDS PER UNIT AREA ON A CHARGED 
CONDUCTING SURFACE 

The inverse square law for the force deduced from that for electric 
strain — Coulomb’s direct measurements — General statement of the 
inverse square law — Electric intensity — Unit quantity — Relation be- 
tween electric intensity and electric strain — Intensity just outside the 
surface of a conductor — Lines and tubes of force — Outward pull per 
unit area on a charged conducting surface — Note on the method of 
investigating;the field in Chapters III-V. 

The force on a small body in the field. Electric 
intensity. In the foregoing investigations of the mode in which 
electric charges are distributed and of the nature of electric induc- 
tion, we have not considered the magnitude of the forces acting on 
electrified bodies or the connection between these forces and the 
strain existing where they are manifested. It is true that our 
practical method of fixing the direction of strain depends on the 
direction of the forces on an electric pointer, and our measure of 
the magnitude of strain depends ultimately on forces exerted in an 
electroscope either directly or indirectly by a body charged by 
induction. But these forces tell us nothing as to the forces acting 
on the body when in the electric field before it was brought into 
the electroscope. We shall now investigate the field with regard 
to the forces exerted in it. We may suppose that we explore the 
field by the aid of a small insulated conductor carrying a charge 
which is, however, so small that it does not appreciably alter the 
distribution of the charges on the surrounding conductors. 

The inverse square law for the force deduced from 
the law for electric strain. We may without further ex- 
periment show that the force on a small charged body may be 
calculated in a similar way to the strain, Le . by the application of 
the inverse square law to each element of charge. For from the 
fact that the strain and the force on the small charged body every- 
where coincide in direction, we can show that they must be pro- 
portional to each other. 
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Let a charge Q x be placed at a point A, Fig. 55. Let the 
force on a small charged body at P, due to Q v be F-, and let the 
strain be PC. Both F x and PC are along AP, produced. If the 
charge Q x is removed and a charge Q a is placed at B, let the force 
at P be F 2 and let the strain be PD, both along BP produced. 
If the two charges coexist, the direction of the force coincides still 
with that of the strain. 

Now we know that the resulting strain represented by PE is 
the resultant according to the vector law of the two strains repre- 



sented by PC and PI), and in order that the resultant of F x F 2 should 
also be in the direction PE we must have 

Q i 

F x _ PC _ 4wAP 2 
F* I’D “ Q 2 

47tBP 3 

or the force on a given small charged body due to an element of 
another charged body is proportional to charge — (distance) 2 . 

Further, assuming that action and reaction are equal and 
opposite, the force is proportional to the charge on the body at P. 
For if that charge be Q the force exerted on the body at A 'by the 

body at P is proportional to ie. is proportional to Q. Hence 

the reaction of the body at A on that at P which is equal and 
opposite is also proportional to Q. Then the force exerted by thp 

body at A on the body at P is proportional to — 


Coulomb’s direct measurement of the forces between 
electrified bodies. Having regard to the importance of the 
law just stated, it is worth while to consider the direct method of 
obtaining it employed by its discoverer, Coulomb. To measure 
-the force, he used the torsion balance of which the general 
arrangement is represented in Fig. 56. be represents a “torsion 
rod _ of shel lac with a pith ball b at one extremity, c and cl being 
small loads, to keep the rod horizontal. It is suspended by a 
fme metal wire from .the torsion head t. This can be rotated 
- a^dihe angle through which the upper end of the wire is thus 
tamed can be read by means of a pointer p moving over a scale s 
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fixed at the top of the tube through which the suspending wire 
passes. The position of the torsion rod is read by means of a scale 
running round the side of the glass case containing it. A ball a is 
at the end of a thin vertical shellac 


rod which can be passed through a 
hole in the top of the case and fixed 
so that the ball is in the horizontal 
plane containing the torsion rod and 
at the same distance from the centre 
as the ball i. The method of using 
the balance will be understood from 
the following account of one of 
Coulomb’s experiments. 

Both a and b being without 
charge, the torsion head was turned 
so that b was just touching a when 
the wire was free from twist. A 
charge was then imparted to a ; it 
was at once shared with b , which was 
then repelled through 36°, so that the 
torsion on the wire was 36°. The 
torsion head was then moved round 
till the angle between a and b was 
18°, this requiring a motion at the 
head of 126°. The torsion of the 
wire was not, however, increased to 
126 + 36, as the lower end had turned 
in the same direction as the upper 
through 18°. The total torsion was 


t 



Fig. 56. 


therefore only 126° + 18° = 144°. 

The head was then turned round until the angle between a and b 
was 8J° ; the additional turn of the torsion head was 441°, giving 


a total torsion of 441° + 126° + 8^° = 575J 0 . 


Assuming as a first approximation that up to 36° the repulsive 
force acts always at the same arm and that the distance between 
a and b is proportional to the angle between them, then, if the 
first observation is correct at a distance 36, 


the force is proportional to the torsion due 
to 36°. 

According to the inverse square law, the 
torsion at 18° should be 36 X 4 = 144°, 

and at 8J° it should be 36 X = 646°. 

The last result gives a torsion very 
considerably in excess of that actually 
observed, viz. 57 5-J-. At such a small 
distance as 8^ the charges affect each 
other and, being like in sign, collect on the 



Fig, 57. 
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remote sides of the two balls, so that the distance is really greater 
than 

Let us now take into account the true distance from centre to 
centre, i.e. the chords instead of the arcs, and also the true values 
of the am at which the force on the ball acts. Let (Fig. 57) 
AOB = a, the angle between a and b . Let 0 be the torsion, and 
jul6 the couple due to it. Let F be the force on b due to a , and 
let ON be perpendicular to AB. 


Then 

and 

But 


F. ON = julO 

F . ON 


e = 


fX 


ON = O A cos 


and assuming the inverse square law, 

1 


F o c 


x ■ 


AB 2 

• l~f 

',2 AN/ 

J 

40A 2 sin 2 § 

a 


Then to verify the law we ought to find that 


cos - 


fix 


sur 


Or that fi tan | sin | is constant. The values of this product for 
the experiments we have discussed are the following : 

a fi 


36° 

18° 

8 }° 


36° 

144° 

5 75J.° 


fi tan | sin | 

3-615 

3-568 

3169 


Thenumbers in the third column are fairly near together. 
chaSs ^ b - USed also for the c “ e in which the 
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placement making a greater change in the attraction than in the 
torsion. 

Coulomb also tested the inverse square law by a method which 
possesses interest since it corresponds to the vibrating-needle 
method which he employed in his magnetic experiments. An 
insulating shellac needle was suspended horizontally by a cocoon 
fibre, a small charged disc being fixed at one end of it. It was 
placed in the field of an insulated globe charged in the opposite 
way, and the time of oscillation was observed to vary directly as 
the distance from the centre of the globe, the result which we 
should expect, assuming the inverse square law. 

Coulomb showed in the following manner that the force on a 
given charged body is proportional to the charge acting. Sup- 
posing a and b in the torsion balance to be exactly equal spheres, 
on contact they will be equally charged and the torsion rod will be 
repelled through a certain angle. If a is now withdrawn and its 
charge shared with a third equal sphere, only half the charge 
remains on it. Replacing it in the balance, it is found that 
only half the torsion is needed to keep the ball b at its original 
distance from a. Hence it follows that if two small bodies a 
distance d apart contain charges Q and Q' the force on either is 
proportional to QQ ' jd 2 . 

Two other researches of historical interest made by Coulomb 
may be here referred to — that on the distribution of electrification 
on conductors of various forms by means of the proof plane which 
he invented for the purpose, and that on the rate of loss of 
charge and on the best methods of insulation. He showed that 
with a given conductor insulated in a given way the rate of loss 
was proportional to the total charge, though the rate varied on 
different days, being, in accordance with common experience, more 
considerable on damp than on dry days. Coulomb ascribed the 
loss partly to the air and partly to the supports, supposing that 
the air was a conductor when containing much water- vapour. We 
now know that his supposition as to water-vapour was a mistake 
for it, like air, is an excellent insulator. It is true that if air is 
nearly saturated with water-vapour the rate of loss of charge is 
frequently great, but this is almost certainly due to the condensa- 
tion of a thin layer of water on the surface of the supports, which 
latter may be hygroscopic and may so condense the vapour into 
water before normal saturation is reached. We now know that 
neither dry air nor water-vapour is a perfect insulator, for there 
is a loss of charge due to the presence of electrified “ions'” in 
the air, and the electrified surface draws to itself the ions with 
opposite charges. But this loss is exceedingly slow under ordinary 
conditions. 

The inverse square law may be illustrated by the following 
experiment. Two metre rules are fixed horizontally, one over the 
other (Fig. 58). A conducting sphere A is mounted on a pillar, 

33 
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■which must be a very good insulator, with a base having an 
index mark which slides along the lower rule. On the upper rule 
is a slider with an index mark, and from the slider depends a pith 
ball B hung by a cocoon fibre, the ball being on a level with the 
centre of A. A telescope sights B when it is uncharged, and the 
position of the slider is read. Then A is brought into the middle 
of the field of view, and the position of its base is read. A is then 
charged, B touches it, is charged and repel led . A is then removed 
say, 10 cm. to the left, and the slider is moved to the left till B is in 
the middle of the telescope field. If the slider has been moved d 
the force on B is for small angles proportional to d. Now move B 
to, say, 20 cm. from the central position and move the slider till B 
is in the middle of the field ; let its displacement be d'. It is 


. 1 1 1 ■ r. i ■ i .mn _L_L-Li_LL-i:a 



Fig. 58. 


found that with fair accuracy d:d' — 4:1. If A be now touched 
to another equal insulated sphere, its charge is halved and the 
forces at the same distances are halved. 

General statement of the inverse square law. Both 
directly and indirectly, then, it has been proved that the force on a 
small electrified body placed at any point in a field containing 
charged surfaces separated by air may be calculated by supposing 
that each element of charged surface acts directly on the body with 
a force proportional to the product of the element of charge and 
the charge on the small body, and inversely as the square of the 
distance between them, the actual force being the resultant of all 
such elementary forces. Since the force is thus proportional to the 
charge on the small body, it is the same per unit of charge on that 
body whatever the total charge and whatever the size of the body, 
both being very small. We have, therefore, a definite and con- 
sistent measure by which to describe the field, in the force acting 
per unit charge on a small body. This method of measuring has 
jbeady been employed m Chapter III, blit we shall here repeat 
siwie of the definitions and propositions of that chapter, with 
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some modifications suggested by the experiments which we have 
described. 

Definition of electric intensity. If a small positively 
charged body be placed at any point in a field, the body and 
its charge both being so small as not to affect the previous 
charges sensibly, the force on the body per unit charge is termed 
the electric intensity at the point. We shall usually denote the 
intensity by E. , 

Definition of the unit quantity. If two small bodies 
charged with equal quantities and placed 1 cm. apart act each on 
the other with unit force of 1 dyne, each is said to have unit 
charge on it. Then unit charge produces unit intensity at unit 
distance. At distance d a quantity Q has intensity Q/<2 2 . If 
at the point we place a body charged with Q', the force on the body 
is QQ'/dK 

Relation between electric intensity and electric 
Strain. If a small quantity of electricity Q is placed at a point 
the values of the electric strain D and of the electric intensity E at 
a distance d from it are given by 

D = 4^(P- M > 


Whence E — 4 ttD. 

This relation holding for each element of the electrification to which 
the field is due, it must hold for the resultant of all the elements. 
It is to be noted that it is only true when the medium is air, for 
only then is the intensity Q /d 2 for each element. As a particular 
case we have another proof of the proposition already proved in 
Chapter III. viz. : 

The intensity just outside the surface of a con- 
ductor is 4*7r X surface density. For the strain is by defini- 
tion measured by a*. Hence the intensity is 47 r<r. 

Lines and tubes of force. The lines and tubes of strain 
may also be regarded in non-crystalline media as lines and tubes of 
force or intensity, and the various strain properties of such tubes 
may be stated in terms of intensity. The most important of 
these, viz. that area x strain is constant and equal to unity along a 
unit tube, becomes : area of cross-section X intensity = 47 r along 
a unit tube. The relation between strain and intensity is not to 
be regarded merely as a numerical definition of one in terms of the 
other. It expresses a physical fact, viz. that whichever method we 
adopt to explore the field, the force on a small electrified body or 
the charge gathering on one side of a properly held proof plane, 
the field varies in the same proportion from point to point by either 
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system of measurement. The numerical relation obtained depends 
on the units employed. Whatever be the unit of charge, if we 
define strain as on p. 52, the strain is qf4t ird% but the intensity 
is only qjdft when a particular unit is chosen. We shall see here- 
after that with this particular unit, but with a medium other than 
air, the relation is KE = 4 ttD, where K is a constant for each 
medium. When we discuss the relation between intensity and 
strain in media other than air we shall be able to show that we 
may interpret the intensity as analogous to elastic stress and the 
strain as analogous to elastic strain. 

The outward pull per unit area on a charged con- 
ducting surface. Since the intensity is always outwards from a 

positively electrified surface and in- 
wards to a negatively electrified one, 
it is evident that in each case an 
actual element of the surface, if loose, 
would tend to move outwards. We 
shall now find the amount of the pull 
outwards per unit area. We have 
seen in Chapter III that the intensity 
at a point P x , Fig. 59, just outside a 
conductor is normal to the surface 
and is equal to 4x0% Also we found 
that it may be regarded as made up 
Fig. 59. of two equal parts, one due to the 

charge on the area a immediately 
under it, and the other due to the rest of the charges of the 
system. Each is therefore Stirar. 

Now consider an element da of a just under P 3 . The force 
outwards on this element is not due to the rest of a, since a is 
practically all in the same plane as da . It must therefore be due 
to S alone, and its value is : intensity due to S X charge on da 

= % rcr X crda 
= %7rv z da* 

The pull outwards per unit area is therefore 

F = % rcr 2 . 

If, then, we know the distribution of charge on a conducting 
body, we know, all the forces acting upon it, and the resultant force 
is the resultant of all the elementary pulls outwards. 

Hot© on the method of investigating the field in 
Chapters IH-V. The mode of analysing the total strain at a 
point into the actions of the separate elements each supposed to 
act directly, and without regard to the intervening medium, is that 
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suggested by, and most appropriate to, the old “action at a 
distance ” view of electric action, and it might appear out of place 
with our new conception of action through the medium. But if, 
as in the text, we only say that the strain is the same, however 
produced, as if the direct action occurred, the method is perfectly 
justifiable for purposes of calculation, and it is the best in the 
first treatment of the subject owing to the ease with which it 
admits of mathematical representation. As an illustration of this 
method, consider the somewhat similar case of the equilibrium of 
a body pulled by a number of strings, with given forces applied at 
the free ends. We consider these forces as applied directly at the 
points of attachment of the strings, and do not trouble to consider 
how the strings behave or to take them into account, so long as we 
ai*e dealing only with the equilibrium of the body. For experi- 
ment has shown us that if a force is applied at one end of a string 
an equal force is exerted by the string at the other, and we there- 
fore are justified in a kind of “ direct action ” treatment, though 
obviously the string has an all-important part to play, and 
must be considered if we are to have a complete investigation 
of all the phenomena accompanying the equilibrium of the 
body. 

There is a method of treating electrical actions in which the 
mathematical representation fits in perfectly with the supposition 
of action by and through the medium. It is fully set forth in 
Maxwell’s Electricity and Magnetism , vol. i, chap, iv, and we shall 
here only point out very briefly the principle of the method for 
the sake of advanced readers who may wish to compare it with the 
easier, though much less general, method which starts from the 
inverse square law. 

Let us suppose that we wish to find how electrification will 
be distributed under given conditions on any given system of 
conductors in air. Starting with the idea of the electric field 
as a space in which electric strain and intensity may be mani- 
fested, we must deduce from experiment that in air the strain has 
everywhere the same direction as, and is proportional to, the 
intensity, and that we have chosen units so that E = 4xD. 
Then introducing the idea of the energy possessed by the system, 
we must show from our experiments that its amount depends solely 
on the configuration. From this it follows that a potential 
V exists, and the intensity at any point may be expressed in 
terms of V. 

The total energy of the system may be shown to be 
W = ljf*VdS 

where <r is the surface density on the element of surface cE3, the 
integral being taken over all the conducting surfaces. 
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But o' = strain just outside dS 

= — intensity 

4nr dn 

where dn is an element of the normal. 

w =s// f s £ 

But by Green’s theorem this is equal to 



4 . J f J YV 2 Vdxdydz 


where the integrations are taken throughout the air. 

Now going back to the experimental basis, we must suppose 
that we are entitled to assume that the total strain throughout a 
tube of strain is constant. It is easy to think of experimental 
illustrations of this, such as the equal and opposite charges on 
concentric spheres, and the equality always existing between the 
two mutually inducing charges whatever the conductors, though 
it is not very easy to arrange any general proof. From this it 
ioliows that the total strain through any closed surface containing 
no electrification is zero. The total normal intensity is therefore 
also zero, and.applying this to the case of the element dxdydz, 
it can be shown that V 2 V = 0. ^ 


Hence W 


-*///{ 


dV\ 2 . /dV\ 2 


.dec 


dy 


+ 


%) ^dxdydz. 


of v Jw .. b y. Th ™ s theorem there is one, and only one, value 
of V satisfying V V = 0 m the air, and fulfilling titie conditions 
g!ven ™ the conductors, and this value makes thl integral which 
ls ,^? a to W a minimum. In other words, it is the value of V 
which corresponds to a distribution of electrification making the 
llfS * w lnimnm ’ and .therefore it is a distribution in equi- 
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(1) V 2 V = 0 ; {2) V = a constant for each conductor; 
(3) J dS = 4?r X given •* charge on each conductor. This 

function is the only one satisfying the conditions, and tells us all 
about the field. 

Green’s theorem states that if U and V are two functions, 

.dV 


f 'Jv'gdS-f/JVV'Vdxdycte 
= f fv d £ds-fffw*m X dydz 


where the surface integrals are taken over the conductors and the 
volume integrals are taken through the intervening air dielectric. 
Make V the function considered above, and make U the potential 
according to the inverse square law of a positive unit of charge 
distributed uniformly with density p through a very small sphere 
of radius a and centre at any point P in the field. Then at a 
distance r from P, greater than a, U = 1 /r, and at a distance r 
2 

less than a, U = -grpr 2 . Then within the small sphere V 2 U = rp 
and without it V 2 U = 0. 


On the conducting surfaces = 0, and in the dielectric 

s = 

an 


V 2 V = 0, Since V is constant over each conductor 


ii 


V J = 0 by Gauss’s theorem. Also J J J VV 2 U docdydz 
only differs from zero in the small sphere round P and thei*e it may 
be put Vp J J f ^irpdxdydz = 4<7rVp, since the total charge round 
P = 1. Then 


V P 



dS 


or the potential is that which would be found by calculation on 
the inverse square law with direct action. In other words, the 
inverse square law is the only one which would give the strain 
along a tube constant, and a constant potential in the conductors. 



CHAPTER VI 


ELECTRICAL LEVEL OR POTENTIAL. THE 
ENERGY IN ELECTRIFIED SYSTEMS 


Electrical level — Potential at a point — Equipotential surfaces— Intensity 
expressed in terms of rate of change of potential — General nature of 
level surfaces — Energy of an electrified system in terms of charges and 
potentials — Unit cells — Number of unit cells in a system double the 
number of units of energy— Distribution of energy in a system. 


The .existence of forces on charged bodies in an electrified system 
implies that these bodies may be set in motion, or that the system 
contains energy which may appear in the kinetic form. We must 
suppose that before its appearance as kinetic energy it was stored 
m some way as electric energy, and in that form was the equivalent 
of the work done in charging the system. Regarding the system 
from this “ work ” point of view, we are led to the idea of electrical 
level or potential, which affords most valuable aid in describing the 
system in respect to the forces exerted and to the energy stored 
We have already discussed the potential in inverse square systems 
m Chapter III, but we shall now approach the subject from another 
point of view. 

Electrical level. If a positively charged conductor is 
suspended in the middle of a room a small body brought against it 
wiU receive a little of the charge and will then tend to move to the 
wall, on which is the negative charge. Let us imagine that the 

Jhe eWW % ^ n ° 80 * hat we need not thi *k of any but 

the electric forces. At the wall we may think of it as going into 

a hole and touching the side of the hole, when it will be entirely 

di^hcaiged. It can then be moved back to the large body, where 

On^chTou^rTev “I 1,6 S° again t0 the ^ a11 ’ and 80 on- 

7 f I om th ® bod y t0 the wall it can be made to do 
work, and the system will gradually yield up its energy Now 

STsST What h - app , ens in a s ? stem containing gmvitative 
^ter 1 doi^T V0I f ° f W f er r a h % h We may^ let 

Using this analogy, we may describe the electrified body in the 
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middle of the room as being at a higher electrical level than the 
walls and think of the level as gradually falling from the body to 
the walls in every direction. The conductor is all at the same 
level, for the charged carrier will not move along its surface, but 
will be pulled straight out from it at every point. The walls, if 
conducting, are also at one level, since the intensity is everywhere 
perpendicular to the surface, and the carrier will not tend to move 
along the surface at all. 

The gravitative analogy, if followed out, also suggests a definite 
method of measuring electrical level. W e usual ly measure difference 
of level above the earth’s surface in vertical feet or metres. But 
this measurement will not give us consistent results in extended 
systems. For think of two canals at different levels reaching from 
the latitude of London to the Equator. Suppose the surface of the 
upper one is 978 cm. above that of the lower at London. At 
the Equator the difference in level will be, not 978, but 981 cm. 
For the work done in letting a given mass of water down from one 
canal to the other must be the same at each end. Otherwise it 
would be possible to get an endless store of energy out of the water 
by allowing it to trickle down at the end where the most work was 
given out, and to do work as it fell. We might use some of this 
work to raise an equal mass of water up again at the other end and 
we might transform or store the balance. This is contrary to all 
experience, so that we are certain that the work done in lifting a 
gramme of water from one level to the other is the same at each 
end and indeed at every intermediate point. Since then g at 
London : g at the Equator = 981 : 978, if one canal is 978 cm. 
higher than the other at London, it must be 981 cm. higher at the 
Equator. It is worth noting that if we were concerned with exact 
measurements of work done in 
raising masses, our Ordnance 
maps should be marked, not in 
feet above sea-level, but in ergs 
or foot-poundals. S 2 

Now, turning to an electrical 
system, let us imagine a surface 
S v Fig. 60, drawn in the dielec- 
tric all at one level, drawn, that 
is, so that at every point of the 
surface the force on a small Fig. 60 . 

charged carrier is perpendicular 

to the surface, and no work is done in moving the carrier along 
that surface. Imagine another surface S 2 in the dielectric, also 
level, but at a higher level than the first. Then the work done 
in taking a small charged carrier from the first surface to the 
second is the same by all paths. For imagine that it is greater 
by one path, AB, than by another path, CD, from the first 
surface, S v to the second surface, S 2 . Taking the carrier round 
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the circuit BACDB, we shall get a supply of energy each time 
we go round- This could only be accounted for by a gradual 
discharge of the system due to the motion, and experiment shows 
that no such discharge occurs. Hence the work along AB equals 
the work along CD. As a particular case the work from A to B 
is the same by all paths, such as AEB or AFB. If then we 
choose some convenient surface as having zero-level, corresponding 
to sea-level with gravity, the level of any other point, measured 
by the work done in carrying the unit positive charge from zero- 
level to that point, is definite, whatever be the path pursued. 
Level as thus estimated is termed Potential , and we have the 
following definition : 

The potential at a point is the work done in carrying a small 
body with unit positive charge from zero-level to the point. 

The potential at a point is usually denoted by V. 

It is evident that the work done in carrying unit charge from 
a point A at potential V A to a point B at potential V B is V B — V A . 
For if O is a point in the zero-level, V A is the work done in going 
from O to A, V B that in going from 0 to B, and we may go to B 
through A. Hence the work along AB is V B — V A . 

Alteration of surface chosen as zero-level or zero- 
potential. If we alter our starting-point or zero-level to one at 
potential U referred to the old starting-point, the potential at 
every other point is evidently decreased by U. 

Equipotential surfaces. The surfaces which we have 
hitherto termed level, surfaces everywhere cutting the lines of 
force at right angles, are also equipotential surfaces. Drawing a 
series of such surfaces corresponding to potentials 0 , 1 , 2 , 3 , &c., we 
may map out the variations of level in the system. 

A conducting surface is an equipotential surface, and any closed 
conductor containing no electrification within it is all at one 
potential, for^ there is no component of the intensity along the 
surface, and if there is no charge within there is no intensity 
within, and no work is done in taking unit charge from one point 
to another. 

. Tie intensity at a point in any direction expressed 
in terms of tie rate of ciange of potential. Let A be the 
given point and B a point very near it such that AB is the direction 
m winch the component of the intensity is to be expressed. Then 
the work done m carrying the unit charge from A to B is V B - V A ; 
but if X is the component of the intensity along AB, the component 

framed ^ and this is tIie force a g a * nst which the unit charge 
Then - X.AB = V - V A 

— X.dr = dV 
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and ultimately X = — ^ 

or the intensity in any direction is the rate of fall of potential per 
unit length in that direction. 

General nature of level surfaces. If the surfaces are 
drawn at intervals such that the successive potentials differ by 
unity, it is evident that the surfaces crowd most closely together 
where the intensity is greatest, for there the shortest distance will 
be traversed with the unit charge in doing unit work. On 
the other hand, where the intensity is less the surfaces open out. 
Indeed, we can at once obtain a relation between the distance from 
surface to surface and the cross-section of a unit tube of force. 

If E be the intensity at a point and d the distance between two 
consecutive level surfaces there. 


Ed = 1. 


But if a be the area of the cross-section of the unit tube at the 
point, Ea = 4 tt (p- 67), 



or the distance d is proportional to the cross-section a of the tube. 

When a conducting surface is charged entirely with one kind 
of electricity, the intensity is everywhere outwards if the charge be 




Fig. 62. Charged sphere inducing 
opposite charge on a neighbouring 
insulated sphere in the middle of 
a cubical room. 


positive, and everywhere inwards if it be negative. Then in the 
former case the potential falls and in the latter rises as we go 
outwards from the surface in all directions. In other words. 
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the conductor is entirely surrounded by level surfaces lower in 
the former case, higher in the latter, than the surface itself. 

If the surface is partly positively and partly negatively charged, 
the surfaces are lower near the one part and higher near the other 
part. 

We may illustrate these statements diagrammatical ly by 
Figs. 61 and Q% which are sections through systems showing in each 
case lines of force and level lines in the section. There is no 
attempt to draw to scale in these figures. 

Energy of an electrified system in terms of charges 
and potentials. Let the charges be Q v Q 2 , Q 3 , &c., respectively on 
conductors at potentials V x , V 2 , V 3 , &c., the zero-level being any 
conveniently chosen conductor. If all the charges be altered in 
any given ratio the same for all, say to AQ X , AQ 2 , AQ 3 , &c., evi- 
dently the intensity at every point will still remain the same in 
direction, but will have X times the original magnitude. Hence 
the original level surfaces will still be level, and the charges in 
the new system will still be in equilibrium. The potentials will 
evidently be AV X , \V 2 , XV 3 , &c. 

Let us represent the charges and potentials of the conductors 
in the original system by points A, B, C, D, &c., on a charge- 
potential diagram, Fig. 63, the abscissas representing charges, 
the ordinates potentials. Thus AE = Q 15 OE = V-, BF = 0 0 , 

of = v 2 + c. 

Taking into account the whole system, the sum of the charges, 
i.e. the sum of the abscissae, must be zero. Now let us bring to the 



zero-level the same very small fraction of each charge. Then the 
elementary charges will on their arrival exactly neutralise each 
other. During the convection some small fraction of the energy 
of the system will be given up. Repeating the operation a sufficient 
number of times, we shall gradually exhaust the system, and it 
is evident that as we remove the same fraction of each charge in 
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an operation, the charges and potentials of the conductors will be 
all reduced in the same ratio, so that the points representing them 
on the diagram will all travel in straight lines towards O. The 
figure may be regarded as merely shrinking in towards O. 

Now consider the work done by the small charge removed from 
the first conductor while its state changes from A' to A." The 
quantity removed is evidently MN. .The potential at the 
beginning of the removal is A'M, and at the end it is A"N. Then 
the work done lies between 

MN, A'M and MN. A"N. 

But one of these is greater and the other less than the area of the 
slip A'MNA", and the less the charge MN, the more nearly are they 
equal to each other, ultimately differing negligibly. Then the 
work done must ultimately be represented by A'MNA". 

The total work done in discharging the first conductor is the 
sum of all such slips or is represented by the area of the triangle 
AEO, which equals 

AE X EO _ 

2 2 • 


Similarly for the other conductors. Whence 

the total energy = + . . . = S 


When all the charges have been thus brought to the same level 
all the electrical energy has been transformed and the system 
is exhausted. 

It is perhaps sufficiently evident that the quantity of energy 
obtained must be independent of the arbitrary zero of potential 
chosen, but we may also deduce this from the expression for the 
total. For if we had chosen another zero at potential U relatively to 
the first, then the potentials would have been V 1 — U, V 2 — U, &c., 
and the total energy would have been expressed by 

Qi(Vi-U) t QgCVzJl) i 

2 + 2 + ' * 


= ^ + ^ 2 + • • • -(Qx+Q,+ 

_ QiVi , QgVg 
” 2 -r 2 


)H 
' 2 


for Qx + Q 2 + • * • =0* 

It is to be noted that if any charge is on the original zero-level 
surface, it must be taken into account in expressing the energy in 
terms of the levels referred to the new zero. 
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Unit cells. Drawing all the unit tubes of force and all the 
level surfaces at unit differences of potential, all the space 
between the conductors of a system is divided up into cells. 
Maxwell has termed these unit cells . 

The number of unit cells in a system is 2QV. In the 
case of one conductor at potential V entirely surrounded by another 
at zero-potential, it is evident that each tube is cut into V cells, 
and as there are Q tubes there are in all QV cells. When there 
are several conductors each tube does not necessarily pass from 
the highest to the lowest level, but some may begin or end at 
intermediate levels. 

Take any one tube passing from a conductor at level V M to.one 
at level V N . Evidently it contains V M — V N cells, or, since it has 
+ 1 of electricity at one end and — 1 at the other, we may write 
this 

1 X V M + (— 1) X V N . 

Doing this for eveiy tube in the system, we have 

Total number of cells = 2{1 X V M +(— 1)V N } 

= 2 each element of charge X its potential. 

If on any conductor at potential V there be both positive and 
negative charges, say Q P and Q N , both charges will enter into 
this expression and will contribute 

(Qf-Qn)V 

to the result. But if Q P — Q N = Q, this becomes QV. Hence the 
total number of cells = 2QV. 

Distribution of the energy in the system. From the 

S receding result we see that the number of unit cells is always 
ouble the number of units of energy in the system. We have 
already, seen that we must suppose the energy to be in the 
dielectric, accompanying the strain there. Bearing in mind that 
where the cells are larger the electric strain is less, so that the 
energy is. presumably less densely stored, this relation between 
the quantity of energy and the number of cells suggests that the 
energy, is distributed at the rate of half a unit to each cell. 
Adopting the suggestion, let us find the energy per unit volume. 

The area of the cross-section of a tube at any point being a, 
and the distance between the two consecutive level surfaces being 
d, we have 

volume of cell = a d 

*>at Ea = 4?7t (p. 67) 

and Ed = 1 (p. 75) 

, 4 x 

ad =w 


whence 
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If this volume contains half a unit of energy, the quantity per 
unit volume 

= J_ = Ef 

4j7T 8 7T 
E 2 

or, substituting for E its equivalent 4 ttD, 


= 2ttD 2 . 


Now this result is of the kind which we should expect from 
Faraday’s view of the nature of electric action. For if electric 
strain be analogous to elastic strain, we should expect that the 
energy stored up per unit volume would be proportional to the 
square of the electric strain, just as the energy stored by an elastic 
strain for which Hooke’s law holds is proportional to the square of 
the strain. Since then the distribution at the rate of half a unit 
E 2 

to each cell or of g— = 2 ttD 2 to each unit volume just accounts for 

the energy of the system, and also carries further the analogy 
between electric and elastic strain, it is accepted as the true law of 
distribution. 


E 2 

It is noteworthy that the energy per unit volume 5 - may be 

07T 


ED 

expressed in the form This supports the suggestion on p. 101 

that the intensity E is analogous to elastic stress. For we know 
that in elastic strain 


energy per unit volume = 


stress x strain 
% * 



CHAPTER VII 


POTENTIAL AND CAPACITY IN CERTAIN 
ELECTRIFIED SYSTEMS. SOME METHODS OF 
MEASURING POTENTIAL AND CAPACITY 

Definition of capacity — Sphere in the middle of large room — Two con- 
centric spheres— Two parallel plane conducting plates — Two long co-axial 
cylinders— -Two long thin equal and parallel cylinders — Long thin 
cylinder parallel to a conducting plane — Instruments to measure poten- 
tial diff erence* — Quadrant electrometer — ^Attracted disc electrometer 
—Practical methods of measuring potential— Reduction of the potential 
of a conductor to that of a given point in the air— Simple methods of 
measuring capacity— Capacity of a Leyden jar— Capacity of a gold-leaf 
electroscope. 

We have shown in Chapter III that if we define the potential at a 
point as the sum of each element of electrification divided by its 

distance from the point, or 5^, it is the work done in bringing 

unit charge from a zero-level at a distance so great that the system 
has no appreciable action there. We may frequently bring the 
zero-level quite close to the system. Thus, if a room has conduct- 
ing walls* an electrified system within it has no intensity outside* 
and the walls may he regarded as having zero-level. We shall 
now consider some special systems which will illustrate the use of 
the formula for the potential. 

Infinitely thin small metal plate held normally to the 
lines of force or strain. The plate is to be so small that the 
lines of force may be regarded as straight and parallel in the region 
just about the point at which it is introduced before that introduc- 
tion takes place. Then, when it is introduced, since it is perpen- 
dicular to the previous course of the lines, the positive charge on 
one side will evidently be equal, element by element* to the negative 
charge on the other side. The potential due to the plate at any 
point outside it will be made up of equal and opposite terms, since 
for every element of positive charge there is an equal element 
of negative charge practically at the same distance from the point, 
as the plate is infinitely thin. Then the plate does not affect the 
potential in its neighbourhood, and therefore does not alter 

80 
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the course of the lines of force. This justifies the use of such 
a plate in the measurement of strain at a point. 

In practice no plate is infinitely thin. A real proof plane will 
therefore produce some slight modifica- 
tion of the surrounding field, especially 
near the edges, where the lines must 
turn inwards, somewhat as in Fig. 64, 
to enable some of them to meet the 
edge normally. 

Capacity of a conductor. If 
the potential of one conductor of a 
system is raised while all the rest are 
kept at zero-potential, as the charge 
rises in- value the induced opposite 
charges rise in proportion. Hence 

2^, or the potential at any point, rises in ^ ^ 

the same proportion. Thus the ratio of 

the charge on the conductor to its potential is constant and is termed 
the capacity of the conductor. We have then this definition : 

If a conductor receives a charge Q and is raised thereby to 
potential V, while the surrounding conductors are at zero-potential, 

Q is constant, and is termed the capacity of the conductor. It 

is usually denoted by C. 

Sphere in the middle of a large room. Suppose a sphere 
radius a to receive a charge + Q. Let the sphere be placed insulated 
in a room and let its distance from the walls be great compared 
with its radius. The potential of the sphere will be uniform 
throughout, and therefore we may find it by calculating the 

potential at the centre. In the formula V = 2^ the positive 

elements are all at the same distance from the centre, and therefore 
contribute Q/^. The negative elements are all at a great distance, 

and the sum of the terms | is negligible in comparison with Q/a. 

We have then 



a 



The capacity is 



Since the potential at the surface of the sphere has everywhere the 
same value as that at the centre, viz. : and is due to the dis- 

Uj 

tribution on the surface, the wall charges having negligible effect, 

F 
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that distribution must be uniform. Hence the potential at a 
distance r from the centre outside the sphere is, by Chapter III, 



r 


provided that r is small compared with the distance to the walls. 

Two concentric spheres with equal and opposite 
charges Q. Let the radii be a and b. The potential of the 
inner sphere is uniform and equal to that at the centre. Since the 
whole of the positive charge is distant a from the centre and 
the whole of the negative charge is distant b, we have 


V = 2- = 
r 


Q_Q 

a b 


Between the spheres, at r from the centre, the potential due to 
the positive charge is ^ (Chapter III), while the potential due to 

the negative charge is still Then 


Q_Q 

r b * 


The outer sphere has potential 


ir Q Q 

b b 


= 0 . 


The capacity of the inner sphere is 

p _ Q __ ab 
~~Q__Q~~b-~ a 
a b 

These two cases show, as is indeed obvious from the definition, 
that a capacity has the dimension of a length. 

Two oppositely charged parallel conducting plane 
plates, the plates being a distance apart very small compared 
with their linear dimensions. 

The distribution must satisfy the two conditions found to hold 
in all electrified systems when the charges are at rest, viz. (1) the 
intensity close to each surface in the space between the plates must 
be normal to the surface, and (2) the intensity within the sub-, 
stance of the conductors must be zero. These conditions will be 
practically fulfilled if the distributions are equal and opposite and 
uniform over the two surfaces except near the edges, and the lines 
of force and strain will then go straight across from plate to plate 
except near the edges. For let P, Fi|| 65, be a point between the 
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plates. Take two circular areas of which AB, A'B' are sections 
with equal radii, and with centres in the common normal to the 
plates through P. 

Let the radii of these areas be large compared with the distance 
d of the plates from each other. The surface densities being 
uniform and equal to ± cr, the intensity at P due to the circular area 
on the positive plate will be % rcr^ and away from it ; and that due 
to the circular area on the negative plate will be feo-, and towards 
it (Chapter^ III, p. 36), or Ixo- in all. Outside these circular 
areas the charges can be divided into equal positive and negative 
elements, each pair lying close together and at practically equal 
distances from P. These, acting practically in the same line, 


A 

r b 

+ 

> _ 

m — - 

P 

N 

^ 

d 



A 1 

l D » B 1 


Fig. 65. 


neutralise each other and do not contribute towards the intensity. 
The intensity between the plates is therefore 4<7 t<j and normal 
to each. 

Within either conductor, say, for instance, at P' or P", the two 
circular areas neutralise each other, and, as above, the outlying 
areas also neutralise each other and the intensity is zero. The 
want of uniformity round the edges may be neglected (if these are 
sufficiently distant) in calculating the intensity at points well 
within the boundary. 

Since the intensity is and the distance apart is <2, the work 
done in carrying unit charge from one plate to the other is 47 rcrd. 
Hence the difference of potential V = 4 ward. 

If A is the area of either charged face, the total charge on the 
positive plate is approximately Act. The capacity then is 

p __ Q _ Act __ A 
V 47rcrc£ 47 rd* 

Two long co-axial circular cylinders. The cylinders are 
to be supposed of length great compared with the radius of either. 
The inner cylinder is charged to potential V above the outer. The 
radii are a and b. 

The lines of force will evidently be radial at a distance from 
the ends, and the tubes of force will be wedge-shaped as in Fig. 
65 a, the apex of each wedge lying along the axis of the cylinders. 
Then the area of the cross-section of a tube at distance r from the axis 
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is proportional to r, and since cross-section X intensity is constant, 
the intensity is inversely proportional to r, and may be written as 
X/r. Now if <r is the surface density on the inner cylinder the 
intensity just outside it is 4nr(r, and as this is distant a from the 



Fig. 65a. Fig-. 65 b. 


axis we have 4w = X/a or X = 4<7rara. Then between the surfaces 

E = 4nrcr- 
r 


But E = -§I = 4w® 

dr r 

Integrating, we have 

V = — log r + const 
and putting V = 0 for the value of V when r =5, 

V = 4x^0* log jL 

If C is the capacity per unit length measured along the axis the* 
area of the inner surface of that length is Ztto, and its charge 

Its potential is 4>wa<r log Then 


c _y _ 

C ~ V “ 


4nra<r log - 2 log - 

Of d 


— IAI 

long thin equal and. parallel cylinders. Let 
tbe two cylinders, Fig. 65b, have, each, radius a small compared with 
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the distance d apart. Now if one cylinder only were charged with 
surface density <r, the corresponding negative charge being infinitely 

distant, the intensity due to it at distance r would be 4x0^ by the 

preceding investigation. Then the intensity at one cylinder due 

to the other is practically 4x<r^ and is very small compared with 

the intensity due to its own charge if ^ is very small. Hence the 

uniformity of distribution on each cylinder will hardly be disturbed 
* by the presence of the other, and we shall obtain a nearly correct 
result by supposing the charges uniformly distributed on the two 
cylinders with densities ±<7. Let us take the potential of one 
cylinder as 0 and that of the other as V, and let us calculate V by 
the work done in going straight from one cylinder to the other. 
At a distance r from the axis of the negative cylinder the intensity is 

^ 4i7rcra ^ircra 

JCi SUSS — 7 

r d—r 


and 


*r = d — a 
V= -/E dr 


= [ W log^-J 


d — a 


r = a 


= Sirca log = Sircra log ~ nearly. 


The capacity per unit length is 


C = 


2xfl<x 


4 log 


d — a 
a 


4 log ^ 


nearly. 


This case occurs in practice in two telegraph wires running 
parallel to each other at a distance from the ground, and equally 
charged respectively positively and negatively. 

Long thin cylinder parallel to a conducting plane. 
We. may at once deduce the case of a single cylinder running 
parallel to an indefinitely extended conducting plane — a case 
occurring in practice in a single telegraph wire at a constant height 
above the ground.* 

If we draw a plane midway between the two cylinders con- 
sidered above, the lines of force, from symmetry, everywhere cut 

* For a more exact investigation see Heaviside’s Electrical Papers, voL i. 
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this plane at right angles and it will be a level surface. Now 
consider a unit tube passing as in Fig. 65c from one cylinder to the 
other and cutting the plane in the area a. If a be made into an 
infinitely thin conductor, it then has charges ± 1 induced on it, but 
these will not disturb the course of the lines of force, since cl 
is infinitely thin. We may imagine each unit tube treated m the 
same way and the corresponding ± units formed on the two sides 
of the median plane. The charges thus imagined are all at one 



Fia. 65c. 


potential and will not tend to move, so that the system thus formed 
is in equilibrium. We shall then have two systems really inde- 
pendent of each other, since there is a conducting screen entirely 
separating one from the other. The upper cylinder positively electri- 
fied will have the corresponding negative on the upper face of the 
median plane, and the lower cylinder negatively electrified will have 
the corresponding positive on the lower face of the median plane. 
Either gives the case of a cylinder with axis running parallel to a 
plane. Evidently the difference of potential between the plane 
and the cylinder is half that between the two cylinders, and we 
have approximately, if we put d = 

V = 47t< 7 l°ge ~~ 


and 


2h 


* lo Se^T l°gio 


9h 


The result shows that wires used in laboratory experiments 
may have quite considerable capacities. If, for instance, a wire 



POTENTIAL AND CAPACITY 87 

with radius 0*01 cm. (about 36 S.W.G.) runs parallel to and 
10 cm. above a conducting table, the formula shows that the 
capacity per cm. length is more than 1/3. 

Condenser of any form. A condenser consists essentially 
of two conducting plates everywhere the same distance apart, this 
distance being usually very small compared with the linear 
dimensions of the plates, and the curvature being everywhere small. 
We may then apply the treatment already used for two parallel 
plane plates, and we have, when air is the insulator, 

V = 4<7r<jd 



where A is the area of the inner surface of either plate and d is 
their distance apart. 

INSTRUMENTS USED TO MEASURE DIFFERENCE 
OF POTENTIAL 

The quadrant electrometer. The quadrant electrometer 
devised by Lord Kelvin is the most sensitive instrument for the 
measurement of differences of potential. We shall describe first 
a simple form of the original instrument represented in Fig. 66.* 
Four hollow brass quadrants, like that shown in Fig. 66 ( a ), are 
mounted on insulating pillars fixed on a metal base so as to form 
a horizontal circular box, cut across two diameters at right angles, 
since the quadrants are insulated from one another by narrow 
air spaces. The opposite quadrants are connected in pairs by very 
fine wires. Under the quadrants and between the supporting 
pillars is an open Leyden jar lined outside with tinfoil and con- 
taining inside strong sulphuric acid, the surface of contact of the 
acid with the glass serving as the inner coating of the jar. The 
acid also serves to dry the air within the case of the instrument and 
so maintains the insulation of the various parts. Within the 
hollow space made by the quadrants is a “ needle,” really a “ figure- 
of-eight ” shaped piece of sheet aluminium, Fig. 66 (5), the sectors 
being each about a quadrant. The needle is supported from the top 
of the case by an insulating suspension which also introduces torsion 
when the needle is displaced from its “ zero ” position. The torsion 
may be obtained from a bifilar suspension, a quartz fibre suspension, 
or from a small magnet fastened on to the needle system. The 
position of the needle is indicated by a beam of light reflected 
on to a scale from a mirror above the quadrants and rigidly 
attached to the needle. 

From two adjacent quadrants two brass rods pass vertically 

* In Lord Kelvin's Papers on Electrostatics and Electro-magnetism a form of 
the instrument suited for exact work k <3escribedin thelteport on Electrometers. 
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downwards through holes in the brass plate so large that the rods 
do not touch the sides. The rods turn outwards, ending in binding 
screws. A third vertical brass rod passes through an insulating 
block in the brass plate, and can turn about its own axis so as to 
bring a horizontal wire at its upper end in contact with a platinum 
wire which is attached to the needle, and passes vertically down 



Pig. 66. 


into the acid in the jar. When the jar is to be charged the 
contact is made and the jar may be charged by two or three sparks 
from an electrophorus cover. The contact is then broken and the 
horizontal wire turned well out of the way so that the needle is 
free to move. 


The instrument is contained in a glass case resting on the brass 
plate, which is itself supported on levelling screws. The glass 
should be lined with tinfoil except where the indicating beam of 
light passes, and the case should be put to earth by a wire goin°- to 
the gas or water pipes. The instrument is thus completely secured 
from external electrifications. J 

principle of its action is simple. To begin with, 
the needle should be adjusted in its zero position so that its 
median line is parallel to one of the lines of separation of the 
quadrants If now one opposite pair of quadrants is connected 
by the outside terminal to earth, and the other pair to a body 
of a potential l differing from that of the earth, the needle, being 
Ji 16 Potential of the jar, which we may suppose positive, is 
itself positively charged and tends to move so as to carry its 
charge to the regum of lowest potential. If the outside body 



POTENTIAL AND CAPACITY 89 

is at positive potential the needle will tend to set under the 
earth-connected pair of quadrants, while if the outside body is at 
negative potential the needle will tend to set under the pair of 
quadrants connected to it. If the torsion couple introduced by 
the displacement is so great that the displacement is always small, 
then the angle of displacement is, as we shall show below, nearly 
proportional to the difference of potential between the pairs of 
quadrants. It is also, for a certain range, nearly proportional to 
the potential of the needle, so that the sensitiveness of the instru- 
ment may be adjusted by altering the charge in the jar. It is usual 
to calibrate the scale of the electrometer by putting on known 
differences of potential from the terminals of cells of known voltage. 

Dolazalek electrometer. A modification of the instrument 
introduced by Dolazalek, which is more sensitive than the original 
type, is much used. In this the quadrants are smaller and are 
mounted often on amber pillars. The needle is made of silvered 
paper and so is lighter, and it is preferably suspended by a quartz 
fibre made conducting or by a very fine metallic wire. The Leyden 
jar can then be dispensed with and the needle can be charged 
directly from a battery of, say, 100 volts. There is a potential 
of maximum sensitiveness, however, which can be found by trial 
for the particular instrument used. The instrument is contained 
in a brass case with a window for the beam of light to pass to and 
from the mirror. 

Elementary theory of the quadrant electrometer. 

We shall take the case in which the two pairs of quadrants, which 
we denote respectively by 1, V and 2, 2', are maintained at 
constant potentials V 2 . The needle is connected to the jar, 
which has very great capacity compared with its own. The 
potential of both jar and needle therefoi'e remains sensibly constant 
even if the charge on the needle varies. We denote this potential 
by V n . If V 2 is greater than V 2 the needle tends to move towards 
1, 1', and it will only be in equilibrium when the electrical couple 
is balanced by the torsional couple. Now had the quadrants and 
needle, after charging, been insulated, the motion of the needle 
would have diminished the electrical energy of the system, the 
differences of potential of the fixed charges decreasing, and the 
position of equilibrium would have been that in which the decrease 
in electrical energy on small displacement would have just supplied 
the work necessary for the increase in torsion. But the potentials 
remaining constant, there is an actual increase in the energy of the 
system. The area of the needle under 1,1', where the difference of 
potential is greatest, increases, and therefore its charge increases 
and consequently the electrical energy increases. The energy is 
supplied by the sources which maintain the constant potentials, the 
supply being sufficient both for the increase in electrical energy 
and for that used in increasing the torsion of the wire. We shall 
make use of the following important theorem : 
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When a system of conductors is maintained each at a constant 
potential by connection with a source of electricity, the total 
energy supplied by the source in any displacement of the system 
is double the increase in the electrical energy of the system. 
This may be proved as follows : 

Let Q v Qg, Q 3 be the charges at potentials V v V 2 , V 3 : then the 
total energy is 

W -QiL , Q& , Qals , 

Let a displacement be given to the system so that the charges 
become Q 1 + q v Q 2 + y 2 , Q 3 -f &c. : the energy is now 

W + w = & + &> y x + &±. ga) V 2 + . . . 

whence the increase in energy is 

» » 2& + &V* 

2 g -h . . . 

But the quantities q v q 2 , q z , &c., have been drawn from sources of 
energy at constant potentials V„ V„ &c., and therefore the energy 
given up by these sources is ° J 


9 + 92^2 + • . . = 2a> 

which proves the theorem. 

Applying this to the quadrant electrometer, the sources supply 
douMe the energy require*! for the electrical system. At first 
then, while the torsion couple is small, an excess of energy is 
supplied. But the torsion couple increases, and ultimately a 
position of equilibrium is attained when on further small displace- 

trbad energy feaSe ° f t0rslonal ener £f e q i, als the increase in elec-' 

Iatter , we assume that the motion does not 
^tribution on the outer edges of the needle and under 
he line of separation of the quadrants; this implies that the 
hnear displacement of an edge is small compared with its distance 
from a quadrant other than that under which it is moving Hence 

the motion through a small angles may be regarded^ merely 

tmnsfemng a part of the needle distant from both the edgeS 
median line from the 2, 2' pair to the 1, 1' pair. The cfpacTty 

subtends* Let ivL^ ^ ak ®“ ^ P™P ortional to the angle it 
suotends. Let it be represented by Cdd. Hence the ehm-ow 

under 1, 1' is increased by Cd8(V - V i whi Ww a of 
is decreased by Cd6(V - V V "n. * T- , * $£ ndev 2 > 2 

these chaises fmm 1 . , * ‘ ~~ e potential differences of 
MKse cnarges trom that on the needle are V - V an,! V v 

respectively. Then the total gain of energy is“ 1 
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^{(V n -V^-(V n -V 2 )^ 

= Cdd(V 2 — VJ (v n -^±-^). 

The increase of torsional energy in the same displacement is 


where 0 is the total angle of displacement from zero and \6 is the 
corresponding couple. 

Then for equilibrium we may equate these and 

X 6d6 = Cde (V 2 - V x ) (v n - Vl + Va ) 


or 0 = 9 ( v 2 _v 1 )(v n -^+^). 

If V n be great compared with V 1 and V 2 we may take as an 
approximation 

e=£ Vn(V * -Vi) - 

If the needle and one pair of quadrants be both connected to 
the same source at potential V n and the other pair be earthed, 

V 2 = V* V, = 0 

CV 2 

and 0-%!.' 


This is independent of the sign of V n , and the electrometer 
may then be used to measure an alternating potential, giving the 
mean square of V n . 

By taking into account the increase or decrease of charge induced 
on the two pairs of quadrants as well as the increase on the needle 
it is easy to verify directly for this particular case the fact that 
the sources supply double the energy added in the field within the 
quadrants.* 

Tlie attracted disc, or the trap -door electrometer. In 
Thomson's trap-door electrometer two parallel plates are arranged 
as a condenser, one being connected to the source of which the 
potential is required, the other being, say, to earth. We might 
measure the pull of one plate on the whole of the other, and in 
the first instrument of the kind — Harrises attracted disc electro- 
meter — this was actually done. If we could express the potential 

* The formula found above is quite sufficiently exact for many of the ex- 
periments in which the quadrant electrometer is used. The explanation of the 
voltage for maximum sensitiveness will be found in Thomson’s Elements of 
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difference in terms of this pull the instrument, would be a satisfac- 
tory electrometer. But the density in a condenser is not uniform 
near the edges, and when the plates are some distance apart the 
edge effect may extend some distance inwards. We cannot there- 
fore apply the results of p. 83 to the whole plate. In the central 
part of each plate, however, the density is practically uniform ; the 
lines of strain go straight from plate to plate and these results 
apply. Taking the surface density as <r 9 the difference of potential 
as V, and the distance of the plates apart as d , 


V = 4nrcrd. 


Since the pull per square centimetre is % rcr 2 , the total pull P on a 
central area A is 

/ V \2 AV 2 

P = = 3 ^ (1). 

In practice the pull is measured on a “ trap-door,” i.e. on a 
movable plate nearly filling a hole in one of the plates of the 
condenser, but with free edges. The surrounding plate is termed 
the guard-ring, its function being to guard the density on the trap- 
door from variation. The trap -door and guard-ring are electrically 
connected and the force measured is that which is required to 
keep the two in the same plane against the electrical pull of the 
opposite plate. The effective area A is approximately (Maxwell, 
Electricity and Magnetism^ 3rd ed. vol. i. p. 333) the mean between 
the aperture of the guard-ring and the area of the disc or trap-door. 
Fig. 67 is one form of the instrument,* showing only the essential 
parts. The guard-ring is fixed, while the movable disc or trap- 
door is hung by metal wires from the end of a metal lever having 
a counterpoise at the other. The lever is supported by a wire 
stretched horizontally between two insulated metal pillars connected 
to the guard-ring so that disc and ring are in connection. The 
position of the trap-door is indicated by a hair stretched across 
the forked end of the lever. This is viewed by a lens, and is so 
adjusted that when it is midway between two bla^k dots on a white 
upright passing up through the*fork behind the hair, the trap-door 
and guard-ring are coplanar. Suppose that a known weight P is 
placed on the disc and that a movable rider is adjusted on the 
lever until the hair is in the central position when there is no 
charge on the plates. Now remove P and connect the plates to 
bodies at different potentials, adjusting the distance d of the 
lower plate until the hair is again central. Evidently the electrical 
fro * ^ an d if V is the difference of potential we have 

* Thomson’s Papers on Electrostatics and Magnetism, p, 281 . 
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V = dV— (2)- 
A 

It is very difficult to measure d accurately, and it is better to 
make the results depend on the differences of the distance in two 
successive experiments, that is, on the distance the lower plate is 
moved. To do this let the lower plate be connected to a source of 



potential V, the upper plate being connected to earth; then 
equation (£) holds. . 

Now connect the upper plate to a source at potential Y , the 
lower plate being connected as before. If the distance, after ad- 
justment, is now d\ 

v-v' = 

Subtracting (3) from (2), 

V' = (d- d!) (4) 

which gives V 7 in terms of measurable quantities. It may be noted 
that in obtaining (4) we suppose V' either less than V or opposite 
in sign. 

In another form of the instrument the attracted disc is 
hung from one arm of a delicate balance and counterpoised so that 
when there is no electrification it hangs exactly in the plane of the 
guard-ring. A stop is then arranged so that the disc cannot move 
upwards and an extra weight P is put on the other arm* The 
subsequent working is as with the arrangement just described. 



9 * STATIC ELECTRICITY 

Practical methods of measuring potential. If the 
centre of a conducting sphere is brought to the point at which the 
potential V is required and is then connected to the zero-level 
surface, say the earth, by a wire, its potential becomes zero. Let 
Q be the charge induced upon it. The potential at the centre of 
the sphere being zero, we have 

22 = 0 . 

r 


But, if the wire is exceedingly fine and if the sphere is sufficiently 
small, this may be split up into the terms due to the original 
electrification practically undisturbed by the introduction of the 
sphere and giving value V, and the terms due to the charge gathering 

on the sphere and giving value Then 

v + ^ = o 

a 


or 


v = -Q 


On breaking the earth connection and taking the sphere away, if 
we measure its charge, we obtain a number proportional to the 
potential at the point, though opposite in sign. A very obvious 
weakness in this method lies in the neglect of the charge on the 
connecting wire. It is not easy to make the capacity of the wire 
negligible in comparison with that of the sphere. 

_ Reduction of the potential of a conductor to that of a 
given point in air. Suppose, for example, that we wish to 
equalise the potential of a pair of the quadrants of a quadrant 
electrometer to the potential of a given point P, Fig. 68, in the air. 

Suppose, to begin with, that they are at 
higher potential. Take an insulated wire 
from the electrometer to the point P : 
the end of the wire is evidently at higher 
potential than its surroundings. Then 
it is positively electrified, while the quad- 
rants are negatively electrified. Imagine 
now that the outer layer of the wire is 
loose, so that it can be drawn off into the 
jug. 68. air with t h e charge on it. The poten- 

t 4. 41 t *¥ ofth ? wire at P is thereby lowered 
more nearly to that of the air near it. A new positive charge will 
now gather at P and more negative will go into the quadrants. 
H the new surface is also loose, the new charge will also be drawn 
os into toe air, and if we so imagine successive layers to be 
removed they will carry with them positive charges until the end 
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of the wire P is brought to the same level as its surroundings, 
or at least to the mean level so that each layer takes with it equal 
and opposite quantities. 

If the electrometer is at lower potential to begin with than the 
neighbourhood of P, it is evident that negative will go off, while 
the electrometer will be positively electrified. 

This process has been realised practically by various methods. 
In the method first used a burning match was fixed at one end of an 
insulated conducting rod, which was brought to the given point, the 
other end being connected to the electrometer. The hot mass of the 
flame is a conductor, and as it is continually being thrown off it 
carries electrification with it as long as there is any difference of 
potential between the end of the rod and the surrounding air. 

In a second method, still sometimes used, an insulated can of 
water discharges through a fine nozzle drop by drop. In Lord 
Kelvin’s original description of this instrument as applied to find the 
potential outside a window he says : “ With only about ten inches 
head of water and a discharge so slow as to give no trouble in re- 
plenishing the can of water, the atmospheric effect is collected so 
quickly that any difference of potentials between the insulated 
conductor and the air at the place where the stream from the nozzle 
breaks into drops is done away with at the rate of 5 per cent, per 
half second, or even faster. Hence a very moderate degree of 
insulation is sensibly as good as perfect so far as observing the 
atmospheric effects is concerned.” {Electrostatics a7id Magnetism , 
p. 200). 

It is usual now to employ a wire tipped with radium. The air 
is ionised by the radium, and the charge on the end of the wire is 
neutralised by the ions of opposite sign. 

Atmospheric electricity. Either of these instruments may 
be employed to determine the potential at any point in the air 
with regard to the earth. It is found in general that the potential 
rises upwards from the surface, especially in clear weather. This 
of course implies negative electrification of the earth’s surface, the 
corresponding positive electrification being scattered through the 
air above the surface. When clouds are formed they act as 
conducting masses and become electrified on their surfaces. If the 
weather is not stormy the potential in the air is still usually 
positive with regard to the earth, the under surface of a cloud 
being probably positively charged and its upper surface negatively 
charged. But in stormy weather it frequently happens that the 
earth is positively charged under a cloud. This may possibly be 
explained on the supposition that the cloud was electrified by 
induction by the ground under it and that the positive charge on 
the cloud has been removed by the rain falling from it; the 
negative then spreading over the whole might produce a negative 
potential in the air under it. We cannot here go into details of 
the very puzzling subject of Atmospheric Electricity, a subject in 
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which the facts are only beginning to fall into order. We refer 
the reader to the Encyclopedia Britannica , llfch ed. vol. ii. p. 860, 
or to Gockel Die Lufbelektrizitai . 

Simple methods of measuring capacity. We shall 
describe two methods of measuring capacity merely in order to 
make the idea of capacity more definite. Other methods will be 
described later or may be found in laboratory manuals. 

The definition of capacity shows that it is in dimension a 
length. Thus the capacity of a sphere, far from surrounding 
conductors, is equal to its radius, and the capacity of two parallel 
plates in air is equal to the area of either /4?r distance apart, when 
the distance apart is so small that the edge effect may be neglected. 
We may then determine the capacity in either of these cases by 
actual measurement of the dimensions of the system. But when 
the system is of such form or with such a dielectric that we cannot 
determine the capacity by direct measurement of dimensions, then 
we may use a method of comparison. 

Capacity of a Leyden jar by comparison with a 
sliding condenser with parallel plates. Let AB, Fig. 69, 

A , , B 


i 1 1 mfi iljiVi | i i’i ill \ \ ittttt 


Fig. 69. 

represent the sections of two round plates mounted on insulating 
supports with bases sliding along a divided scale, so that the 
plates are always parallel to each other and so that their distance 
apart can be observed. The capacity of this 64 sliding condenser” 
can therefore be varied at will. The method consists in charging 
this sliding condenser and the system of which the capacity is 
required with ^ electrification at the same difference of potential, 
and then varying the distance apart of the plates of the* sliding 
condenser till the charges on the two are equal. 

Suppose AB, Fig. *70, are the plates of the sliding condenser, 
and let J be the jar on an insulating stand. Let A and the 
outside coating of the jar be connected to earth. Let B and the 
inside coating of the jar be connected to the positive terminal of a 
battery whose negative terminal is earthed. Then disconnect the 
battery from both and insulate A and the outside coating of the 




POTENTIAL AND CAPACITY 97 

jar. Connect A to the inside coating of J, and B to the outside 
coating of J. If the charges are equal these connections result in 
complete discharge, and if A is now connected to a quadrant 
electrometer no charge is shown. But if J has the larger capacity 
some positive charge is left unneutralised and is indicated by the 
electrometer. If J is the smaller, some negative charge is indicated. 
The distance apart of the two plates A B must be vailed till no 
charge is indicated and the capacities are then equal. The 



difficulty in such measurement arises from “ residual charge,” which 
will be discussed in Chapter VIII. This method was used by 
Cavendish (. Electrical Researches, p. 144). 

Capacity of a gold-leaf electroscope by comparison 
■with, a sphere. We shall describe the method used by C. T. R. 
Wilson (P.R.S. lxviii. p. 157). The electroscope was charged by 
a battery of small accumulators to different potentials so that the 
relative values of the deflections of the gold leaf were known. A 
brass sphere, radius STS cm., was suspended by a silk thread at a 
distance great compared with its radius from all other conductors 
except two fine wires, one earth-connected with which it rested in 
contact, and another leading from the electroscope and with its free 
end near the sphere. The electroscope was charged to some 
potential V given by the deflection of the gold leaf. Then the 
charge on it was CV, where C was its capacity. The sphere was 
then drawn aside by a silk thread so that it momentarily broke 
contact with the earth and came into contact with the wire from 
the electroscope. Suppose the new value of the potential indicated 
by the electroscope was V'. The charge on it was now CV'. But 
the charge lost, viz. CV - CV', was given up to the sphere with 
capacity 2T3, and raised its potential to V' so that its amount was 
STS V'. Equating 

C(V - V') = 2TS V' 


G 
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V' 

or C = 2*13 y— y>- 

By this method Wilson found the capacity of an electroscope 
which he was using to be 1*1 cm., and this was practically constant 
for different positions of the gold leaf. 

In carrying out this experiment the wires, in order to reduce 
their capacity, should be made as fine as possible and not 
longer than is necessary to keep the sphere sufficiently distant 
from the electroscope. 



CHAPTER VIII 


THE DIELECTRIC. SPECIFIC INDUCTIVE 
CAPACITY. RESIDUAL EFFECTS 

Specific inductive capacity — Faraday’s experiments — Effect of specific 
inductive capacity on the relations between electric quantities — Condi- 
tions to be satisfied where tubes of strain pass from one dielectric to 
another — Law of refraction — Capacity of a condenser with a plate of 
dielectric inserted — The effect of placing a dielectric sphere in a pre- 
viously uniform field — Kesidual charge and discharge — Mechanical model. 

Faraday, as we have seen in Chapter IV, abandoned the old 
method of regarding electric forces as due to direct action of the 
charges at a distance, and sought to explain electric induction 
by the action of contiguous particles on each other in the 
dielectric, an action which he supposed to be “ the first step in 
the process of electrolysation.’ 5 ’ Taking this view of electric 
induction, “ there seemed reason to expect some particular relation 
of it to the different kinds of matter through which it would be 
exerted, or something equivalent to a specific electric induction for 
different bodies, which, if it existed, would unequivocally prove 
the dependence of induction on the particles.”* He was thus led 
to the great discovery that the quantity of electricity which a 
condenser will receive when charged to a given potential — that is, 
its capacity — depends on the nature of the dielectric. This implies 
that the force which a given electric charge will exert depends on 
the medium through and by which it acts. 

The nature of Faraday’s discovery may be illustrated by 
supposing that we have two exactly equal condensers of the same 
dimensions, the plates in one being separated by air and those in 
the other by, say, ebonite. If each is charged to the same 
potential difference, that with ebonite will have about two and a 
half times as great a charge as that with air as the dielectric, and 
the ebonite is said to have two and a half times the specific induc- 
tive capacity of air. 

A very simple experiment with a gold-leaf electroscope suffices 
to show the greater inductive capacity of ebonite. Let the 
electroscope have a table on the top of the rod to which the gold 
leaves are attached, and let there be a cover the size of the table 
provided with an insulating handle. Put a thin plate of ebonite 

* JBJxp. Res. Ser. XI. i. p. 373 (November 1837). 
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on the table and put the cover on it, the cover and table thus 
forming the plates of a condenser. Then connect the table with 
the negative terminal, and the cover with the positive terminal, of a 
voltaic battery of several cells, when charges will gather pro- 
portional to the potential difference of the terminals. Disconnect 
the wires, first from the table, and then from the cover, and lift 
the cover. The charge on the table is then shared with the leaves, 
which diverge by an amount to be noted. Now remove the 
ebonite plate and put three very small pieces of ebonite of the 
same thickness as the ebonite plate on to the table merely to serve 
as spacing pieces, and place the cover on them. We now have 
an air condenser with the plates the same distance apart as 
before, for the spacing pieces occupy a very small fraction of the 
volume and may be neglected in a rough experiment. On con- 
necting and then disconnecting the terminals of the battery as 
before and lifting the cover we note that the leaves diverge much 
less than before, or the table has received a much smaller charge 
when air is the dielectric than it received when ebonite was the 
dielectric. The experiment is not suitable for exact measurement, 
for the capacity of the table when the cover is removed will not be 
quite the same in the two cases, so that the gold leaves will not 
get quite the same fraction of the charge. If a plate of india- 
rubber ora plate of sulphur be used, similar effects are noticed; 
tihe induced charge is always greater than with air, or, as’ 
Faraday expressed it, the specific inductive capacity is greater. 
We may give exact signification to this term in the following 
definition : 

Specific inductive capacity. Let two condensers A and B 
have exactly equal dimensions, and let the dielectric in A be air 
while m B it is some other substance. Then the ratio ’ 


capacity of B 
capacity of A 


is termed the specific inductive capacity of the dielectric in B 
It is usually denoted by K. 

The specific inductive capacity of a given specimen is probably 
constant over a wide range of electric intensity, and assuming this 
constancy, it is frequently termed the dielectric constant. It is 
also termed the electric or electrostatic capacity of the material 

in tl7^S der he Tf e . 0r mcn] }y of producing electric strain 
1 ^ ’ W c ° btam an anaJ °gy with elastic strain which 

j- i . • Suppose two equal condensers, A with air as 

SS* Ai# th a dlalectna W1 . th constant K. If we charge A to 
potential difference V, producing surface density cr said strain 
? :. <r ’ an ec iual potential difference in B will produce surface 
density K<r and strain KD. To produce in B surface den^y® 

and strain D, we only require potential difference X’ and the 
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y 

energy per charge on unit area in B will only be while 
in A it is Or, to produce a given strain D in B, requires 
only of the work needed to produce an equal strain D in A. 

The u electric modulus” of B, then, is only ~ that of air* 

We may put this more precisely if we consider the intensities in 
the two condensers with equal charges. When the dielectric B is 
solid, we cannot directly measure the intensity within it, but in 

V 

order to account for the difference of potential we must suppose 


that the intensity has of the value which it has in A. If in 

the air condenser it is E = 4 ttD, then in the other it is E'= 47rD /JL 
If we regard intensity as electric stress and D as electric strain, 
then, using the analogy to ordinary elastic stress, we should define 
the electric modulus as electric stress 4- electric strain. In air, 
then, it is E-rD=47r. In the dielectric with constant K it is 
47T 


E'-f-D — 


K* 


The account of Faraday’s discovery is given in Series XI, vol. i, 
of the Experimental Researches in Electricity , and to the 
paper we refer the reader for details. It is well worth study not 
only for the importance of the results but also as a splendid 
example of Faraday’s mode of thought and work. It will suffice 
here to say that Faraday prepared two equal condensers, each 
consisting of an outer hollow brass sphere on a stand and 
an inner concentric brass sphere supported by a metal rod 
passing up through a neck at the top of the outer sphere, and 
fastened in position by a plug of shellac. The outer sphere was 
made of two hemispheres like the Magdeburg hemispheres. The 
rod terminated in a knob. Each condenser was thus virtually a 
Leyden jar. Initially air was the dielectric in each. One of the 
jars was charged and its knob was then touched by the carrier 
ball of a Coulomb electrometer (see p. 63). The charge received 
by the ball was measured and gave, as we should now express it, 
the difference of potential between the coatings. Then the knobs 
of the two jars were touched together and the charge was shared. 
The carrier ball now showed that the charge was equally shared, 
or the capacities of the jars were equal. The lower half of the 
space between the spheres of one condenser, which we will call B, 
was then filled with a hemispherical cup of shellac, while the 
other condenser, A, still contained air only. A was charged, and 
its potential in terms of the electrometer reading was found, after 
certain corrections, to be 289. The charge was shared with B by 
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touching the knobs together, and the potential of each was found 
to be 113. A had given to B 176 and retained 113. But 176 in 
B only produced the same potential difference as 113 in A, or the 
capacity of B 4- the capacity of A = 173 4- 1 13 = 1 •55. Both were 
now discharged and B was charged afresh to potential 204. Its 
charge was shared with A and each indicated a potential 118. 
The charge which produced a potential 118 when given to A 
produced a fall only of 204—118 = 86 when taken from B. Since 
the capacity is inversely as the potential produced by given 
charge, the capacity of B 4- the capacity of A = 118 4-86 = 1 *37. 

Making corrections for loss of charge by “ residual effect ” to 
be discussed below, Faraday found that the two corrected values 
were 1*5 and 1'47, say 1*5. He assumed that the excess of capacity 
for the B condenser was only half what it would have been had the 
whole space been filled with shellac, and thus he found that the 
capacity of B was twice that of A, or the specific inductive 
capacity of shellac was 2. He pointed out that this was an under- 
estimate, for the hemispherical cup did not change quite half the 
capacity of the jar, since the rod passing through the neck had 
some capacity, which was the same in both conditions of B. With 
a flint-glass cup in place of the shellac he found IC = 1-76, and 
with sulphur K = 2 - 24. 

When liquids were introduced into the condenser no certain 
measurements could be made owing to conduction, and when 
different gases replaced air no difference could be detected, for the 
apparatus used was not sufficiently sensitive. The difficulties of 
experiment with liquids and gases have only been overcome since 
Faraday’s time. 


Faraday also used two condensers consisting of three parallel 
equal circular plates, the middle plate forming a condenser with 
each side plate.* He charged the middle plate, and then showed that 
by introducing a slab of shellac or sulphur between the middle 
and one side plate the capacity on that side was increased. He 
saw that this arrangement might be used for exact measurement, 
as indeed it has been used later in a modified form. 

Though our knowledge of the existence of specific inductive 
capacity is entirely due to Faraday, it is not a little remarkable 
ttet it was discovered by Cavendish some time between 1771 and 
1781. But he communicated his results to no one, and they 

16 urfi m £ is MS ' notes tm these were edited and 

published by Maxwell in 1879 as The Electrical Researches of 
..."f; Henry Cavendish. His discovery was thus entirely 
without influence on the progress of electrical knowledge. 

° r r “ aD ? ^" ea . rs a fter ^*e publication of Faraday’s original 

6 e ? pe ^ ment m w ®* was done 0n the subject, but the 
publication of Maxwells Electro-magnetic Theory of Light, f 

* J%sp. Res. i. p. 413 . 

f Pktt. Trass., 1865, p. 459 ; Electricity and Magnetism, vol. ii. chap. xx. (1873). 
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according to which the dielectric constant should be equal to the 
square of the refractive index, led to a renewal of interest in the 
matter, and this was no doubt increased on the practical side by 
the necessity of knowing something about the electric capacity of 
the insulating material of telegraph cables. Since then a great 
amount of work has been done, and the specific inductive capacities 
of a great number of solid, liquid, and gaseous dielectrics have 
been determined in a great variety of ways. The phenomena 
termed residual charge and discharge, which so much complicate 
the measurements, have also been investigated. 

Before proceeding to an account of the work we shall examine 
the effect of the existence of specific inductive capacity on the 
various electrical relations, assuming that for a given material it 
has a constant value. 

The effect of specific inductive capacity on the 
relations between electrical quantities. Let us suppose 
that we have two condensers (Fig. 71), A with air as the dielectric 


A 


Air 

Fig. 71. 


K 


B 


and K = l, B with a substance as dielectric which has constant R, 
and let the two be charged to the same surface density <r. 

Electric strain. Since the electric strain is measured by the 
quantity induced per unit area on a conductor bounding the 
medium, and this quantity is & in both A and B, the strain D is 
the same in each. 

Difference of potential. To produce the same difference of 
potential we should require Kcr in B. Then a in B will only 

produce of the potential difference that the same charge 


produces in A. 

Electric intensity. If we imagine it possible to move unit 
charge through the medium B we shall require an intensity — of 


that in A to produce the observed difference of potential. Or, 
since this is usually an imaginary and impracticable way of regard- 
ing intensity in B, we must now define it as the slope of potential, 

and again, of course, we get it as i of the value in air. If then 


in A we put E = 47rcf — 47 tD, in B we must put 


4'7ror_47rD 

E= ‘X“nr* 


Energy of charge. If Q is the charge in each, and if V is the 
V 

potential in A, and V' = g is that in B, the energy of charge will 
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in B. For 


QV . A . QV' 
still be \ charge X potential , or -g- in A and -g- 

the work done in raising element q through potential v will still be 
qv whatever the medium between the conductors. 

Energy per cubic centimetre. Let us consider a tube 
of unit cross-section going from plate to plate and let d be the 
distance between the plates. The energy to be assigned to this 

i . , 'XT/ % 7 ro*d . 4 nrcrd 

tube m B is Jo- V = — g — > since V =— g — • 

Since there are d cubic centimetres in the tube the energy 

.... W SWD 2 KE' 2 . _ KE' 

per cubic centimetre is — g- = — g = — since JD = 

The pull per unit area of charged surface. This can 
only be measured directly in liquid and gaseous dielectric. Let us 
suppose that, keeping the charges the same, the distance between 
the plates in B is increased by 1 cm. The energy stored in each 

A &7rl) 2 J 

cubic centimetre added is - "g ~, and as this energy is imparted by 
the work done in separating the plates we require a pull per square 
centimetre of — to give the required energy. Hence the pull 

Qiro 2 


K 


on the charged surface is 


K 


We shall assume that there is the same pull when the dielectric 
is solid. 

Force between charged bodies. To account for the pull 
% nr 2 

“ g on the surface by action at a distance according to the 
inverse square law, we must suppose that each element of charge 

acts with force g distance 2 * n me ^ um dielectric constant 
K, on the element of charged surface having <7 on it. Hence 

1 QQ f 

charge q acts on charge q at distance d with force g 2^-. 

The energy in the field. In Chapter VI we showed 

E a 

that if we assign energy at the rate ^ = 2xD 4 per cubic centi- 
metre to each element of volume in a field where K = 1, we just 
account for the total energy of the system. 

Let us take two electrical systems identical as regards con- 
ductors and the charges upon them, but one having air as the 
dielectric with specific inductive capacity 1, and the other having 
a dielectric with specific inductive capacity K. The work done in 
charging the two systems respectively will be \ QV and \ QV/K. 
The number of unit cells will be respectively QV and QV/K, so 
that we may assign half a unit of energy to each unit cell in 
each case. But the cells will be larger in the second case in the ratio 
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K : 1, and so the energy assigned to unit volume will be less in the 
ratio 1 : K, or, instead of energy 2xD 2 per cubic centimetre, we 
have 2xD 2 /K per cubic centimetre, D being the same in each 
system since the charges are the same. 

But this is only the distribution of the energy which is added 
by the work done in charging the system. If K varies with the tem- 
perature heat has to be added or subtracted as well, if the tempera- 
ture is to be kept constant. J ust the same consideration comes in with 
a wire undergoing stretch. The energy put in per unit volume by 
the stretching force is \ stress x- strain, but heat must be added or 
subtracted to keep the temperature constant, and the total energy 
added is \ stress X strain + Q, 
where Q is the heat given to 
unit volume. 

We can calculate the heat pull 
added in the electrical case by 
taking a charged condenser 
with a fluid dielectric through T 
a thermodynamic cycle, repre- 
sented in Fig. 72, where 
abscissae represent distance apart 
and ordinates represent pull per 
unit area. Let the condenser be 
charged with ± or per unit area. 

The pull per unit area is 2xc r 2 /K. 

Let the distance of the plates 
apart be increased by a small quantity l = AB, so slowly that there 
is no change in the temperature 0, and let heat dQ.Z be added to 
each volume l x l 2 in order to keep the temperature constant. Now 
make a further adiabatic increase in the distance, the change being 
represented by BC, the temperature in the dielectric which flows 
in through the changes represented by AB and BC falling to 

0 — dQ , and the specific inductive capacity falling to K -W d - 

Now make an isothermal decrease CD in the distance, at 6 — d<9, 
carrying it so far that a further adiabatic decrease along DA com- 
pletes the cycle. Then if the process is exceedingly slow it is 

reversible, and the work done is dQ.L by the second law. But 

the work done is also equal to the area — AJBCD, which is 



)2tistance apart 

Fig. 72. 




the negative sign being given to ABCD because it is work done 
on the system. Equating the two expressions 
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dO 7 2 7 tct 2 dlv 


dQ.L-jf = 'l 


K 2 dO 


M 


and 


ir\ — ^ 7r<j2 

- “IT K <Z0 


0 dK 

or the heat energy added per unit volume is + j£ ^0 
energy added by the work done in charging the system. 

In some experiments by Cassie* the following values of 


of the 

1 dK 
K dO 


and ~ were obtained at about 30° C., say 300° A 



1 dK 

e dK 


K dQ 

K dd 

Glass 

0-002 

0-6 

Mica 

0-0004 

012 

Ebonite 

0-0007 

0-21 


We see that the heat supplied to keep the temperature constant 
when glass of the kind used by Cassie is electrically strained is 0*6 
of the energy supplied by the work done. 

If this heat is not supplied and the charging takes place under 
adiabatic conditions the temperature falls, I£ is decreased, and the 
medium becomes as it were electrically stronger, and we have the 
analogue to the increased elasticity of solids under adiabatic elastic 
strain. But it can be shown that the adiabatic capacity of a 
condenser bears to its isothermal capacity a ratio which differs from 
unity by a quantity quite negligible in practical measurements, 
even though the excess over unity is proportional, as investigation 
shows, to the square of the potential difference.*}* 

Conditions to be satisfied where tubes of strain pass 
from one dielectric to another. Law of refraction. When 
tubes of strain pass from one medium to another with different 
dielectric constant, no charge being on the surface, they change 
their direction unless they are normal to the separating surface, 
and they are said to be refracted. 

There are two conditions to be satisfied. We may describe the 
first as (1) continuity of potential on passing through the surface. 
This continuity of potential implies that the potential is the same 
at two points indefinitely near to each other, one on each side of the 
separating surface ; and this implies that the intensity in any 
direction parallel to the surface, and close to it, is the same in each 

* Thomson’s Applications of Dynamics to Physics and Chemistry , p. 102. 

■f If and Cq are the two capacities, 

x + JL 

VS £ d& Jp<r 

• where Y is the potential difference, p is the density, and <r the specific heat of the 
medium. 
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medium. We may see the necessity for this by supposing two 
fluid dielectrics in contact along a surface AB, Fig. 73. Now 
imagine a small charge taken along CD in one medium close to 
and parallel to AB, and then across to E, back along EF in the 
other medium, close to and parallel to DC, and than across to C. 
We may neglect the work done along DE and FC by making them 
small enough. If the intensity along CD were greater than that 
along EF, then, on the whole, work would be obtained from the 
cycle, and repetition of the cycle would lead to discharge of the 


A 


C 0 

B 

F E 

Pig. 73. 


energy of the system without altering the charges, and such dis- 
charge is contradicted by experience. Hence the intensity parallel 
to AB and close to it is the same in each medium, or the potential 
is continuous. 

We may describe the second condition as (2) continuity of strain. 
The equality of the opposite charges in an electrified system is not 
affected by the presence of dielectrics of different capacities, and 
we have every reason to suppose that if we draw unit tubes, each 
starting from +1, they will end each on —1, whatever dielectrics 
they pass through. If then ABCD, Fig. 74, represents a unit 



tube in a medium with dielectric constant K x , continued as CDEF 
in another medium with constant CDEF is also a unit tube. 
If the area of the surface cut out by each tube is a, and if the two 
tubes make angles 0 X with the normal, the cross-section of ABCD 
is a cos 0 19 while the cross-section of CDEF is a cos 0 2 . If the 
strains on the two sides of CD are D x and D 2 , the equality of the 
total strain in the two tubes gives 



108 


or 


STATIC ELECTRICITY 
D x aeos $i = D 2 a cos 0 2 
D x cos 0 X = D 2 cos 0 2 


or the normal component of the strain is the same in each 

m If we are considering non-crystalline media, in which the 
directions of strain and intensity coincide, let the plane of Fig. 74 
pass through AC and the normal; the tube in the second medium 
must also be in that plane. For the components of the intensities 
at C in any direction parallel to the surface are the same in both 
media. The intensity in the first medium has zero component 
perpendicular to the plane of the figure. Therefore the intensity 
in the second medium has zero component in that direction. This 
implies that CE lies in the plane of the figure or the plane through 
AC and the normal. Then the incident and refracted tubes are 
in the same plane with the normal. 

The continuity of potential gives us 

E x sin 0 x = E 2 sin 0 2 . 

The continuity of strain gives us 


whence 


or, since 


D x cos 0 x = D 2 cos 0 2 


tan 6 X = ^ tan 6 2 
D x 1) 2 


Ei = 4x 

D x K x 


and£^ = ^ 
D. 1C 


tan 9 lmmm tan 0 2 

We shall now consider some effects of the presence of a dielectric 
other fhan air, which will be useful when we come to describe 
methods of measuring specific inductive capacity. 

Capacity of a condenser with, a slab or plate of 
dielectric inserted. Let us suppose that the distance between 


✓ 



1 

K 

4 

' - . . 


Fig. 75. 


the charged conducting plates is d, and that a slab of dielectric 
with constant K occupies a thickness t of the space between the 
plates and that its surfaces are parallel to the plates as in Fig. 75. 
Let the plates and slab extend indefinitely. Let the surface density 
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of charge be or. We must suppose that the tubes of strain go 
normally from plate to plate, and that the strain D=cr is the 
same in air and in the slab. The intensity in the air is 4 ttct, while 

that in the dielectric is Then the potential difference 

between the plates is 

V = 4<7ro-(d— t) + 

= 47 r<r(d — 

The capacity per unit area is 

or is equal to that of an air condenser in which the plates are nearer 

* xr i 

together by — g- 1- 

If such a slab of dielectric is inserted between the plates of an 
attracted disc electrometer maintained at a given potential, a layer 
of air intervening between the slab and the attracted disc, the 
charge cr is increased in proportion to the capacity. If then P is 
the pull per unit area when air alone is between the plates, it 
becomes with the insertion of the slab 

The effect of placing a dielectric sphere in a pre- 
viously uniform field deduced from the effect of placing 
a conducting sphere in the same field. If a sphere of 
dielectric constant K is placed in a field in air, previously uniform, 
the lines of strain crowd in upon the sphere, for it is more easily 
strained than the air. The effect of a sphere with K about rSo 
is shown in Fig. 76, where it will be seen that the strain within 
the sphere is uniform and parallel to the original direction. 

We shall not give a strict proof that this is the distribution, 
but shall merely show that it will satisfy the conditions required 

at the surface of separation. , 

First, let us suppose that a conducting sphere occupies tn§ 
position. Then on one hemisphere a + charge is induced, and on 
the other a— charge. These two charges must be so distributed 
that they will produce a field within the sphere, just neutralising 
the field E, which previously existed, for there is no field within the 
conductor. We may find this distribution by the following device. 
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Let electrification, density p, be distributed uniformly within the 
sphere centre O, radius a, Fig. 77. At any point P within the 
sphere the intensity due to this is along OP and since the shell 



Fig. 76. 


external to P has no effect and the sphere within P may be regarded 

4 OP 3 4 

as collected at its centre it is equal to g n rp Qp 2 = g 7r / ) Now 

let electrification density — p be uniformly distributed within 



- <e 


a sphere, radius a, centre O' close to 0, O r O being in the direction 
of E. The intensity at P due to this second sphere is | xpPO' 
along PO', since the electrification is negative. The two distribu- 
tions superposed will have resultant J TrpOO' through P parallel 

toOO.^ The result of this superposition is zero density, or no 
charge in the overlapping part of the spheres, a + layer on the 
hemisphere towards A, and a — layer on the hemisphere towards B. 
JJm thickness of the layer at any point Q in a direction 0 with 
U OA is OO cos 0, and therefore the surface density is p OO' cos 0. 
Now adjust p and OO' so that 
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| 7rp 00' = E. 

Then the two layers will give a uniform intensity — E in the 
overlapping region, which will neutralise the external field E fn”|hat 
region, and the surface density of the layers is ^ 

3 E cos 6 ^ 

4 x ’ 

Externally, and only externally, to the s a 
distributions will act as if each were collect 

therefore as if we had electrification tirpa? at O and 

These two constitute what is termed an electric dp^lel^&d they 
correspond to the two poles of a magnet. "W£^defi^g tb^^jLoment 

to be M = g-rpa 3 OO' = Ea 3 . Just as w^?a^^g^^the in- 
tensity at distance d making 0 with OCkpg along e?, 

E<a 3 sin 0 . C 

perpendicular to d (see aSdJhis field is 

that just 



£23 

§ 2 ? 

raceme two 
cegpe, and 

0 • 


and 


(P 


superposed on the uniform field E. It may be 





outside the sphere at the ends of the diameter parallel to E where 
d = a and 0 = 0, the total field is E + 2E = 3E. 

The field in the neighbourhood of the sphere is shown in 
Fig, 78. Since the field without is modified by the presence of the 

* These components may be obtained very easily by noting that the two 
4 4 

nearly equal forces -gjrpo&Jdz and -girpaZ/(d + 5)2 acting at an angle differing from 
v by the small angle <f> have resolutes along the two bisectors of the angle 
respectively equal to the, difference |vpa 3 5/d 3 and to |rpa 3 ^/d» 2 . Here 5 is 
O'O cos 9 and <f> is 00' sin 9/d. 
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conductor as if it were a doublet, the forces on the external charges 
producing the field will be the same as those of the doublet. 

We have just seen that two almost overlapping spheres with 
equal radii a and equal and opposite densities of charge, will change 
the internal intensity from E to 0, i.e. by an amount E if they are 
equivalent externally to a doublet of moment E a s . Then in 
order that the internal intensity may be changed from E to E', i.e. 
by an amount E— E', the pair of spheres must be equivalent 
externally to a doublet (E—E')# 3 . 

Let us assume that when a dielectric sphere, radius and with 
dielectric constant E is substituted, the field is uniform and equal 
to E' within, and without is E with the field due to the doublet 
(E - E ')a z superposed on it. In order that this may be the actual 
arrangement of intensity it has to satisfy the two conditions : — 
(1) equality of intensity in the two media tangential to and close 
to the surface of the sphere; and (2) equality of strain in the two 
media normal to and close to the surface. 

The tangential intensities at a point on the surface distant a 
in the field assumed are : — just outside, E sin 0 — (E — E') sin 0 = 
E' sin 0; just inside, E' sin 0. 

So that any uniform value of E' will satisfy this condition. 

The normal intensities at the same point are : — just outside, 
2(E— E') cos 0 + E cos 0 =(3E— 2E') cos 0 ; just inside, E' cos 0. 

Since the strains are respectively intensity [& 7 r in air and 
E X intensity /47r in the sphere, we must have for equality of 
normal strain 

3E - 2E' = EE' 

whence E' = >v 

E + 2 

The moment of the doublet equivalent for the outside is 

(e-eo«® = !^e«3 

and the values of the internal and external fields thus obtained 
satisfy the conditions, and so constitute a solution. W e shall assume 
that it is the only solution. 

Since the field without is modified as if the dielectric were 
replaced by the doublet, the action on any external charge will be 

the same as that of the doublet, or will be T/ - v L times the action 

xv + 2 

of the equal conducting sphere. Similarly, the reaction of the 

E — 1 

charge on the dielectric will be times the action on the 

equal conducting sphere. We shall see how Boltzmann used this 
result to obtain E* 
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RESIDUAL CHARGE AND DISCHARGE 

The investigation of specific inductive capacity is very much 
complicated by what are termed residual effects. If a Leyden 
jar is charged and, after standing fora short time, is discharged by 
a spark in the ordinary way, it appears to be completely discharged 
and the two coatings are at the same potential. But if the jar is 
allowed to stand for a short time, with the inner coating insulated, 
a new charge gathers of the same sign as the original charge, and a 
second much smaller spark may be obtained on discharging it. 
This process may be repeated, and with some jars three, four, five, 
or more visible sparks may be obtained in succession, the jar being 
allowed to rest insulated after each discharge. If, immediately 
after the first discharge, the inner coating is connected to a gold- 
leaf electroscope, the charge can be seen to gather, for the leaves 
diverge till they touch the side plates and so discharge the jar. 
They will diverge and discharge many times in succession. The 
electroscope may be used to show that all these charges are of the 
same sign as the original charge. They are known as Residual 
Charges , and the discharges as Residual Discharges . 

If a jar which shows very conspicuous residual effect is charged 
to some measured potential and left insulated, it is found that the 
potential gradually falls, and the discharge obtained on connecting 
the coatings for a moment will be less than the original charge. 
This fact suggests that the phenomenon is in some way connected 
with conduction, and Faraday sought to explain it by supposing 
that the two charges left the plates to some extent and penetrated 
the dielectric towards each other, some of the + charge on 
AB, Fig. 79, for instance, reaching ab , while some of the 
— charge on CD reached cd, ab and cd being probably further in 

A B 

cl — — b 

d 

0 

Fig. 79. 

the longer the time. On discharging AB and CD the charges 
ab and cd would no longer be pushed from behind by charges 
on the plates, and some part of them would return to AB and 
CD and be ready for a second discharge. But when we come to 
examine the process of conduction we shall see that this account, 
though probably containing a good deal of truth, hardly gives the 
correct view as it stands.* 

R. Eohlrauscht showed that if a given jar is charged to a certain 
* Bx'p. Res*, vol. i. § 1245. f Pogg. Ann . xci. (1854). 
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potential and is then insulated, the fall of potential in a given time 
is proportional to the initial potential, and, further, that if at any 
instant the jar is discharged, the instantaneous discharge is pro- 
portional to the potential just before the discharge was made. 
Kohlrausch formed a theory of the action going on which 
apparently involved the idea of conduction, though he did not 
express it in that form. But he pointed out the resemblance of 
the residual phenomena to those of “ elastic after-action ” in 
strained wires, which gives a very valuable analogy. If a wire is 
twisted — for instance, if a glass fibre is fixed vertically in a clamp 
at its upper end, and if the lower end is twisted and held, it will 
return on release towards its original position, but not the whole 
way. If it is now held in its new position for a time and is then 
released, it will return another portion towards its original position, 
and so on. We may explain this after-action, as it is termed, by 
supposing that some parts of the glass retain strain energy as long 
as the strain is retained, while in other parts, though the strain 
remains, the energy is dissipated, or the stress diminishes. 
Imagine, for instance, that the outer shell of the fibre is “ true ” in 
its elasticity, i.e. that the stress is always proportional to the 
strain, but that the innei’ core gradually loses its strain energy, 
even though its strain is maintained. Now twist the compound 
fibre. _ If it is instantly released before the energy in the core has 
had time to become dissipated it will return to the original position. 
But if the fibre is held twisted for a time the stress in the core 
gradually decreases and the effective strain decreases. When the 
fibre is released the effective strain in the core will be entirely 
removed before the fibre is entirely untwisted. But some stress 
still remains m the outer shell when this point is reached, and the 
outer shell still tends to untwist, and will continue to untwist till 
the core is strained, in the opposite direction so much that the 
negative stress in it just balances the positive stress still remaining 
m the shell On again holding the fibre this negative stress 
decreases, and on release the outer shell will be able to impart 
some more negative strain to the core, and so on. Gradually the 
fibre will return to its original position if the outer shell is 
perfectly “true in its elasticity. But if it too exhibits some 
dissipation of energy the return will not be complete 
. 2™ “of Probable explanation of residual effects is analogous 

to this, and was given by Maxwell* somewhat in the following 
form. It takes account of effects which must certainly exist, and 
so far it must he a true explanation, though it may not be compete. 

“ 1 ci;lM.! <lieleC i ri< l- 1S re S“' ded , as heterogeneous, of which parts 
C ° ndu - Ctmg .’ whlleot ^ r parts remain completely insu- 
lating. We may imagine, as in Chapter IV, that the Lain in the 

****** ^Xrfes°V.“ol W xS. S (tml 
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dielectric consists in the formation of chains of molecules. If each 
molecule consists of a positively charged part a and a negatively 
charged part 6, in the entirely unelectrified condition these 
molecules ab will be turned indifferently in all directions. When 
the dielectric begins to be strained we may suppose that some, at 
any rate, arrange themselves in chains between AB and EF, and 
if AB is positively charged we shall have the negative elements 
towards AB thus : AB | ab ab ab ab | EF. As the strain increases 
we may suppose the links of the chain, as it were, stretched out 
thus : 

AB | a b a b a b a b | EF 

and conduction implies a breakdown of the chain, the first a going 
to AB and neutralising part of its positive charge, while its b 
unites with the a of the second molecule, and so on along the line, 
the last b going to EF and neutralising part of the negative 
charge there, thus : 

AB | a ba ba ba b | EF 

We may suppose that, in the slightly conducting dielectric, a 
very small fraction of the whole number of chains breaks down per 
second, the fraction being proportional to the slope of potential. 

To illustrate MaxwelPs theory, let us imagine a condenser, 
ABCD, Fig. 80, with a dielectric of specific inductive capacity K 
throughout. Let the upper half 

above EF be a slight conductor, while A — — 8 

the lower half is a perfect insulator. £ P* 

Let the condenser be charged till 

the strain is, say, 32 throughout, c — 0 

and then let the upper plate be Fig - 804 

insulated. Then strain 32 remains 

in the lower half, EFCD. But conduction in the upper half means 
that the effective strain in it is gradually diminishing. 

Now let us suppose that the condenser remains insulated till 
strain 16 only remains in the upper half. There will then only be 
charge + 16 on AB. On EF there will be charge 32 16 =* 

+ 16, and on CD there will be - 32 . If we now discharge the 
condenser by connecting AB and CD we shall get in the first 
place + 16 of AB neutralising - 16 of CD. AB is now discharged. 
But there is still — 16 remaining on CD, which will be equally 
shared between AB and CD. This implies a transfer of ■ 8 from 
CD to AB, which is equivalent to a further discharge of + 8 from 
AB, or a discharge of 24* in all. The potential of AB is made 
equal to that of CD, and the strain is — 8 in ABEF and + 8 in 
EFCD, while there is a charge + 16 on EF. 

If AB is now insulated, the negative strain — 8 between EF and 
AB gradually breaks down, while the positive strain between EF 



116 STATIC ELECTRICITY 

and CD remains, and the potential difference between AB and CD 
becomes positive again. Let ns suppose that AB remains insulated 
till the strain between it and EF has decreased from - 8 to - 4. 
There will then be charge + 12 on EF. On connecting AB and 
CD the two charges -4 and -8 will be equally shared, which 
implies a discharge of - 2 from CD to AB, equivalent to a 
discharge of + £ from AB. There will then be- 6 on each of AB 
and CD, with the corresponding + 12 on EF. Again insulate AB 
till the strain — 6 between EF and AB has fallen to 8. On 
connecting AB and CD there will be a passage of - 1*5 from 
CD equivalent to + 1*5 from AB, and 9 remains on EF. If we 
suppose the strain between AB and EF to be halved in this way 
each time, the successive discharges from the first will be 

24, 2, 1*5, 1*125, &c. 

Evidently discharges will be obtained till the space between 
EF and CD is completely free from strain — that is, until all the 
charge on CD is gone. Hence, if we have a completely insulating 
layer, the sum of all the discharges must equal the original charge. 
If* however, the layer between EF and CD is not completely 
insulating, but is a worse conductor than the upper layer, though 
we shall have residual discharges their sum will be less than the 
original charge, owing to the decay of strain terminating on CD. 

It is obvious that if the dielectric is homogeneous and slightly 
conducting throughout there will be no residual phenomena accord- 
ing to this theory. For the strain will break down simultaneously 
from plate to plate, and the first discharge will be complete, as 
there will be no charges left within the medium as we have supposed 
those left on EF in the above explanation. 

We may note here how this explanation differs from that of 
Faraday. He appears to have thought of the charge from AB as 
gradually moving towards EF, the first links of the chain, as it 
were, breaking down first. Then after discharge he thought of the 
charge as gradually moving back again towards AB. It is evident, 
however, that Faraday had the essential features of the present 
theory. 

If a jar is charged, allowed to rest, discharged, and then 
charged in the opposite direction to a less extent than at first, it is 
found that it may ultimately show a residual charge of the same 
sign as the first charge. The theory gives an explanation of this 
phenomenon. For suppose that after the first discharge in the 
case 'we have considered, where — 8 is the strain in the upper half 
and + 8 is that in the lower, we give a negative charge ~ 4 on AB 
and + 4 on CD, we shall begin with strain — 12 in the upper 
half and + 4 in the lower, or with AB at lower potential than 
CD. But if we leave the jar long enough the strain in the upper 
half will decay to less than — 4, and the potential of AB will then 
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rise above that of CD, or we shall again be able to get a positive 
discharge from AB. 

It is easy to work out a more general theory where the dielectric 
consists of any number of layers of different thicknesses with 
different dielectric constants and different conductivities or rates of 
decay of strain, if we assume that Ohm’s law holds — that is, that 
the rate of decay is proportional to the intensity. If D is the 
strain and E the intensity, we have 

-4B = C E = ^ 

dt K 

_ 4th 

whence D = D 0 £ K 

where D 0 is the initial strain and c is the specfic conductivity of 
the material. If then at any instant the strains are D x D 2 . . . in 
layers having conductivities c ± c 2 . . . dielectric constants K 2 . . . 
and thicknesses d x d 2 . . . at any future time t they will be 

4ir C\t __ 4 Trc^t 

D x <? k i , D 2 e k 2 , &c., 
and the potential will alter from 

4f7rD 1 d 1 t 4 , 

TT + T + "' 

_ 4 TTC^t 47 TC%t 

x 4 tD^ i<i , 47rD 2 d 2 g k 2 

t0 T k 2 

But this general investigation has little value, for in the first 
place the dielectric heterogeneity does not consist in a parallel 
arrangement of layers, each homogeneous, but much more probably 
in an irregular granular arrangement. That it is complex was shown 
by Hopkinson ( Original Papers, ii. p. 2). He found that the poten- 
tial of a jar charged and then insulated could not be expressed as 
a function of the time by two exponentials only. If it could be 
expressed by a series of the above form, certainly more than two 
terms would be required, or the heterogeneity is more than twofold. 

In the second place, even if Ohm’s law holds, we cannot assume 
that K and c are constant for each element of the structure while 
it is br eakin g down. If the breakdown is, as we have supposed, 
electrolytic, the products of decomposition may alter the values of 
K and c. It is even possible that they may alter the values of d 
if the heterogeneous portions are of molecular dimensions. 

Hopkinson ( loc . dt. ii. pp. 10-43) investigated the rate of 
fall of potential of a Leyden jar, and though he could not obtain 
a mathematical expression for the rate, he found that it was not 

very different in some cases from -j, where t is the time from 
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insulation. Boltzmann had found that the strain in a twisted wire 

decays at this rate. . 

But though we cannot as yet give a full quantitative explana- 
tion of residual phenomena, there can be no doubt that they are, 
at anv rate, largely due to conductivity in parts, and that 
Maxwell's theory contains a large element of truth. On the one 
hand exceedingly good insulators, such as air and other gases, show 
no trace of residual charge, while on the other hand poor insulators, 
with structure probably heterogeneous, show residual phenomena 
in a marked degree. 

Rowland and Nichols * showed that a plate of Iceland spar 
exhibited no residual effect whatever, as might be expected if hetero- 
geneity of structure is a necessary condition for its existence. 

Me chani cal model illustrating the theory, f The 
model consists of a trough of semicircular cross-section (Fig. 81), 
say 24? in. long, 6 in. diameter, and divided into eight equal compart- 



ments by a middle partition along the axis and three cross- 
partitions. 

It is supported at the two ends, so that it can rock about its 
axis, and a pointer attached to one end moves in front of a scale. 
Four pipes, with taps, connect the opposite compartments when 
the taps are turned on. The trough is balanced by weights on an 
upright, so that when empty it is in neutral equilibrium. On turn- 
ing the tap off, and on pouring in water to the same depth in all 
the compartments, the equilibrium at once becomes stable, and the 
trough, if displaced round the axis, stores up energy. It may be 
considered as analogous to a tube of strain connecting charges ± q 
on the surfaces of two opposite conductors, the angle of displace- 
ment representing the charge at either end, or the strain along the 

* Howland's Physical Papers, p. 204. 
f Proc. Birmingham Phil* Soc yoI. vi. p. 314. 
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tube. As long as the taps are turned off, the trough represents a 
perfect insulator, for the energy is undissipated. Release of the 
trough corresponds to discharge, and we have oscillations corre- 
sponding to the electric oscillations in the discharge of a condenser. 
If the taps are all turned on equally the trough represents a leaky 
dielectric of the same conductivity throughout, and holding it in 
the displaced position for a time and then releasing it, it returns 
to and remains, after the oscillations have ceased, in a position 
short of the original position. But if the taps are turned on 
unequally — if, say, the two end taps are turned off and the two 
middle ones are turned on — it is easily seen that the phenomena 
of residual discharge are exactly imitated. For on turning the 
trough through a given angle and holding it there, the energy in 
the middle compartments decreases, and on release the trough only 
moves part way back, going to the point at which the mean level 
is the same on the two sides. There is now a negative difference of 
level in the middle compartments if the original difference is 
called positive. If the trough is held in its new position for a 
short time the negative difference is reduced, and on release the 
trough returns by another amount towards its original position, 
and this may be repeated several times until finally the original 
position is practically regained. 



CHAPTER IX 


RELATION - OF SPECIFIC INDUCTIVE CAPACITY 
TO REFRACTIVE INDEX. THE MEASURE- 
MENT OF SPECIFIC INDUCTIVE CAPACITY 


The relation between specific inductive capacity and refractive index in 
the electro-magnetic theory of light — Determinations of specific induc- 
tive capacity — Boltzmann's condenser method for solids — His experi- 
ments with crystalline sulphur— Hopkinson’s experiments — Boltzmann’s 
experiments on gases— Specific inductive capacity of water, alcohol, and 
other electrolytes — Experiments of Cohn and Arons, Eosa, Heerwagen, 
and Hernst — Experiments of Dewar and Fleming at low temperatures — 
Drude's experiments with electric waves. 


The relation between specific inductive capacity and 
refractive index in the electro-magnetic theory of light. 
Maxwell’s electro-magnetic theory of light supposes that light 
consists of waves of electric strain transverse to the direction of 
propagation accompanied by magnetic induction perpendicular to 
the electric strain, and also transverse to the direction of propaga- 
tion. If, for instance, the light is plane polarised, we must suppose 
the electric strain always in one plane, say that of the paper as 
represented by the vertical lines in Fig. 82 , and alternately up and 
down in successive half wave-lengths. The accompanying magnetic 

>- 

Fig. 82 . 







induction will be in a plane perpendicular to that of the paper, and 
alternately in and out in successive half wave-lengths. An analogy 
with sound waves will suggest to us the ratio of the velocities of pro- 
pagation in different media. The full investigation belongs to 
Optics. ° 

In sound waves there are the two types of energy, elastic strain 
and kinetic, and the velocity of propagation is given by 


y = . /modulus of bulk elasticity 
density 

The numerator is proportional to the energy stored per unit 

120 r 
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strain, and the denominator is proportional to the energy possessed 
per unit velocity. 

If we have two media with different elasticities E x E 2 , but with 
equal densities, the ratio of the velocities of propagation or the 
refractive index of sound waves from one to the other will be 



Guided by this analogy, we may regard the energy of electric 
strain as corresponding to the energy of elastic strain, and the 
energy of magnetic induction as corresponding to kinetic energy. 
Since in all transparent media the magnetic permeability is prac- 
tically the same, the energy due to unit induction in the two media 
is the same, or the media for electric waves correspond to media of 
equal density for sound waves. The electric modulus is, as we have 

already seen, so that if for two media the dielectric constants 

are K* and K 2 , the analogy suggests that the refractive index should 
be given by 



If one of the media is air, for which Kj = 1, and K is the 
dielectric constant of the other medium with respect to air, 


M = \/ K ‘ 



v ^ Absorb vng 

. region 


!Fig. 83. 

But the analogy is obviously incomplete. In sound waves in 
gases the elasticity is definite and independent of the* periodicity of 
the waves. All waves travel with the same velocity, and the refractive 
index from one to another is a definite constant. But in light the 
velocity varies with the periodicity, and we have the phenomena 
of dispersion. The refractive index jll for transparent substances 
decreases in general as the wave-length increases. If, however, a sub* 
stance absorbs a particular wave-length or a group of wave-lengths, 
the refractive index in that neighbourhood varies in a manner which 
is termed anomalous, and the general nature of the connection 
between /z, the refractive index, and X, the wave-length in air, is 
shown in Fig. 83. 
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In ordinary methods of determining K by experiments on capa- 
city, we charge and discharge a condenser in times enormously long 
compared with the period of a visible light vibration, and we should 
only, therefore, expect to find *JK = /x if the value of ju is that for 
very long waves with period long, and if that value is unaffected 
by absorption — that is, if the substance is transparent to very 
long waves. 

We shall now give an account of some of the determinations of 
the dielectric constant for solids, liquids, and gases, selecting typical 
methods, and not attempting to give any complete account of the 
subject.* 

At the time when Maxwell published his treatise on Electricity 
and Magnetism the only substance of which the dielectric constant 
was at all accurately known was paraffin. Gibson and Barclay 
(Phil. Trans.) 1871, p. 573) had shortly before found K to be 
1*975. From the refractive index of melted paraffin for the A, D, 
and H lines Maxwell calculated the refractive index for light of 
infinite wave-length to be 1 *422, whence /j 2 = 2*0£. 

Boltzmann’s condenser method for solids.f Boltzmann 
used an air condenser (Fig. 84) with parallel plates so arranged 



that a slab of the dielectric to be experimented on could be inserted. 
He compared the capacities of the condenser with and without the 
slab by charging it in each case to a definite potential, and then 
sharing the charge with a quadrant electrometer with a small air 
condenser added in order to increase the capacity. This was done 
so that any change in the capacity of the electrometer due to the 
motion of the needle should be negligible. The fall of potential due 
to the division of the charge gave the ratio of the capacity of the 


in ° f v the Tll er wo r k 0n specific inductive capacity will be found 

i. chap, xi. ; or Graf i Absolute Mea - 
WOrk 111 Wmklemann’s Bandbuch, vol. iv. 

f Carl s Eepertoritm , x. p. 109. See Gordon’s Electricity, vol. i. 
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large condenser to that of the electrometer + the small condenser. 
In order to eliminate the distance of the plates apart, a quantity 
not easily measured, Boltzmann moved one plate and took observa- 
tions at different distances, so that the distance the one plate was 
moved alone came into consideration. The principle of the experi- 
ment may be represented as follows : 

Let C E be the capacity of the electrometer + small condenser 
c, and let V be the potential of the battery. When the key h is 
open and t is connected to a , the electrometer will indicate V. 
Now let h be connected to e , the electrometer being thus dis- 
charged. Let t be connected to 6, the large condenser C being 
thus charged to V. Let its capacity be C x when the plates are 
distance d x apart. Let t be disconnected from a and and let Jc 
be connected to f. Thus the charge on C is shared with C E? and 
we have the potential falling to V x , where 


c x v = c ,v x + C E V X 

whence C x = C E -t?- (1) 

V — v 1 

Since the two readings of the electrometer give us V^V, we have 
C x in terms of C E . 

Repeat these operations when the distance of the plates in C is 
altered to d 2 and the capacity to c 2 , and let the potential after 
sharing be V 2 . Then we have 

C 2 = (2) 

Then insert the slab with dielectric constant K and with thick- 
ness d , the distance of the plates apart being d s . Let the capacity 
now be C 3 , and the potential after sharing be V s , and 

C. - c-v^v; (») 

(1), (2), (3) give C L : C a : C,. 

Since the dielectric is equivalent to -= of air, we have 


c* c a c 3 


1 = d 1 id z :d 3 -d + ^- 


whence - — - d 3 - d x : d 3 - “i 


Ci C 3 Cj 


K = 


d 


(d 2 -d 1 )^^^ + d 1 -d 3 + d 


and 



124 STATIC ELECTRICITY 

By this method Boltzmann obtained the following results : 


Ebonite K = 3T5 

Paraffin 2 '32 

Sulphur (non-crystalline) 3*84 

Resin 2-55 


The residual effect in these cases was practically negligible, for 
the effect was the same whether the contacts only lasted for a fraction 
of a second or whether the operation lasted from one to two 
minutes. With glass, gutta-percha, and other less perfect insulators, 
however, the residual effects were so great that the method was 
inapplicable. 

The square of the refractive index for paraffin for an infinite 
wave-length is calculated to be 2 022. That for sulphur for the 
D line is a little over 4. That for ebonite * for extreme red rays 
is about. 2*76. That for resin is given by Boltzmann as 2*38. 
The dielectric constant and the square of the refractive index, 
then, are not very different in these cases. 

Boltzmann’s investigations with crystalline sulphur.*}* 
We have seen that if a conducting sphere radius a is placed in a 
uniform field E the external field is charged as if there were an 
electric doublet at the centre of moment E a 3 . Suppose that a sphere 
M is charged with Q, and that a conducting sphere N, radius a , is 
placed at a distance d from its centre, and is so small that the field 
round N due to M may be regarded as uniform and of intensity 

E = The distribution on N is externally equivalent to a doublet 


if we neglect the 


The pull by it on M will therefore be 

effect of N in disturbing the charge on M. The reaction of M on 
N will be equal to this. 

Now replace N by a dielectric sphere of the same size with 
constant K . The dielectric sphere is equivalent to a doublet 

J 

gq-g of that representing the conducting sphere, and the pull on 


the dielectric due to M will only be 


K-l 

K+2 


of that on the con- 


ducting sphere. 

Boltzmann arranged a small conducting sphere suspended by 
silk threads from one end of a torsion arm, and measured the 
deflection when an electrified sphere was in its neighbourhood. 
The conducting sphere was then replaced by an equal crystalline 
sulphur sphere, and the pull was again measured when the three 
axes of the crystal were in succession directed towards the attract- 
ing sphere. The ratio of the pulls on the conducting sphere and 


* Ayrton and Perry, Phil. Mag., xi\. (1881), p. 196. 
f Wiener SitmngsberieMe , Isx. part ii. p. 342 ; Gordon, loo . cit. p. 100. 
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on the sulphur sphere gave the following values of K parallel to 
the three axes. The values of along the axes as assigned by 
Boltzmann are also given. 


K* 

= 

4-773 

4-596 

K m 

= 

3-970 

3-886 

Ki 

= 

3-811 

3-591 


Hopkinson’s experiments. Hopkinson * made an exten- 
sive series of researches on the specific inductive capacities of solids 
and liquids, using for exact measurement a parallel plate con- 
denser in which the distance between the plates could be varied till 
the capacity was equal to that of another condenser. The principle 
of the method may be gathered from the diagrammatic repre- 
sentation in Fig. 85. 

Let B be a battery of cells earthed at its middle point, so that 
the potential of one terminal is as far above that of the earth as the 



potential of the other terminal is below it. Let C be the variable 
condenser with parallel adjustable plates, and let S be the con- 
denser with which it must be equalised, in practice a sliding 
condenser consisting of two co-axial cylinders. Q is a quadrant 
electrometer. Let the lower plate of C and the outer cylinder 
of S be earthed. First connect the upper plate of C and the 
inner cylinder of S respectively with the + and — terminals of 
the battery by means of the keys K 2 K 2 . Then move and Jf 2 
over so that the two condensers are connected together and to the 
quadrant electrometer. If the capacities are equal the two charges 
are equal and opposite, and will neutralise each other, but if 
there is an excess of one kind of charge indicated by the electro- 
* Original Paptr$ } vol. ii. p. 54. 
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meter the condenser with that kind has the greater capacity. 
C must he adjusted till the electrometer shows no charge and the 
equality is obtained. Now let a layer of dielectric be interposed in C, 
of thickness t . If the distance of the plates apart is d, the capacity 

K— 1 

is increased in the ratio d— t — == — : d . 

Ji 


To obtain equality with S the distance d must be increased by 
g — = <J. This distance S can be measured exactly and so K can 
be found. 

In the apparatus actually used C was a “ guard-ring ” con- 
denser of which the inner plate, sharing its charge with S, was 
15 cm. in diameter. It was surrounded with a guard-ring con- 
nected to the battery when charging, so as to be at the same 
potential as the disc. The lines of force thus went straight across 
from plate to plate, and the edge effect which would depend on 
distance and dielectric was eliminated. Before the disc was con- 
nected to S the guard-ring was earthed, and remained earthed 
during the connection to S. This method was used for plates of 
flint glass, for which the following values were found : 



Density 

K 

ju for D line 

Very light flint 

2-87 

6-61 

1-541 

Light 

3-2 

6-72 

1-574 

Dense „ 

3-66 

7-37 

1-622 

Extra „ 

4- 5 

9-90 

1-710 


It is evident that ju 2 is very much less than K. 

Hopkinson also showed that the result was the same whether 
C and S were connected to each other, and to the electrometer, for 
a time comparable with a second or for a minute fraction of a 
second. Residual phenomena, then, did not come appreciably into 
play. With plate glass, however, it was necessary to have only 
an instantaneous connection, for with long connection the method 
foiled owing to residual charge. 

To show that K is really constant, i.e, independent of the 
potential difference, for a given specimen of glass, a flask of extra 
dense flint glass containing sulphuric acid was placed in 
water* the contacts of the liquids with the glass forming the 
coatings. The capacity of this flask was found to be the same, 
comparing it with the sliding condenser S, when charged with 
” efeinents as when charged with 1800 elements of a chloride of 
silver battery. 

To find the dielectric constant of liquids a fluid condenser 
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was used, consisting of a double cylinder in which an insulated 
cylinder could hang, the vertical cross-section being as represented in 
Fig. 86. 

The capacity of this condenser was com- 
pared with that of a sliding condenser, first 
with air and second with the liquid to be 
tested as the dielectric. The sliding con- 
denser was brought to equality in each case. 

The sliding condenser was graduated, and 
its capacity for so many divisions of the 
inner cylinder within the outer was known. 

The hydrocarbon oils agree in giving 
K == ju? nearly, while their values for vegetable 
and animal oils differ widely. The Table 
below is .extracted from Hopkinson’s paper 
( Original Papers , ii. p. 85). The square of Fig. 86. 

the refractive index for infinitely long waves, 
which is given as well as K, is calculated from the dispersion in the 
visible spectrum by the formula /* = a + bj\ using the sodium 
and hydrogen lines. 



K 

yU* 00 

Petroleum spirit 

1-92 

1-922 

Petroleum oil (Field’s) 

2-07 

2-075 

Turpentine 

2-23 

2-128 

Castor oil 

4-78 

2-153 

Sperm oil 

3-02 

2-135 

Olive oil 

3-16 

2-131 


Boltzmann’s experiments on gases. Boltzmann made 
determinations of K for different gases by a simple method, using 
a condenser within a closed metallic earth-connected vessel which 
could be exhausted or filled with any gas. The connections with 
the plates of the condenser were made by wires passing through 
the sides of the vessel, but hermetically sealed in, as represented 
diagram matically in Fig. 87. The vessel was first exhausted, and 
one plate, A, was connected to a battery of about 300 DanielPs cells, 
the other plate, B, being connected to an electrometer and to 
earth. After A was thus raised to a potential which we will call 
V 2 it was insulated, B and the connected pair of quadrants of the 
electrometer were insulated, and the gas to be experimented on was 
admitted. The potential of B still remained zero, for, as there was 
no leakage from A, all the electrification on B was connected with 
that on A, and there were therefore no lines of force between B 
and the case, and no change of its potential. The potential of A 
fell by the admission of the gas to, say, V 2 , where V x = KV 2 , K 
being the dielectric constant of the gas, that of vacuum being 1. 
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Connecting A again to the battery, its potential was once more 
raised to V r But B being insulated, its potential was raised by 
an amount proportional to the additional charge, on A, for this 
additional charge induced on B an equal and opposite charge con- 



FlG. 87. 

nected with itself and an equal like charge connected with the sides 
of the vessel. We may therefore put the potential of B as equal to 

KV X - V 2 ) 

where m is a constant, 
or mvjl - 

Suppose the charge observed in the electrometer to be denoted 
bv & The number of cells was now increased from n to n + 1, 

V 

and the potential of A was consequently raised to V x d — and 

V 

that of B was raised by in -A 
J n 

If the change observed in the electrometer was <5', we have 


v K ~ 1 

8 _ wVl K K- 1 

S' V, ~ n ~K~ 

n „ 

whence K = — ^ — -. 

nS' - S 

The following Table gives Boltzmann’s results at 0° C. and 
760 mm., with the values of jm as determined by Dulong for white 
light. As the difference between this and jul oo is probably 
small for gases, these values may fairly be taken. 
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K 

JK 


Air 

1-000590 

1-000295 

1000294 

Carbonic acid 

1-000946 

1-000473 

1-000449 

Hydrogen . 

1000264 

1-000132 

1-000138 

Carbonic oxide 

1-000690 

1-000345 

1-000340 

Nitrous oxide 

1-000994 

1-000497 

1-000503 

Olefiant gas . 

1-001312 

1-000656 

1-000678 

Marsh gas . 

1-000944 

1-000472 

1-000443 


Specific inductive capacity of water, alcohol, and 
other electrolytes. The ordinary condenser method, with com- 
paratively slow charge and discharge, is quite inapplicable to such 
substances as water, in which the conduction is very appreciable. 
The difficulty introduced by conduction was first overcome by Cohn 
and Arons,* who used a modification of a method previously applied 
to insulating liquids by Silow. If a quadrant electrometer has 
one pair of quadrants to earth and the other pair is connected to 
the needle and to a source giving potential V n , then the deflec- 
tion (see p. 91) is approximately 


where C is the capacity of the needle per radian and X is the 
torsion couple per radian — that is, it is independent of the sign 
of V n . If V n alternates rapidly 6 is proportional to the mean 
square of V a *. 

If the medium between the needle and the plates is not air, but 
a liquid with dielectric constant K, then 

. KC V,* 

6 “ X 2 ’ 

Cohn and Arons used two electrometers and the alternating 
potential supplied by one terminal of a Helmholtz induction coil. 
When both contained air the deflections were, say, S ± and S t . 
The second was then filled with the liquid to be experimented on, 
the first still containing air. The deflections were now, say, 
<5/ and <? 2 '. 

In the first case we have 

s t x 2 cy 


* Wlech A aw., xxxiii. (1888), p. 13. 
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In the second case we have 


Dividing, we get 


__ kc 2 y 

^2 ^1 * 



Thev obtained the following values : 

K 

Distilled water 76 

Ethyl alcohol 26*5 

Amyl alcohol 15 

Petroleum 2*04 


The remarkably high values for water and alcohol were con- 
firmed by Rosa,* who measured the attraction between two plates 
immersed in the liquid, connected through a commutator re- 
spectively to the two terminals of a battery supplying any desired 
potential difference up to 60 volts. The commutator was reversed 
from 2000 to 4000 times per minute, so that the charges of the 
plates alternated rapidly. One of the plates was fixed, and the 
other was suspended at the end of a torsion arm, the small 
torsion measuring the force. The specific inductive capacity 
was determined by finding the ratio of the attraction for the 
same difference of potential, with the liquid as medium and with 
air. For the K medium the charges are K times as great, 

and, therefore, the forces which are (p. 104) proportional to 
2 

jjr are also K. times as great. Rosa obtained for water at 

25° K=75*7, and for alcohol at 25° K = 25*7. He found that 
the conductivity of water might be increased many times by 
adding minute quantities of acid without much change in the 
attracting force. The force was, however, slightly lessened by 
the addition. 

Heerwagen,f using a method somewhat like that of Cohn 
and Arons, found the value of K for water and its variation 
with temperature, the results agreeing very closely with the 
formula 

K t = 80*878 - 0*362 (*-17°). 

NernstJ put the liquid to be tested in a condenser and 
determined the capacity by a Wheatstone bridge method, using 

* JPhiL Mag M xxxi. (1891), p. 188. 

t Wied . Ann. (1893), xlviii. p. 35, and xlix. p. 272. 

% Mt. Ohem, (1894), voh xiv, p, 622. 
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an alternating current. For water at 17° C. he obtained K= 80*00, 
and other observers * by various methods have found nearly the 
same value. For alcohol he found K to be about 26. 

Experiments of Dewar and Fleming at low tem- 
peratures.f Dewar and Fleming made experiments on the 
dielectric constant of ice and other substances from a temperature 
of —200° C. upwards, using a condenser consisting of two 
co-axial brass cones, about 15 cm. long, the outer tapering from 
an inside diameter of 5*1 cm. to 2*6 cm., and the space between 
the two being 3 mm. The condenser was charged and discharged 
about 120 times per second by an interrupting tuning-fork and 
the circuit was arranged so that either the charging or the 
discharging current alone should go through a galvanometer. 
The equality of the two was taken to show that conduction was 
not coming into play. The space between the cones *was filled 
with the substance to be examined, and cooled to the temperature 
of liquid air, and the galvanometer deflection was observed on 
charging at given potential or on discharging. Then the substance 
was melted out and replaced by gaseous air at the same temperature, 
and the galvanometer deflection was again observed. The ratio 
of the deflections, after certain corrections, gave the specific 
inductive capacity of the substance. Observations were also 
made at higher temperatures by allowing the temperature of the 
condenser to rise gradually. 

The dielectric constant of pure ice at —200° C. was 2*43, rising 
with rise of temperature to 70*8 at —7*5° C., though here 
conduction had set in and the measurement was not so trust- 
worthy. A large number of solutions and compounds were thus 
examined, and the general result was that at — 200° C. the 
dielectric constant was not much greater than the square of the 
refractive index for exceedingly long waves, as calculated from 
dispersion formulae. For castor oil, olive oil, and bisulphide of 
carbon they were nearly coincident. 

Dru.de’ s experiments with electric waves. As a 
type of an entirely different method of research, in which electric 
waves are used, we shall take Drude's experiments on water and 
on other liquids.} 

If U x is the velocity of electric waves in air and U 2 is their 
velocity in another medium, the refractive index for the waves 
is /x=U 1 /U 2 . But if A X A 2 be the lengths in the two media of 
waves starting from a source of the same frequency X 1 /X 2 =U 1 /U 2 , 
so that ju=X i/X 2 . According to the electro-magnetic theory 
K=^ 2 = X 1 a /X 2 2 . To find the ratio X x /X 2 , Drude used a Lecher 
system in which waves were transmitted between two^ parallel 
wires, first through air and then through a trough containing the 

* For a summary see Dewar and Fleming, Pvoc. Hoy, Soc. 1 Ixi. p* ,2, 
f Prac. Moy± Soc., Ixi. (several papers). 

} Ann* tier Phys „ 1896, lyfii. p. 1, lix. p, 17, 
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liquid to be examined. The principle of the method may be 
gathered frdm Fig. 88. 

J was an induction coil connected by wires A A to the terminals 
of the Blondlot exciter E E, which consisted of two semicircles 
with diameter in some cases 5 cm. and in other cases 15 cm. 
The brass terminals of E E were 5 mm. diameter, and the spark 
gap between them could be varied by a micrometer. Round E E 
was a circular wire continued by the parallel wires D D about 
£ cm. apart. These might be continued, when desired, into a 
trough containing the liquid to be tested and from 30 cm. to 
60 cm. long. When sparks took place across the gap in E E waves 
were propagated in the space between D D with the velocity of 
free w'aves. Hj H 2 were holders to keep the wires adjusted and 
B 2 and B 2 were two wire bridges. Between these, stationary 
waves were formed. B x was adjusted to be at the first node; the 
second node was where the wires entered the trough of liquid, 



Fig. 88. J induction coil ; A A wires from its terminals to the exciting circuit 
E E, round which is a circuit prolonged by the two wires D D ; B x B 2 bridges, 
B* fixed, B 2 in the liquid trough movable ; Z Zehnder vacuum tube lighting 
up at a loop. 

and B 2 was moved about till it was at a third or further node. 
In the original arrangement Z was a vacuum tube with terminals 
connected by a wire s of such length that the electrical period of 
the tube coincided with that of the exciter, but a neon tube laid 
across the wires suffices. When B 2 was at a node and Z at a loop, Z 
lighted up with maximum brilliance. Several successive nodal 
positions were observed by means of this maximum brilliance, and 
these were, of course, at intervals of X 2 /2. Then the trough was 
detached and replaced by a continuation of the wires in air. 
Nodal positions of B 2 were again observed, and thus X-,/2 in air 
was found. Thence / A =X 1 /X 2 was known. 

With this apparatus Drude was able to show the existence of 
dispersion that is, a difference of velocity with difference of 
frequency. He used two frequencies, respectively 150 x 10 6 and 
fOxlO*. The velocity for water was practically the same for 
^/l^uencies, but for glycerine M 2 = S9T for the former and 
f 1 , j * or ^*e latter, and for other liquids there were consider- 
able differences. He found that for water at t° C. the value 

M 2 = 88-23-^0-4044i!+ 0-0010S35< 2 
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sufficiently expressed the dependence on temperature, though there 
were slight variations with variation of frequency. 

With solutions of small conductivity the refractive index was 
nearly the same as for water, but as the conductivity increased, 
the value of the refractive index decidedly decreased. For details 
the reader may consult the original papers. 



CHAPTER X 

STRESSES IN THE DIELECTRIC 


Tension along the lines of strain — Pressure transverse to the lines of 
strain — Value of the pressure in a simple case — This value will maintain 
equilibrium in any case — There may be other solutions of the problem — 
These stresses will not produce equilibrium if K is not uniform — Quincke’s 
experiments — General expression for the force on a surface due to the 
electric tension and pressure — The electric stress system is not an elastic 
stress system and is not accompanied by ordinary elastic strains. 


We have shown that a charged conducting surface in air is pulled 
out by a normal force 2xcr 2 per unit area, and that in a dielectric of 
specific inductive capacity K the pull becomes % ra 2 / IC per unit area. 

Tension along the lines of strain. In accordance with 
the dielectric theory of electric action we must suppose that this 
pull is exerted on the conductor by the insulating medium in 
contact with it. Further, assuming that reaction is equal and 
opposite to action, the surface is pulling on the medium with an 
equal and opposite force. 

Let AB, Fig. 89, be a small area a of a charged surface; 
AC BD the tube of strain or force starting normally from it. 

The conductor is pulling on the medium in the tube with force 
^7T(r 2 a/K=^7rD 2 a/K, since D = cr. Now consider the equilibrium 
c of a lamina of the medium between AB and 

a parallel cross-section A'B' very near to it. 
The area of A'B' will also be a if AA' is 
small. The forces on the sides of this lamina 
are negligible compared with those on the 
^ nf ends, since the area of the sides is vanishingly 

A ■ B small compared with the area of either end. 

A B Then for equilibrium the part of the medium 

above A'B' must pull on AA'B'B with a force 
A » B a equal and opposite to that across AB, viz. 

■ &jrI) 2 a/K. There is therefore a tension 

Fig. 89. %irI> 2 /K across A'B'. 

Now imagine the charged surface to be 
removed to A'B" some distance back, but so adjusted as to position 
and charge that strain in the neighbourhood of A'B' remains the 
same in direction and in magnitude. We can hardly suppose that 
the stress across A'B' is altered, and so we obtain the result that a 

184 
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any point in the medium there is a stress along the lines of force, a 
tension 2 ' 7 tD 2 /K, where D is the electric strain. Since E = 4 ttD /K, 
we may put the tension equal to KE 2 /87r. 

Pressure transverse to the lines of strain. A portion 
of the medium, say the portion between two cross-sections a x a 2 of 
a tube of strain, could not be in equilibrium under these forces 
unless the lines of force were parallel and the field uniform. 
Equilibrium under the end pulls is obviously impossible unless cqis 
parallel to a 2 . To show that the field must also be uniform, let 
D x and D 2 be the strains at a x and a 2 ; the difference of the pulls 
on the two areas is 


STrD^a/K-^D^/K, 
and since D^^D^, this may be put 

(D.-D,), 

which only vanishes if D X = D 2 or a 1 = a 2 > and this is the condition 
for a uniform field. When the field is not uniform there must be 
forces across the sides of the tube to make equilibrium possible. 

Value of the pressure in a simple case. A value for 
the side forces is suggested by considering a special case. Let a 
particle charged with Q be placed at O, Fig. 90, and let the 


E 



Fig. 90. 


opposite charge be so far away that the lines of force radiate 
straight away from O. Consider the equilibrium of the shell 
between two hemispheres, ABC radius r and DEF radius r+dr, 

drawn with O as centre. We have a tension normal to the surface 

Q2 Q 

inwards across ABC equal to % 7 tD 2 / K = since D = 

Now a closed surface is in equilibrium under a uniform tension 
or pressure, so that if we put an equal tension, Q 2 /87rKr 4 , on the 
diametral plane AC we have equilibrium for the hemisphere 
OABCO. Or the tensions over the curved surface ABC have a 

Q2 xr 2 Q2 

resultant inwards equal to the total tension across 

the diametral plane. 



136 STATIC ELECTRICITY 

Dealing in the same way with the tensions across DEF, they 

Q2 

have a resultant outwards equal to ^5* 

When dr is very small, the resultant of these two is a pull inwards 

Q 2 /I 1 \ Q 2 dr 
8K \r 2 (r+drf) 4Kr 3 ‘ 


This inward pull can only be neutralised by forces applied 

round the rim of the shell. . 

Let us assume at the rim a uniform pressure P upwards, 
perpendicular to the lines of force. The total area of the rim is 
%Trrdr, so that for equilibrium 


2irrdrP = 


Q 2 dr 

4E> 3 


and 


Q 2 _2ttD* 

SvrKr* K 



or a pressure normal to the lines of force equal to the tension 
along the lines of force would maintain equilibrium. 

These equal values will maintain equilibrium in any 
case. It is easy to show that when we have a field in which the level 

surfaces have double curvature these 
equal values of the tension along the 
lines and of the pressure transverse to 
the lines will suffice for equilibrium. 

Let ABCD, Fig. 91, be a small 
rectangle on a level surface with its* sides 
in the planes of principal curvature. 

Let 0 X 0 2 be the centres of curva- 
ture and let OjA — R-p 0 2 B = R 2 . 

Let AO x B = i> 1 and B0 2 C = <£ 2 . 
The area of ABCD is RjR^^. 

The normals through ABCD form 
the tube of strain. Now draw a section 
of the tube nearer to the centres of curva- 
ture by <5, where S is very small, and let 
A'B'C'D' be the corners of this section. 

Its area is 

(Ri -- S) (R 2 ~<5) <pi<p$ 


= WA (]-i-i), M gi.di. g x. 

If D x D 2 are the strains over the two surfaces ABCD, A'B'C'D 
respectively, 

DiRiR 2 ^i^ 2 = D 2 R 1 R 2 ^ 1 ^) 2 ( 1 — ) 




STRESSES IN THE DIELECTRIC 137 

The tensions being 2 ttD 1 2 /Iv and 2 ttD 2 2 /K, the resultant pull 
inwards is 


K 


-R 1 R 2 ^i^ 2 (^ 


S__±\ 
R x R a ' 


o_n 2 


And substituting from the previous equation the total pull 
inwards is 

fD.-R.Krf, *,(£+!). 

But now suppose there is a transverse pressure P normal to the 
surfaces of the rim of the lamina between ABCD and A'B'CT) * 
The area of ABB'A' is RrfqS. That of BCC'B' is R 2 <£ 2 <$. 

Resolving P along the normal to ABCD and perpendicular to 
it, the latter gives resolutes neutralising each other in pairs. The 
former gives 

/ S S \ 

E(R + R2^2^l) = 

so that there is equilibrium if 

P _ 2ttD s 

K ‘ 

There may be other solutions of the problem. Faraday 
was led to the idea of longitudinal tension and lateral pressure by 
considering the nature of electric induction.. He says . . The 
attractive force which exists amongst the particles of the dielectric 
in the direction of the induction is accompanied by a repulsive or 
a diverging force in the transverse direction. 11 Clerk Maxwell 
showed that equilibrium would be maintained if the tension were 
equal to the pressure. But it is to be remembered that the system 
thus obtained is only a possible solution of the problem of the 
stresses in the medium. It is a solution, but there may be others. 
Meanwhile its simplicity recommends it as worthy of trial, and we 
shall assume henceforth that it is ^solution. . .. _ . 

These stresses will not produce equilibrium il is. is 
not unif orm. It is important to observe that if we assume the 
existence of these stresses the medium is not necessarily in equili- 
brium unless K is constant. Thus a solid dielectric body suspended 
in air behaves like a magnetic body in a magnetic field, and 
Boltzmann’s method of determining K by the force on a sma 
sphere hung up in a field radiating from a centre depends upon 
this fact. Even in a system in equilibrium stresses other than the 
electrical stresses must intervene if there is a change of value of h. 

* JEJxp. Res i. p. 409, § 1297. 
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If, for example, the lines of force pass normally from air into a 
dielectric of specific inductive capacity K the electrical tension 

in air is 2xD s , while that in the other medium is so that 

for equilibrium a force 2 ttD 2 — g- — must be supplied to keep the 

surface layer in equilibrium. The medium is no doubt elastically 
strained, and the corresponding stress supplies the required force. 

If the lines of force are parallel to the surface separating one 
dielectric from another, the level surfaces are normal to that surface, 
and the electric intensity is the same in each medium. If the electric 

pressure in air is E 2 /8 tt, that in the other medium is -g — . Hence 

"p2 

i s the pressure needed on the surface of the other 
Sir 

medium in addition to the electric pressure to maintain equilibrium. 

Quincke’s experiments. Quincke made a series of experi- 
ments of historical interest to test the existence of these electrical 
tensidns and pressures in dielectric liquids. He used a condenser * 
with horizontal plates, the upper being hung insulated from a 
balance beam, while the lower was insulated and so arranged that 
it could be connected to a battery of Leyden jars charged to given 
potential. The condenser being charged, the pull Q 1 on the upper 
plate was first determined in air. Then, the condenser being sur- 
rounded with the liquid to be experimented on, the pull G 2 was 
determined, when the potential difference, and, therefore, the electric 
intensity, was the same as before, the plates being the same distance 
apart. Taking the area as A and neglecting the edge effect, we 
have by the foregoing theory : 

G 2 _ AKE 2 / AE^__ K 
G 1 8x / Bx 

or the pulls are in the ratio of the specific inductive capacity. 

In each case the condenser was discharged through a ballistic 
galvanometer. The quantity flowing through the galvanometer 
and indicated by the kick-off was proportional to the capacity of the 
condenser, and, therefore, to the specific inductive capacity of the 
medium. This, of course, gave another determination of K. 

At first the values by the two methods were somewhat widely 
apart, owing to the neglect of the capacity of the connecting wire 
and key. When this was taken into account the determinations 
were fairly in accord. + 

The existence of the pressure at right angles to the lines of 
force was verified as follows: The upper suspended plate was 
replaced by a fixed plate with a short vertical tube passing up 

* Phil. Mag^ vol. xvi. (1883). 
t Nature , vol. xxxv. (1887), p. 334. 
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from a hole in the centre. This was connected to an india-rubber 
tube provided with a stop-cock and to a bisulphide of carbon 
manometer. The plates being immersed in the liquid near 
together, and to begin with to earth, air was blown into the space 
between them through the india-rubber tube until a large central 
space extending from plate to plate was cleared of liquid. The 
cock was then turned off and the manometer read. The lower 
plate was then brought to the same potential as in the experiment 
above described, and at once the manometer showed an increase of 
pressure, this increase being needed to balance the difference between 
the electrical pressures at right angles to the lines of force in the 
air and in the liquid. If h is the increase of height in the mano- 
meter and <t the specific gravity of the liquid used, we have, since E 
is the same in the liquid and in the air, 

(K-l)g 

If the difference of potential and distance apart are the same 
as in the previous experiment we may eliminate E by the result 
of that experiment. If we write K p for the value of K as involved 
in the pressure at right angles, and K T for its value as involved in 
the tension along the lines of force, the two experiments give us 
respectively : 



(K P - 1) f ~ ghcr, 

and 

K t E 2 _ G t 


87r A 9 

whence 

K, = l + S^ Kl . 


The values obtained for K p and Jv T were nearly equal to each 
other and to the value obtained by the ballistic galvanometer, 
which we may denote by K. 

The following Table shows the results in a few cases obtained in 
two series of experiments, the earlier comparing K p and K T , the 
later comparing K T and K. 



EARLIER. 

LATER. 

Sulphuric ether 
Carbon disulphide . 
Benzene. 

Petroleum 

4-672 

2-743 

2-370 

2-149 

Kt 

4-851 

2-669 

2-389 

2-138 

K t 

4-394 

2-623 

2-360 

2-073 

K 

4-211 

2-508 

2-359 

2025 
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The difference in the values for Kt in the earlier and later 
experiments is probably to be ascribed to slight differences in the 
constitution of the specimens. 

General expression for the resultant force on a surface 
due to the electric tension and pressure. Let a rectangular 
tube of strain meet the surface in AB, Fig. 92, making 0 with the 
normal, and let the area of AB be a. Consider the equilibrium 
of the wedge with section ABC. 

2 xD 2 

Perpendicular to BC we have a pull --g— a cos 0, since the 
area of BC is a cos 0. 

27rD 2 

Perpendicular to AC we have a push — g— a sin 0. 

The forces on the sides parallel to the paper neutralise each 
other. Resolving along the normal and tangent, we have 

Along the normal outwards 

a (cos 2 0— sin 2 6)= a cos 96. 

tv. JV 

Tangential along AB, 

2-ttD 2 o- _ r >2 

a (cos 0 sin 0 + sin 0 cos 0) = - g. a sin 20. 

The force on AB must be equal to the resultant of these, since 



Fig. 92. Fig, 93. 


the wedge considered is in equilibrium. Thus there is a force out- 
, 2x0* 

wards — per unit area, and at an angle 20 with the normal. 

The system of forces thus made up should give as resultant the 
force actually observed in any case. 

The electric stress system is not an elastic stress 
system, and is not accompanied by ordinary elastic 
strai ns . The electric stress system applies equally whether the 
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dielectric be solid or fluid. Consider a small cube with four vertical 


edges parallel to the lines of force, Fig 93. The system of stresses 
is obviously equivalent to a shear stress in the plane of the figure and 
to pressures on the two faces parallel to that plane. Now, in a fluid 
in equilibrium ordinary elastic shear stresses cannot exist and can- 
not contribute to maintenance of equilibrium. Indeed, hydrostatic 
equilibrium is only possible in a fluid when the pressures about a 
point are equal in all directions. Further, even in a solid the 
elastic system of a shear stress and a perpendicular pressure would 
produce on the whole a decrease in volume. For the shear would 
not affect the volume, while it is easy to show that the pressure P 


would decrease it by P 


1—2 <T i 

— Y — > where 


<7 


is Poisson’s ratio and Y 


is Young’s modulus. But experiments to be described in the next 
chapter show that, at any rate in the case of glass, the presence 
of electric strain is accompanied by a uniform dilatation. 

We must therefore suppose that the electric stresses are not 
elastic forces accompanied by elastic changes of shape, but that 
they are called into play in some other way. Where the medium 
is material we may probably account for the stresses by molecular 
arrangement, on the supposition that the molecules are electric 
doublets. 


We may illustrate the idea by considering the corresponding 
case of a magnetic system. Suppose that we have a number of 
little magnets pivoted on points arranged in rows ^ 
and columns, as in Fig. 94. If the magnetic axes 
are equally distributed in all directions there will 
be no continuous lines of force going in any one 5 
direction. But if the axes are arranged as in the 
figure the opposite poles in the columns will n\ n n 

attract each other, forming tensions along the 
lines of axes. The like poles in the neighbouring 
columns will repel each other, forming pressures s s s 

perpendicular to the lines of axes. Some such n 
arrangement of electric doublets in a material 
medium may account for the electric stresses 
accompanying electric strain. We cannot say, 3 
a priori , what effect such a rearrangement should fjlr. 94. 
have on the dimensions of the system. We only 
know by experiment that it appears to lead to a uniform 
dilatation. 




When the matter is exceedingly attenuated it may be doubted 
whether we can account for the stresses by the molecules present, 
and we may have to imagine some structure in the ether before 
we can frame a hypothesis to supply the forces. 



CHAPTER XI 


ALTERATIONS OBSERVED IN THE DIELEC- 
TRIC WHEN IT IS SUBJECTED TO 
ELECTRIC STRAIN 

Electric expansion in glass — Maxwell’s electric stresses do not explain 

the effect — Electric expansion of liquids — Electric double refraction : 

The Kerr effect. 

Whe\ t a dielectric is subjected to electric strain it shows in some 
cases a change in volume and in other cases it becomes doubly 
refracting. 

Electric expansion in glass. The dielectric in a glass 
condenser generally expands when the condenser is charged, and 
the dielectric becomes the seat of electric strain. This expansion 
was known to Volta and has since been studied by Govi, Duter, 
Righi, and especially by Quincke.* It may be conveniently 
observed and measured by using a common thermometer as a 
Leyden jar. The bulb is immersed in melting ice and water, the 
water serving as the outer coating, while the liquid contained in 
the bulb serves as the inner coating. On charging the inside by 
connecting it with a large Leyden jar the level is observed to fall. 
Quincke found that if At? is the change in the internal volume v of 
the bulb, if e is the thickness of the glass and V is the potential 
difference, then 

is proportional to ~ nearly. 

With thicknesses between OT mm. and 0’5 mm. and with a 
potential difference sparking at 2 mm. between knobs 2 cm. in 
diameter, Quincke found that the change in volume lay between 1 
in 10 5 and 1 in 10 7 . In general, when it i'ose above 1 in 10 s 
sparking occurred and the glass was perforated. 

The intensity and strain are proportional to V/e so that the 
change in volume is proportional to the square of the electric strain 
in the glass. The expansion occurs equally in all directions, for 
simultaneous measurements of increase in length l and of volume v 

* Phil. Mag. [57, yol. x. p. ^0, where references to earlier work will be found, 

■ - ' 142 
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of a condenser like a thermometer with a long cylindrical bulb 
showed that 


Av _ Al 
v ~ 6 L * 


Maxwell’s electric stresses do not explain the effect. 
The result just given is important as showing at once that no such 
system of stresses as that considered in the last chapter will 
account for the effect. That system would give extension parallel 
to the lines of force, and compression perpendicular to them. But 
it fails to account for the effect in that it would give on the whole 
a contraction in volume. If, as in the last chapter (Fig. 93), we take a 
cube of the dielectric, with its vertical edges parallel to the lines 
of force, it is acted on by its surroundings with the set of forces 
represented in -the figure. 

The vertical tensions and one pair of side forces will give a 
shear with no change of volume, while the other pair of pressures 
will produce a decrease in unit volume (1 — So-)F/Y, where <r is 
Poisson’s ratio and Y is Y oung’s modulus. We can perhaps estimate 
this effect as compared with the increase measured by Quincke. 
In one case of flint glass with a thickness 0 014 cm. the change in 
volume was 1 in 10 5 when the potential difference would spark over 
2 mm. between knobs 2 cm. in diameter. W e may perhaps take this 
as a potential difference about equal to 25 E.S. units, and it gives 

25 

intensity within the glass E = x 10 3 . For flint glass K is 

KE 2 

probably about 7, so that P = — — = 10 6 nearly. 


We may take 1 — 2<r = i and Y = 5 x 10 1X , so that the 


10 6 

decrease in unit volume should be of the order = 7 ^ = 10" 6 or 1 in 

10 12 


1,000,000, as against the observed increase of 1 in 100,000. The 
Maxwell system of stresses then would only lessen the electric 
expansion slightly, even if we could suppose them to produce 
elastic strain. 

Electric expansion of liquids. Quincke also experimented 
with liquids. A condenser was formed in the liquid by a pair of 
vertical platinum plates. The containing vessel was entirely filled 
with the liquid and closed except that a capillary tube rose from it 
to show any change in volume of the liquid. On charging the plates 
as a condenser the level in the tube was observed to alter. 
The results indicated that the change in volume is probably 
proportional to the square of the intensity. In general there 
is expansion, but with fatty oils, such as colza and almond 
oils, there is a decrease in volume. 
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Quincke also observed a decrease in the torsional rigidity ot 
glass, mica, and india-rubber when electrically strained. 

Electric double refraction: The Kerr effect. Kerr 
discovered* that a liquid dielectric is in general doubly refi acting 
when it is the seat of electric strain. It behaves ^as a uniaxial 
crystal with the optic axis along the lines of force. There is there- 
fore a difference in the velocity of rays which traverse the liquid 
perpendicular to the lines of force, according as their plane of 
polarisation is parallel to or perpendicular to the lines of force. 
The effect may be shown by the arrangement of which Fig. 95 

is a plan. # . 

A ray of light is sent through a polariser P set so that its plane of 
polarisation is at 45° to the vertical. It then passes into a trough 



T with glass ends containing the liquid, which may be carbon 
bisulphide very pure and dry. In the trough are two brass cylinders 
3 in. or 4 in. long, with their axes parallel and in the same horizontal 
plane. These are connected by rods rising out of the trough to the 
terminals of a Wimshurst machine. After emerging from the 
trough the ray passes through the analyser A, set at 90° to the 
polariser, so that when the liquid is not electrically strained there 
is complete extinction. The ray then passes on to the eye of an 
observer E, or by using lenses we may project an image of the ends 
of the conductors in the trough on to a screen. On working the 
Wimshurst the field between the two conductors transmits the light 
to some extent, and the more the stronger the field. The vibration 
of the incident beam may be resolved into equal components 
vibrating respectively vertically and horizontally, and therefore 
respectively along and perpendicular to the lines of force. These 
travel at different speeds through the strained medium so that 
when they emerge from the electric field the phases differ, and 
instead of uniting to form a plane polarised beam, with plane 
parallel to that of the original, they unite to form an elliptically 
polarised beam which cannot be entirely extinguished by the 
analyser. By inserting a Jamin compensator C, Kerr determined 

* PhU* Mag. £4], 1875, vol, 1 . pp. 337 and 446 ; [5], 1879, vol. viii. pp, 85 and 229 
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the delay in phase of one ray relative to the other and showed * * * § 
that the delay is proportional to the square of the strength of 
field as measured by a Thomson electrometer. ° 

Kerr investigated the effect for a large number of liquids j* and 
found that some, which he termed positive liquids, behave like 
quartz with its axis parallel to the lines of force, or like o]ass 
extended in . a direction parallel to the lines of force. Of 3 the 
liquids in which he was able to measure the effect, carbon disulphide 
shows it in the greatest degree. Paraffin oil, toluene, and benzene 
are other positive liquids. Others, which Kerr termed negative 
liquids, behave like Iceland spar with its axis parallel to the lines 
of force, or like glass compressed in the direction of the lines of 
force. Of these colza oil gives a strong effect ; others are olive oil 
and seal oil. 

The effect may be expressed conveniently by the number of 
wave-lengths difference between the two components in a length l 
of the dielectric when the transverse electric field has intensity 
E. Experiment shows that if S is the difference of path pursued 
m the same time, and if X is the wave-length of the light used, the 
number of wave lengths difference or S/X is given by 

S/X = BZE 2 

where B is a constant for a given substance and wave-length— the 
Kerr electric constant. The difference of phase is % rS /X, and S 
and X must both be measured in the liquid or both in air. It is 
easily shown that if yu 0 and jm e are the refractive indices for the two 
rays and X is the wave-length in air 

julo — ju s — BAZE 2 . 

Quincke $ was the first to obtain a value of B, working with 
carbon disulphide. Since then various measurements for this 
liquid have been made § and the value of B for sodium light 
appears to be very near to 3*1 x 10~ 7 . 

But the value changes with the wave-length, increasing as X 
diminishes. This was observed by Kerr, and he thought that 
varied inversely as the wave-length. Subsequent observers |] have 
not verified the simplicity of the relation though confirming the 
general nature of Kerr’s observation. Cotton and Mouton have 
investigated the effect of change of temperature and have found 
that B decreases rapidly as the temperature rises ( loc . cit .). 

Kerr observed in 1879 that though nitrobenzene is not a 

* Phil. Mag. [5], 1880, vol. ix. p. 157. 

t Phil. Mag. [5], vol. xiii. pp. 153 and 248. 

t Wied. Ann., XIX, 1883, p. 729. 

§ A careful determination by McComb is given in Pkys. Rev.. 29, 1909, p. 5S4. 
References are given to earlier results. 

H Blackwell, Proa. Amer. Acad, of Arts mid Sciences , XLI, 1906, p. 147, McComb, 
loc. cit. Cotton and Mouton, Journal de Physique, 5th. ser., vol. I, 1911, p. 5. 

K 
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sufficiently good insulator to allow a persistent field to be estab- 
lished in it, yet on making a spark-gap in one of the connect- 
ing wires, at each spark the held lighted up, due no doubt to 
the oscillations producing a large oscillating field between the 
conductors. 

Schmidt * succeeded in measuring the effect in nitrobenzene. 
He used a compensation method in which the ray of light passed 
through the liquid in one cell and then through another cell con- 
taining a liquid for which B was known, and arranged so as to 
have an effect of the opposite kind on the phase relation of the 
two components. It was adjustable so that the effect of the two 
cells exactly neutralised each other when the same rapidly alter- 
nating potential difference was applied to each. He found that 
the Kerr constant is sixty times as great for nitrobenzene as for 
carbon disulphide, and that it is about the same for the latter and 
for water. McComb found that the effect is large for other 
aromatic compounds.! 

Cotton and Mouton ( loc . cit.) discovered that nitrobenzene 
exhibits magnetic double refraction, that is that a polarised ray 
transmitted perpendicularly to a magnetic field established in the 
liquid travels at different speeds according as its plane of polarisa- 
tion is parallel or perpendicular to the lines of force. They found 
that the effect could, be expressed by a formula exactly corre- 
sponding to that for the Kerr electric effect, viz. : 

Sf A = C/H 2 

where H is the magnetic intensity and C is the constant of magnetic 
double refraction for the substance for the wave-length used. For 
nitrobenzene they found that C/B is nearly the same for different 
wave-lengths. This has been confirmed for several other aromatic 
compounds by McComb and Skinner.! 

In Cotton and Mou ton’s paper there is some reference to theories 
of the subject by Voigt, Havelock, and themselves. These, how- 
ever, belong to optics rather than to electricity. 

We may state the Kerr effect in terms of the electro-magnetic 
theory of light by saying that K is slightly different* in the 
electric field. Since the change in velocity is given by 

dv _ _ldK 
v 2 K 


and Dr. Kerrs observations show that — ^ is proportional to E 2 , 

dK 

where E is the intensity, then -g- is proportional to E 2 , and 


* Ann. der Phys. [4], 7, 1902, p. 142. 

t A. number of values will be found in Tables Annuellcs IntcrrMionales de 
C nsiantes I. 

% Phys. Rev., 29, pp. 525 and 541. 
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K is not constant, but decreases as E increases, and by an amount 
proportional to E 2 . This is on the supposition that the speed of 
the ray with its electric vibrations along the lines of force is alone 
affected. Some experiments by Kerr * appeared to establish this, 
but some experiments by Aeckerlein f showed that in nitrobenzene 
the ray with its electric vibrations along the lines of force was 
retarded and that with its vibrations perpendicular was advanced 
and about in the ratio 2:1. It is to be noted that the change in K 
is exceedingly minute, the change in phase being only a fraction of 
a period in a path of several centimetres through a field of perhaps 
100,000 volts per centimetre. The Kerr effect in glass is exceed- 
ingly small, so small that it cannot always be ceitainly distinguished 
from the effect due to the elastic stresses present. 



CHAPTER XII 

PYROELECTRICITY AND PIEZOELECTRICITY 

Pyroelectricity — Historical notes — Analogous and antilogous poles — 
Some methods of investigating pyroelectricity — G-au gain’s researches — 
Lord Kelvin’s theory of pyroelectricity — Voigt’s experiment on a 
broken crystal — Piezoelectricity — The discovery by the brothers Curie 
— The piezoelectric electrometer — Voigt’s theory connecting pyro- 
electricity and piezoelectricity — Electric deformation of crystals — 
Lippmann’s theory — Verification by the Curies — Dielectric subjected to 
uniform pressure — Change of temperature of a pyroelectric crystal on 
changing the potential. 

Certain crystals initially showing no electrification develop, if 
heated uniformly, opposite surface electrifications on opposite 
surfaces. If they are cooled from a neutral condition the polarity 
is reversed. The phenomenon is termed Pyroelectricity, and it was 
observed first in the eighteenth century. If these crystals, without 
being heated, are subjected to pressure along the axis of electrifica- 
tion which was observed when the temperature was changed, then 
opposite electrifications develop at the ends of the axis. If they 
are subjected to tensions the polarity is reversed. The phenomenon 
is termed Piezoelectricity. It was discovered by J. and P. Curie 
in 1880. They found that the electrification 
under pressure was the same in sign as that 
due to cooling, while that under tension was 
the same in sign as that due to heating. 
The two phenomena are evidently related to 
each other. 

The crystals in which they are observed 
are those known as “hemihedral with in- 
clined faces.” They have axes with the 
faces at the two ends unlike, so that they 
are unsym metrical with regard to a plane at 
right angles to the axis through its middle 
point. As an example we may take tourma- 
line, of which Fig, 96 represents one form, 
the axis of electrification being as shown 
by the arrow. We shall describe first the 
phenomenon of pyroelectricity. 

148 




PYROELECTRICITY AND PIEZOELECTRICITY 149 

Pyroelectricity: Historical notes. It was discovered 
about 1700 that a tourmaline crystal placed in hot ashes attracted 
the ashes. In 1756 dEpinus showed that the effect was electrical 
and that the charges were opposite in sign at the two ends of the 
crystal. Soon after, Canton* showed that the charges were equal 
as well as opposite. He connected an insulated tin cup filled with 
boiling water to a pith-ball electroscope. A tourmaline crystal 
was dropped into the water and the pith ball showed no trace of 
electrification, either then or during the subsequent cooling of the 
water. Canton found also that the development of electrification 
depended only on change of temperature from the neutral condition 
and not on the absolute temperature. For if the crystal w r as in a 
neutral condition at any temperature it showed polarity of one 
kind if raised above that temperature, and polarity of the opposite 
kind if cooled below that temperature. He broke a tourmaline 
prism into three pieces and found that each piece exhibited the 
same kind of action along the same axis as the whole crystal. He 
found that Brazilian topaz acted like tourmaline, and his con- 
temporary Watson discovered other pyroelectric gems. 

Haiiy about 1800 discovered that only crystals heraihedral with 
inclined faces developed pyroelectricity, and that the end forming 
the most acute angles with the axis was positively electrified on 
cooling. Other crystals may show electrification when not heated 
uniformly, but this is due to local strains set up by the non-uniform 
heating and a consequent local alteration, as it were, of the 
crystalline form. 

Analogous and antilogous poles. Riess termed the 
pole on which + electricity appears on heating the analogous pole, 
and the other the antilogous pole. 

A crystal may have as many as four pyroelectric axes. Quartz 
has three axes, bisecting the three angles of 120° between the faces 
of the prism. The axis of the prism is not a pyroelectric axis. 

Some methods of investigating pyroelectricity. The 
earliest method consisted in merely heating a crystal and then 
bringing one part of its surface near an electroscope. Hankel 
heated the crystal in copper filings, passed it through a spirit 
flame by which it was entirely reduced to the neutral condition, and 
then allowed it to cool, when its electrification could be tested by 
an electroscope. 

Kundt f heated the crystal in an air bath and after neutralisation 
allowed it to cool. He then blew on to it, through muslin, a 
powder consisting of a mixture of red lead and sulphur. The red 
lead was positively electrified by the friction with the muslin and 
the sulphur was negatively electrified. The positive region of the 
crystal attracted the sulphur and the negative the red lead, and 
the two regions became differently coloured. If a tourmaline prism 

*IPriestley on Electricity , 4th. ed. p. 298. 
f Wied, Arm,, 20 (1883), p. 592. 
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is immersed in liquid air and is then lifted out and dusted with red 
lead and sulphur before it has time to condense ice on its surface, 
it shows the colours excellently. 

Gaugain 5 s researches. Gaugain* employed an air bath in 
which a tourmaline crystal was suspended. One end of the crystal was 
earthed and the other end was connected to a self-discharging gold- 
leaf electroscope, and the total charge developed was measured by 
the number of discharges of the gold leaf. He found that 
1. The charge is proportional to the change of temperature from 
neutrality. 

% With different tourmalines of the same kind the charge is 
independent of the length and is proportional to the cross- 
section. 

Rieeke’s researches. Rieckef made important contribu- 
tions to our knowledge of the subject. He investigated the loss of 
charge through leakage and showed that it was very much 
diminished if the crystal was suspended in a dry vacuum. He 
showed that if & is the change of temperature from neutrality, the 
charge is not exactly proportional to but may be represented 
more nearly by 

E = a% + 5S 2 . 


He worked in a manner similar to that of Gaugain, and graduating 
the electrometer by known charges, he was able to determine 
the charges developed in electrostatic units. Thus for a certain 
tourmaline which gave the largest effect he found that 180 E.S. 
units per square centimetre cross-section were developed per 100° C. 
rise of temperature. 

Lord Kelvin’s theory of pyroelectricity. To Lord KelvinJ 
we owe the theory of the subject which is generally accepted. Let 
us take the simple case of a crystal like tourmaline with one 
pyroelectric axis. We suppose that each molecule of the crystal 
is an electric doublet with lines of force or strain passing between 
the pair and into and out of the ends. The molecules set in the 
crystal with their electric axis parallel to a certain direction, and 
there will therefore be a definite amount of strain passing from 
each positive element of a doublet to the negative element of the 
doublet next to it. The crystal as a whole will be the seat of 
electric strain along the direction of the axis. The constitution 
corresponds to that of a saturated permanent magnet on the 
molecular theory of magnetism. The electric strain will manifest 
itself almost entirely at the ends of the crystal if the doublets are 
near enough together, and the crystal will produce a field outside 
equal to that which would be produced by charges respectively 

* Ann. de Qhim. £3J 57, p. 5 (1859). 

„ + Ann " 28 ’ P- 43 (1886) ; 31, p. 889 (1887) ; id. p. 902 ; 40, p. 264 (1890) • 

Vus. p. t>vO. 


* nP°i 8 2nd ed. (1860), or Math, and Phys. Papers, vol. i. p. 315. 

The fullest account is in the Baltimore Lectures t p, 559. 
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positive and negative at the two ends, and giving out the same 
number of tubes of strain as those actually issuing. But through 
the positive and negative ions which always exist to some small 
extent in the air, through conducting films on the crystal and 
sometimes by conduction in the body of the crystal itself, charges 
will in time gather on the surfaces at the ends of the axis, negative 
on the end from which tubes of strain issue, and positive on the 
other end into which they enter, entirely masking the existence of 
the strain so that there is no external field. This is the ordinary 
neutral condition of a pyroelectric crystal. 

We have now to suppose that the electric strain passing forward 
from molecule to molecule depends on the temperature and that 
it alters nearly in proportion to the change of temperature. Then 
when the temperature changes there will be an unbalanced strain 
proportional to the change, producing the same effect as a positive 
charge at one end and a negative charge at the other until con- 
duction again does its work in bringing up masking charges. The 
apparent charges are proportional evidently to the cross-section 
and independent of the length. 

We may picture a molecular model which might give the effect, 
and though it suffers from the common defect of such models in 
being statical, whereas in reality everything must be in motion, it 
will at least serve as a working hypothesis. We suppose the 
molecules to be doublets set with their axes all parallel to a given 
direction and with the positive part of each to the right, as in Fig. 
97, and we suppose that there is some connection between the 
positive of each molecule and the negative in the next. For 
instance, in Fig. 97 there are five internal lines of force in each 



Fio. 97. 


molecule, and three external lines connecting it to the next on each 
side, and these lines run in opposite directions from the same 
charge. The external lines to the extreme molecule on the left 
begin on the positive masking charge, and those from the extreme 
molecule on the right end on the negative masking charge. 

Let us further suppose that through a rise in temperature the 
molecules are more separated. Then the external lines of force 
will bulge out, as it were, and this bulging out may take place to 
such an extent that one between each pair of molecules may touch 
one between each of the next pairs on either side, as represented 
in Fig. 98, where only the external lines concerned are drawn. 
At the points of contact P and Q the strains are in opposite 
directions in the two coalescing lines and neutralise each other. 
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Then more or less straightening occurs and we get something of the 
arrangement represented in Fig. 99, which shows that one of the 
external connecting lines disappears, there is one more internal 
connecting line, and there is one extruded line passing from end to 
end of the crystal, not through the chains of molecules, and not 



even necessarily through the crystal. At each end of this line 
there will be an element of what was previously the masking 
charge, but is now what we may term free charge, and the con- 
dition is represented in Fig. 100. This model would explain pyro- 
electricity as due merely to molecular separations, and we ought 

Fig. 99. 

to get a similar effect if the molecular separation is produced 
by tension, and, as we shall see, this is just what the Curies found. 

But we may imagine another molecular model in which pyro- 
electric effects should occur if rise of temperature produces separation 
of the constituent charges in each molecule without extension as a 
whole. It will easily be seerf that then the internal lines of force 
bulge out and finally extrude a line of force running in the opposite 



Fig. ioo. 


direction to that in Fig. 100, and finally we have one more external 
line and one less internal line, as represented in Fig, 101. In this 
case the charges developed at the ends will be opposite to those 
developed in the last case. It is possible that both effects occur. 

# We may describe the electrical condition within the crystal on 
this molecular chain theory by the number of tubes of strain 
issuing per square centimetre from the end of an axis. We may 
term this the u Intensity of Electrification n along that axis, and it 
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corresponds to the intensity of magnetisation of a magnet. We 
should expect, on the theory, that if a pvroelectric crystal is 
broken across an electric axis, then the two broken axes would 
show apparent electrifications equal and opposite. Canton is 
sometimes supposed to have shown this,* but he does not appear 
to have gone further than a demonstration that each fragment 

— < — - - <• — + 



Fig. 101. 


behaved with change of temperature like the whole crystal. The 
experiment was first successfully made by Voigt. f 

* Voigt’s experiment on a broken crystal. He fastened 
the two ends of a small tourmaline rod to two brass rods which 
were connected electrically. He then broke the tourmaline in the 
middle and dipped the two broken surfaces into mercury 
cups connected to a Nernst-Dolazalek electrometer which showed 
charges on the ends. He found as a mean result that there was an 
intensity of electrification at £4° C. of — 33*4 E.S. units, or the 
electrical moment of 1 c.c. at 24° C. was — 33*4, the sign being 
negative because the electrification was opposite to that which 
would have appeared on the same surface with rise of temperature. 

Now for this kind of crystal the electrification gathering per 3 0 C. 
rise of temperature was found to be about + T£ E.S. units per 

33*4° 

square centimetre. Hence at £4° -f — = 5£° C., the electrical 

moment of the crystal should be zero. Or, if we return to the 
molecular models, it may be that both effects, dilatation and inter- 
molecular separation, exist, and that at 5£° C. they balance each 
other. 

Piezoelectricity : The discovery by the brothers 
Curie. The discovery of piezoelectricity was made by the 
brothers Curie by an experiment represented diagrammatically in 
Fig. 10£. C is a crystal heinihedral with inclined faces, cut into 
the form of a rectangular block. It was placed between the jaws 
J J J J of a vice. Between the jaws and the crystal were ebonite 
plates ee and tinfoil 1 1 , the tinfoil being against the ends of the 
crystal. The tinfoil was connected to the quadrants of an electro- 
meter, and one tinfoil and the connected quadrants could be 
earthed. 

* Kelvin’s Baltimore Lectures , p. 560. Cf. Priestley on Electricity , 4th ed. 
p. 300. 

f Wied. Ann ., 60, p. 368 (1896). 
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When the vice was screwed up, a charge was shown in the 
electrometer. On discharging this and then releasing the crystal 
from pressure the polarity was reversed. 

A number of crystals were thus tested, and it was found that 
always compression gave the same sign of charge at one end as 
cooling, and extension the same sign as heating.* Working with 
tourmaline and applying pressure by a loaded lever by which the 
force could be measured, it was found that 
1. The positive and negative charges were equal. 

% The change in charge de developed was proportional to the 
change in the total force dF and changed sign with dF. 

3. The charge was independent of the length. 

4. The charge was independent of the cross-section for a given 

total force. Hence de oc dF. 

We may use the first molecular model described on p. 151 to 
give us an idea of a possible way in which the effect is produced, 



the changes in dimensions being produced now by tension and 
pressure instead of by heating and cooling. 

To find the amount of charge produced, an arrangement repre- 
sented in Fig. 103 was adopted. A block of the crystal with its ends 
lined with tinfoil was placed between insulating ebonite plates, and a 
known force F could be applied by a lever, not shown. The upper 
tinfoil was connected to one plate of a small condenser of known 
capacity C, and also to one pair of quadrants of an electrometer 
QL. lhe lower tinfoil and the other plate of the condenser were 
earthed, 'lhe other pair of quadrants of the electrometer was 
charged by a DanielFs cell ID so connected that the sign of the charge 
was the same as that given by the crystal when a force F was put on 
to it. T.his force was then so adjusted that the electrometer needle 
came to the zero reading found when the two pairs of quadrants 
were earthed. 


Of of made by J. and P. Curie is given in a series 

o* papers in (Euvres de Pierre Curie. 
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Let E be the capacity of the electrometer and tinfoil, though 
the latter is probably negligible. Let q be the charge due to F. 
This charges capacity C + E to D volts, where D is the E.M.F. of 
the Darnell's cell, or to D/300 E.S. units. 

Then q = (C+E)D/300. 

Now C was removed and the force was adjusted to F / , again 

giving zero reading. Let q be the charge. 

* 

Then q' = ED/300 

and q - q' = CD/300 

which gives us q — q' in terms of known quantities. 

But q is proportional to F. Put, then, q — q' = A(F — F') aud 
we find 

a _ ( /~g' 

A- F — F' 

which determines A. 

The Curies found that a load of l kgm. on a certain tourmaline 



gave q, charging a capacity 
of the Daniell’s cell. 

Then q = 


of 14 '2 cm. to 1T2 volts, the E.M.F. 


14-2 X 1-12 
300 


•053 


so that 1 dyne would give a charge 5'41 x 10' 8 . On a quartz 
plate cut perpendicular to one of the three axes which are perpen- 
dicular to the axis of the prism a load of 1 kgm. gave 

q = -062. 

Then 1 dyne would give a charge 6'32 X 10" 8 . 

The authors pointed out that the capacities of small condensers 
might be compared by piezoelectricity. For suppose that, as 
above, we have found with a condenser capacity Cj 

qi -q' = A(Fj - F') = C x D/300. 
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Now substitute a second condenser capacity C 2 . If the first 
charge is now q 2 and the force is F 2 , the second will still be q' with 
force F', and we have 


?a- ?' = *( F 2 -F') = C 2 D/300 


and 


Ci F 1 - F' 
c 2 “ F 2 - F* 


The piezoelectric electrometer. The Curies were led 
from this to the invention of a very convenient instrument for 
producing definite small quantities of electricity. 

Let Fig. 104 represent a rectangular block of quartz with the 
optic axis — the axis of the prism — parallel to the edge AC. Let 
one of the pyro- and piezoelectric axes be parallel to the edge 
BF. They found that load F on the face ACDE gave charge on 
the face DEFG 

/cLF 



where L is the length AB, e is the thickness AD, and k has the 

value already found, viz. 6*32 x 10~ 8 
E.S. unit per dyne. 

In the instrument a quartz plate is 
cut with length L several centimetres, 
with breadth AC two or three centi- 
metres, and with thickness e as small 
as is consistent with strength sufficient 
to carry loads of the order of 1 kgm. 
This plate is fixed in brass pieces at 
the top and bottom and hung vertically 
from a support above, with a scale pan 
below, as shown diagrammatically in 
Fig. 105, to carry a load. 

Tinfoil it is pasted on to the front 
and back of the plate, and wires pass from the tinfoils to the system 
to be charged. ^ The charge is proportional to the total load and 
if the load be increased the additional charge is proportional to 
the additional load. The instrument may be graduated by the use 
a ^ e l ec trometer condenser in the manner already explained. 

. Voigt’s theory connecting pyroelectricity and 
piezoelectricity.* The Curies found that pressure produces 
electrification at the ends of an axis the same in sign as that 
produced by cooling, and tension the same in sign as heating. 
Ihis suggests that the change in dimensions of .the crystal may 
alone be concerned in the two classes of phenomena, and Voigt 
ha^nvesti|^ted ^ U€s ^ on * The following is a mere indication 

* Abhmd . Gesdt, d. Wiss* Gottingen, 36 ( 1890 ). 
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The deformation of an element of a body is completely 
expressed in terms of six quantities * which we may denote 
by ABC abc. If the intensities of electrification due to the 
strains are E 1 E 2 E 3 in three directions at right angles, we may 
suppose that each term in the strain contributes to the electrifica- 
tion, and so we get 

E x = X 1 A + X 2 B + X 3 C + + X 5 b + X e c 

with similar values for E 2 and E 3 , and for the most general case 
with different values for the coefficients X. Thus for this most 
general case — a hemihedral crystal with 
inclined faces in the triclinic system — 
we shall have eighteen independent 
coefficients of the type X, In all but 
this general case there are relations 
holding between the coefficients owing 
to the symmetry of the crystal about 
certain planes or directions, and their 
number may be greatly reduced. Thus 
we get definite values of the intensities 
of electrification in terms of the change 
of shape whether it is produced by 
heat or by stress. 

Riecke and Voigt f have tested the 
theory for tourmaline and quartz. 

Knowing the piezoelectricity produced 
by given deformations, they were able 
to determine the coefficients. Then, 
measuring the dilatations in different 
directions with rise of temperature, 
they were able to determine the 
charges which should be produced 
merely by the change of shape on 
heating. Voigt f found that in a 
tourmaline crystal about four-fifths 
of the pyroelectric charge could be accounted for by dilatation. 

Pockels § found a fairly close agreement with Voigt’s theory in 
the case of sodium chlorate. 

Electric deformation of crystals : Lippmann’s 
theory. Soon after the discovery of piezoelectricity Lippmann ij 
pointed out that there should be a converse effect, viz. a change in 
the dimensions of a piezoelectric crystal when it was subjected to 
electric strain. We may present Lippmann’s theory as follows : 

* Thomson and Taifc, Natural Philosophy , vol. ii. p. 461. 

t Wied . Arm. 45, p. 523 (1892). 

t Wied . Arm. 66, p. 1030 (1898). 

§ Winkelmann, Wmdbuch der Physik , 2nd. ed. iv. p. 783. 

H Arm . de . Chim. et de Phys. (5), vol, xxiv. p. 145 (1881) ; Principe de la Con • 
servation de V MeetricitA 



Fig. 105. 
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Let us take such a system as a condenser with one surface earthed 
and with the other connected to a source at potential x where x 
can be varied at will. Let the charge at x be m. Let the plates 
of the condenser be l apart and let them be subjected to force F, 
compressing the dielectric. Then in changing the length Z, work 
F dl is done. Let the temperature be kept constant so that in any 

cycle f dQ = 0, where dQ is an element of heat imparted. Then, on 
the whole, no heat is converted into work or vice versa during a 
cycle, and we have only to consider the interchange of energy 
between the electrical form and that represented by the work done. 

If E is the electrical energy, the principle of the conservation 
of energy gives in any cycle 

/ (dE - F dl) = 0. 

Further, we assume that the charge m is a definite function of the 
condition of the system, there being no leakage, and so when we go 
through a cycle 

f dm = 0. 

Lippmann termed this the principle of the conservation of 
electricity. 

Now let us represent the system on a diagram in which abscissae 
represent Z and ordinates F, so that areas represent work done, 
Fig. 106. The dependence of m on the physical condition implies 



that we can draw a series of equal charge lines on the diagram, such 
as AD at charge m-dm and BC at charge m. Further, the potential 
will be a definite function of the physical condition, for it is equal 
to charge/capacity, each term of which is such a function. Hence 
we can draw a series of equipotential lines, such as AB at x, and 
DC at x-dx . These lines are analogous to isothermals, and the 
equal charge lines to isentropics on the ordinary indicator 
diagram. 
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Now let us take the condenser round the cycle ABCD, starting 
from A, one plate being earthed throughout. Along AB the other 
plate is connected to a source at a?, and F and l are varied as 
represented by the slope of AB, and charge dm is taken in. AtB 
the plate is insulated and F and l varied as represented by the slope 
of BC. At C the plate is connected to a source at x-dx, and we 
move back along CD till dm is given back to the source. Then the 
plate is insulated and we return along DA to the initial condition. 
The net electrical energy received is 

xdm — (x-dx)dm = dxdm . 

The net work done is represented by the area ABCD, which is 
easily seen to be 

Q 

where dl is the increase of l as we move along AB at constant x. 
Equating the two expressions for the energy, 

jdxdl 

or ($)* = ©* (1) 


Taking x and F as the independent variables, let us put 


dm — cdx + JidF 

(2) 

dl — adx + idF 

(3) 

If dx = 0 in (9) and (3), 

SI 

II 

O-l O 

(4) 

If dl = 0, we get from (3) 

©*=-(?) 

(5) 


Substituting from (4) and (5) in (1), 

h = — a 


dxdm 


=(-) 
V dx) 


so that (2) and (3) become 
« dm — cdx — ctdF 

dl = adx + MF. 

Applying these formulae to the case of a piezoelectric crystal 
compressed along an electric axis, let us suppose that the potential 
is kept constant, and that a force of dF dynes is added Then 
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dm 

dF a ‘ 

The Curies found that for tourmaline (p. 155) 
a = 5*41 X 10- 8 . 

Now let us suppose that F is kept constant and that the potential 
is altered. Then = + a., and for tourmaline this should be 
equal to 5*41 x 10" 8 . 

Similarly for quartz ~~ should be equal to 6*32 X 10 -8 , 

If the quartz plate is cut and loaded as in the piezoelectric 
electrometer, it is evident that a similar investigation would 
give 

dm __ dl 
dF 3? 


Verification by tbe Curies. This result was verified at 
once by J. and P. Curie.* It will be sufficient to describe one 
experiment. 

A thin quartz plate cut perpendicular to an electric axis, like 
that in the piezoelectric electrometer, was covered with tinfoil on 
its two faces and fixed so that any variation in its length could be 
measured by means of a magnifying lever. Whep a traction of 
258 grm. or 258 x 981 dynes was put on, the charge produced was 
found to be 0*185, so that one dyne would give 7*39 X 10' 7 . 

A difference of potential estimated at 65 m 2 E.S. units was then 
put on between the tinfoil plates. This should give 

dl = 7*39 x 65*2 x 10' 7 = 480 x 10~ 7 cm. 

Direct measurement gave 

<B= 5 00 x 10- 7 . 


Dielectric subjected to uniform pressure. If a dielectric 
is subjected to uniform pressure p instead of to end thrust, a 
precisely similar investigation to that above gives 

dm = cdx — adp 
dv == adoo — bdp 


where dv is the volume change. The diagram of Fig. 106 may be 
taken to represent the relation between p and v for values of m and oc. 
Quincke ( ante , p. 142) found that the total change of volume of a 
jar for a rise of potential x was nearly proportional to where 
t was the thickness of the dielectric. We may therefore put 

J dv= Wt * 


* (Eumnes de Pierre Curie, p. 26 and p. 30, where another form of experiment is 
<$escribed as well as that in the text.. 
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whence ) = a ~ 

\dcc/p t 2 

He found that for a particular case the total volume change J dv 
was equal to about 10 ' 5 , the original volume, when the potential 
was such as to spark across 2 mm., say, SO E.S. units, and the 
thickness was *014 cm. ; whence, if we deal with unit volume of 
dielectric, k is of the order 10 ~ u . 

If we keep x constant, 

dm = — adp , 

which shows that there will be a change in m depending on the 
pressure but, for any moderate values of oc and dp> exceedingly 
minute. 

Change of temperature of a pyroelectric crystal on 
changing the potential. Lippmann, in the paper already 
cited, pointed out that there should be a change of temperature in 
a pyroelectric crystal when the electric strain in it is changed, and 
the investigation applies to any condenser. 

We assume that the pressure and volume remain constant, so 
that the only interchanges of energy are between the electrical and 
the heat forms. We further assume reversibility. 

It is convenient to employ the entropy temperature diagram. 
Let us draw on it equal charge lines, AD at m-dm and BC at m, and 



equipotential lines AB at x and DC at x-dx. Let us take a 
dielectric with charges on its two faces through the cycle AJBCD. 
The net electrical energy given out in the cycle is drndx. 

The heat put in is the area ABCD = a/3CD = dx.d<p, and 

equating the two quantities, 

/dm\ f dQ\ 
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Taking x and 0 as the independent variables, put 
dm = cdx + hd6 
d<p = adx + bdO 

and it follows, as in the investigation on p. 159, that h= -a. 

Let us apply the formulae to the case of a tourmaline 1 sq. cm. 
cross-section and thickness t. 

According to Riecke (p. 150) 


. = 1 - 8 . 


If <p is constant, i.e. if we allow no heat to pass in or out, 


(: 


d6\ _ _ a _ h 

dx)<p ~ 1) b 


But 


* - + f =d * 


~ is the heat capacity, which we may put as pert, where p is the 
du 

density, or the specific heat in work measure. 


(d6\ 

\dx) <f> p 


1*8 0 


Then 

Integrating from x = 0 to x = the rise of temperature is 

1*8 0 a ? _ 1*8 0 
per t per 


A 0 


E 


where E is the electric intensity. In practice this is small. If, 
for instance, E is 100, 0 is 300, and per is of the order 10 7 , A0 is 
of the order 0*005° C. 

Let us now apply the formulae to find the temperature change 
on charging an ordinary condenser. 

We are to find when tp is constant. 


We have 
where 
Now 
Then 


(d0\ _ h 
\dxj<t> b 

Kx 


m = 


4»? rt 


(dm\ __ x dK 

\dQ/X 4 ? rt dQ 


neglecting the change in t ; 



PYROELECTRICITY AND PIEZOELECTRICITY 163 



Then /d&\ __ oc dK 6 

\dx)<p ~ dd prf' 


If we integrate from x = 0 to x = x the total change in 6 is 
small, so that we may put 6 constant on the right hand and the 
change is 

Afl - . 1 

“ 8tt* 2 <20 per 


KE^ldK _0 

87t K d6 per 


where E is the intensity. 

This is much smaller than the value just found for a pyro- 
electric crystal, unless E is very much greater than 100. 

It is easily found that the isen tropic capacity 



h 2 . 

and t- is found to be 
be 


KE 2 f ldK\ 2 _d_ 

4f7r V K dd/ per 

which is quite negligibly small.* 

* Pockels has generalised the theory of Lippmann. The reader is referred to 
Winkelmann's-j Wandbuch, vol. iv. , where a full account of pyro- and piezoelectricity 
will be found, with references to the original memoirs. 




PART II : MAGNETISM 

CHAPTER XIII 

GENERAL ACCOUNT OF MAGNETIC 
ACTIONS 

Natural and artificial magnets — Poles — Mechanical action of poles on 
each other — The two poles have opposite mechanical actions — In a well- 
magnetised bar the poles are near the ends — The two poles always ac- 
company each other in a magnet— The two poles are equal in strength — 

The magnetic action takes place equally well through most media — In- 
duced magnetisation — Magnetisation can take place without contact — 
Retentivity and permanent magnetism — The earth is a great magnet — 
Magnetisation induced by the earth — Methods of magnetisation — Single 
touch — Divided touch — Double touch — The electro-magnetic method — 
Electro-magnets — Ball-ended magnets — Horseshoe magnets — Compound 
magnets — Distribution of magnetisation — Consequent poles — Magnetisa- 
tion chiefly near the surface — Saturation and supersaturation — Preserva- 
tion of magnetisation — Armatures — Portative force — Nickel and cobalt 
magnets — The magnetic field — Lines of force — Mapped by iron filings. 

Natural and Artificial magnets. Magnetite, a mineral found 
in various parts of the world, having the composition Fe 3 0 4 , has been 
known for ages to possess the property of attracting small pieces of 
iron. It was found by the ancients near Magnesia, in Lydia, and from 
the locality, probably, the Greeks gave it the name /aayvris, whence 
we derive the name magnet. A piece of the mineral exhibiting 
the attractive property is now called a “ natural magnet,” to 
distinguish it from the steel magnets which are made by processes 
described hereafter. 

If a natural magnet is dipped in iron filings it is usually found 
that the filings cling in tufts, chiefly about two points at opposite 
ends of the specimen, and if the magnet is suspended so that the 
line joining these two points is horizontal, this line will in this 
part of the world set nearly North and South, and from this 
directive property the mineral acquired the name u lode-stone,” 
that is, way-stone. 

If a bar of steel is stroked in one direction with one end of a 
natural magnet, the bar itself becomes a magnet, acquiring the 
property of attracting iron filings, and the tendency to set North 

165 
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and South when freely suspended horizontally. Such a bar was 
formerly termed an artificial magnet. 

In describing the fundamental phenomena we shall suppose 
that we are dealing with steel magnets. Natural magnets are now 
mere curiosities and have not been usefully employed since the 
eighteenth century. The prefix “ artificial 11 has long ceased to be 
applied to steel magnets. 

Poles. The two ends of a magnetised bar round which the 
attractive properties are exhibited are termed its poles. The end 
setting towards the North is termed the North -seeking pole, the 
other the South-seeking pole, or more shortly the North and the 
South poles respectively. They may be designated by NSP and 
SSP, or more shortly by N and S. The NSP is frequently marked 
on the magnet either by a cut across it, or by N cut in the 
metal. 

Mechanical actions of poles on each other. If we 

suspend one magnet so that it is free to move round on a pivot, 
forming in fact a compass needle, and then present to its poles in 
succession each of the poles of a second magnet, we find that two 
unlike poles attract each other, while two like poles repel each 
other, or : 

NSP attracts SSP and repels NSP and 
SSP „ NSP „ „ SSP. 

The two poles have opposite mechanical actions . Where one attracts 
the other repels, and the actions of the two poles tend to neutralise 
each other. We may therefore call them respectively positive and 
negative, and if we consider a NSP to be positive, we must consider 
a SSP to be negative. 

Position of poles. In a well-magnetised bar the poles are 
near the ends . For, on dipping the bar into iron filings, we find 

N S 


N S N s 

Fig. 108 . 

that the filings cluster chiefly about the ends, and hardly adhere 
at all near the middle. But though we speak of the poles of a 
magnet we must remember that they are not definite points, but 
rather regions, in general near the ends of the magnet. 

The two opposite poles always accompany each other 
on a magnet. If we break a magnetised knitting needle, for 
instance, we do not isolate the two poles, for two new poles are at once 
developed at the broken ends, as in Fig. 108, so that each fragment 
becomes a complete magnet with its opposite poles. All experi* 
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ments go to show that it is impossible to obtain one kind of pole 
alone on a magnet. 

TIl© two poles are equal in strength — that is, they 
exert at equal distances equal forces respectively of attraction and 
repulsion. This may be proved by bringing up a magnet to a 
compass needle, the magnet being held vertically with its centre 
on a level with the needle, Fig. 109, and its poles N and S equidistant 
from the pole n. The two forces then have a vertical resultant, 
as will be seen from Fig. 110, and the compass needle is not 
deflected in the horizontal plane, but only tends to dip. 



Fig. 109. Fig. 110, 


Another proof of this equality is given by the fact that a bar 
of steel weighs the same before and after magnetisation. In the 
latter case it is acted on by the earth's magnetisation, but with 
forces at the two ends equal and opposite, and therefore at most 
only forming a directive couple. The forces being equal, we 
conclude that the poles are equal. 

The magnetic action takes place equally well through 
most media within the limits of our powers of observation. If, for 
instance, a magnetised needle is suspended so as to set North and 
South and a magnet is brought near it as in Fig. Ill, the needle is 


n 



i i 


Fig. ill. 

deflected with the North-seeking pole towards the East. The deflec- 
tion is still the same if a screen of wood or cardboard or brass be 
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interposed. There is, however, one striking exception. If the 
screen is iron and is of sufficient extent the deflection diminishes, 
the action of the magnet being screened off by the iron from the 
space beyond. 

Induced Magnetisation. A piece of iron brought into 
contact with a magnet becomes itself a magnet by induction , the iron 
being magnetised in such a manner that the end of it in contact 
with the magnet is a pole of the kind opposite to that with which 

it is in contact, while the other 
end of the iron is a pole of the 
same kind. The adherence of the 
iron to the magnet is explained 
by the formation of the unlike 
pole, while the existence of the 
like pole at the further end may 
easily be tested by means of a 
suspended compass needle. 

Several pieces of iron may 
thus be hung one below the other 
from a magnet pole, each mag- 
netising the next below it, unlike 
poles being together and the last 
pole being like the inducing pole 
of the magnet, as in Fig. 112. 
The NSP of the last piece of iron 
repels the NSP of a needle. 
This magnetisation can take place 
without contact , a given pole inducing a pole of the opposite kind to 
itself in the nearer part of the piece of iron in which the induction 
occurs, the further part having a pole of the same kind. This may 
be shown by placing a compass needle near one end of a bar of iron 
and then bringing a magnet up near the other end, as in Fig. 113, 
say with the NSP towards the bar : the NSP of the needle is re- 
pelled, showing that a NSP is induced in the part of the bar more 

N S N S 
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FlO. 113. 

distant from the magnet. If the compass be moved along a line 
parallel and near to the bar it will be found that the NSP is 
attracted by the part of the bar nearer to the inducing magnet, 
which is therefore a SSP. 

we *fing a piece of unmagnetised iron near a compass needle, 
either end of the needle is attracted. This is an example of 
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magnetisation by induction, the needle pole inducing in the near 
part of the iron an unlike pole by which it is attracted, the like 
pole by which it is repelled being at a greater distance and there- 
fore not having so much effect. 

Retentivity and permanent magnetism. With a soft 
iron bar the induced magnetisation usually disappears on with- 
drawal of the inducing magnet, but if the bar is of steel more or 
less magnetisation remains permanently. This quality of retaining 
magnetisation after the removal of the inducing magnet is termed 
retentivity , and the magnetisation so retained is termed permanent 
magnetism . In general the harder the steel the greater is its 
retentivity, while the more nearly it approaches soft, pure iron the 
less is its retentivity. The highest degree of retentivity appears 
to be possessed by steel containing a certain proportion of tungsten, 
and called magnet steel. 

If we wish to determine whether a given bar possesses permanent 
magnetism, i.e. whether it is a magnet or not, we may bring up 
the two ends in succession near to one pole of a suspended compass 
needle. If the bar is magnetised in the usual way, one end or the 
other will be a pole like that of the needle to which it is presented, 
so that in one case repulsion will ensue. If, however, it is un- 
magnetised both ends will attract the same pole of the compass 
needle, for by induction an unlike pole will in each case be formed 
in the nearer part of the bar, and by this it will be attracted. 
Frequently with a weakly magnetised bar we may observe repulsion 
of a pole by one end of the bar when at some distance from the pole, 
and this changes to attraction at a small er distance. W e may ascribe 
this change to induction. At a small distance the pole of the 
compass needle acts by induction, forming in the nearer part of the 
bar a pole unlike itself and so strong as to mask the effect of the 
like pole by which it was previously repelled. 

TJhe earth, is a great magnet. The tendency of a 
horizontally suspended magnet to point towards the North led to 
the invention of the compass, which was introduced into Europe 
about the twelfth century, probably from China, where it had been 
used for many hundreds of years. At first it was supposed to 
point towards the Pole Star, but as early as 1£69 Adsiger dis- 
covered that the needle did not point exactly North.* Columbus 
in voyaging across the Atlantic in 1492 again discovered that the 
compass needle was deviated from the geographical North, and by 
different amounts in different longitudes. This deviation is termed 
the “variation” or “declination.” In 1576 Norman discovered 
the “dip.” He found that if a needle was suspended through its 
centre of gravity it dipped with its North end downwards through 
an angle of 71° 50 / with the horizontal at London.t 

* Encyc. Met. — Magnetism , p. 737. _ 

f Hartmann had previously discovered the tendency to dip, but did not 
publish the discovery. See Dove’s Repertorium der PhysiJc, ii. (1838). 
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In 1600 Dr. Gilbert, of Colchester, published his great book 
De Magnete , containing an account of experiments which founded 
the science of Magnetism and Electricity, and in this work he 
pointed out that the behaviour of the compass needle could be 
explained on the supposition that the earth is a great magnet, 
somewhat irregularly magnetised so that it cannot be supposed to 
have poles merely coincident with the earth’s poles. He used a 
spherical lode-stone as a model, and showed that near the surface 
a small needle exhibited the tendency to point towards the pole. 
He showed further that it dipped in one way in one hemisphere 
and in the other way in the other hemisphere, that it was perpen- 
dicular to the surface at the two poies and parallel to the surface 
round the equator. 

It must not be supposed that there are definite magnetic poles 
in the earth, but rather that there is a region of South-seeking 
polarity in the Northern Hemisphere towards which the NSP of a 
compass points, and a region of North-seeking polarity in the 
Southern Hemisphere. These regions are not round but near the 
geographical poles. There is one point in each hemisphere at 
which a magnetised needle free to move about its centre of gravity 
dips vertically downwards. That in the Northern Hemisphere has 
been visited several times and is situated about 70° N latitude and 
97° W longitude, and there the NSP is downwards. That in the 
Southern Hemisphere was visited in 1909 and is situated about 72° 
S latitude and 155° E longitude. The positions of these points 
show that the earth is not magnetised symmetrically. 

It is very important to observe that the earth's action on 
magnets is directive only. The two poles of any ordinary magnet 
may be regarded as practically at the same distance from a pole of 
the earth, and therefore they will be acted on by equal and opposite 
forces by that pole. The resultant action of the two poles of the 
earth thus being a couple is directive and does not tend to move 
the centre of gravity of a magnet. 

Magnetisation induced by the earth. Not only is the 
magnetisation of the earth sufficient to direct magnetised needles, 
but it produces quite considerable induced magnetisation. If in 
this part of the world a poker be held upright and struck sharply 
the lower end becomes a NSP and the upper a SSP, the polarity 
acting strongly on a compass needle. If the poker be reversed 
and again struck, the magnetisation is quickly reversed, and what 
is now the lower end becomes a NSP. Any iron lying more or less 
in the general direction of the dipping needle is thus magnetised 
by induction, as, for instance, the front plates of iron fire-grates 
or iron gas-pendants. Iron ships are magnetised by the earth and 
their compasses are affected seriously by this magnetisation. The 
deviation of the compass thus produced must be allowed for. 

Methods of magnetisation. Various methods have been 
devised to magnetise bars of steel by stroking them with magnets. 
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They are all modifications of three, called respectively the methods 
of single, double, and divided touch. In our description we shall 
assume that the object is to make flat bar magnets, and it appears 
that good dimensions for such magnets are on the scale — length 
10 to 15, breadth 1, depth 

Single touch. The bar to be magnetised is rubbed several 
times in the same direction by one pole of the magnetising magnet, 
which is moved parallel to itself either at right angles to the bar 
or inclined as shown in Fig, 1 14, the course of the magnet being 



indicated by the solid line, the dotted line indicating the return 
journey at such a distance from the bar that the magnet has no 
appreciable influence on it. 

The probable action of the process is that when the N pole of 
the magnetising magnet is put on the end of the bar to be mag- 
netised it induces a SSP at a immediately under it and North- 
seeking polarity chiefly on the other side, Z>, but also at the more 
distant parts of the bar and at the other end, c. But as N moves 
along the bar it carries along with it the SSP originally at a, while the 
NSP at b moves round to occupy the whole of the end N', and the SSP 
carried to the other end neutralises the weak North-seeking polarity 
already there. Repetition with the same magnet somewhat in- 
creases the effect, but if a magnet weaker than that employed at 
first be substituted in the repetition it partially demagnetises the 
bar. The process is unsatisfactory, inasmuch as it does not lead 
to strong magnetisation or to symmetrical distribution. It may 
be somewhat improved by beginning with, say, the N magnetising 
pole in the middle of the bar and drawing it along to the end. 
The magnetising magnet is then turned over and the S magnetising 
pole is drawn from the middle to the other end. It is best in this 
last process to slide the one over the other as indicated in Fig. 115. 
But practically the same process may be carried out much more 
effectually by the method of 

Divided toucli. This method was devised by Dr. Knight 
about the middle of the eighteenth century, and he made by it 
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small magnets of very great power. One, for example, weighing 
1 oz. troy, when armed with iron at the two ends so that the weight 
was still under 2 oz., lifted forty-four times its own weight. The 
method is especially applicable to compass needles or short bars. 
Two magnets are used and are placed with their unlike poles 
initially as close together as possible, and the needle or bar is laid 

~si nr > ~ si 
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S' 

Fig. 115. 

under them as in Fig. 116, and fixed by a button. The two magnets 
are then gradually drawn apart till their ends slide off the bar, 
leaving the bar magnetised as indicated in the figure. The two 
magnetising poles are again brought together or near each other, 
and then brought down on the middle of the magnet, and the 
process is repeated three or four times. The bar is then turned 
over and the same number of operations repeated on the other 
face. The explanation of fhe magnetisation is obvious. The 

’ button, 
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Fig. 116. 


method of divided touch requires in general more powerful magnets 
than the following method, known as that of 

Double touch.. In this method the magnetising system 
consists of two unlike poles, NS, which are kept a constant distance 
apart. A horseshoe magnet may be used, or its equivalent, two bar 
magnets with a piece of wood between their lower poles, their 

upper poles being united by soft 
iron, Fig. 117. If one bar is to be 
magnetised, the magnetising poles 
are brought down on to the middle 
of it and moved to and fro several 
times, each half being traversed the 
same number of times. They are 
— — § then withdrawn from the centre. 

1 If several bars are to be magnetised 

they may be laid end to end and 
treated as one bar. After several 
journeys of the magnetising poles the end bars are brought into 
the middle and the process is continued until all the bars have 
thus been in the middle. 


S 


Fig. 117. 
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These methods of making magnets give interesting illustrations 
of magnetisation by induction, but they are now little used 
except sometimes for compass needles and for the needles used m 
the determination of the dip of the earth’s magnetic force, m which 
case the divided touch is employed.* They are for general purposes 

entirely superseded by „ . f 

The electro-magnetic method. In this method a coil ot 
wire is wrapped round a hollow cylinder, forming what is termed 
a solenoid, the bar to be magnetised is inserted in the cylinder, and 
a strong electric current is passed through the com When the 
current is broken and the bar is withdrawn it is found to be 

ma & F,l ectro-magnets. The electro-magnetic method is not 
only useful for thus making permanent magnets by the inser- 
tion of bars and their withdrawal when magnetised. It a coil 
of wire car rying a current surrounds an iron core that core is 
a powerful magnet while the current is running, though on the 
stoppage of the current the magnetisation in general tails oft very 
greatly. By far the strongest magnets are made by some such 
arrangement as that represented in Fig. 118, where the two limbs 



Fig. 118. 


consist of soft iron surrounded by coils through which a current 
may be passed, the limbs being joined by a soft iron cross-piece as 
the base. With a strong current passing round the two limbs 
from inside to outside in both limbs as seen from the front, 
or in the opposite direction in both, the ends of the soft 
iron become exceedingly strong poles, far stronger than can be 
obtained in permanent magnets of steel. It is to be observed, 
however, that the magnetism only maintains its great strength 
while the current is passing. 

* A full account of the methods used before the introduction of the electro- 
magnetic method will be found in the Library of Vtefvl Kiumhdge, article 
Mcqnetism, chap. v. (1832). 
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Horseshoe magnets. For purposes in which the two poles 
are required close together, steel magnets of the horseshoe form 
are often convenient. Bars of this shape may have their length 
greater in proportion to breadth and thickness than straight bars, 
and they may be conveniently magnetised either by the electro- 
magnetic method, a coil being placed on each limb, or by the 
method of double touch after connecting the two ends by a soft 
iron cross-piece. 

Compound magnets. Very powerful “ compound ” magnets 
are often formed by building together a number of single bars or 
horseshoes magnetised separately. This method is not so much 
used now as formerly, when it was difficult to get thick bars of 
homogeneous steel. 

Distribution of magnetisation. If a straight bar magnet 
is very carefully magnetised the magnetic action appears to radiate 
from very near the ends, and at some distance from the bar the 
resultant action is very nearly the same as if the poles were actual 
points within the bar and near the ends. The thinner the bar in 
comparison to its length, the nearer are the poles to the ends. If 
the bar has dimensions, say, 10x1 X - J-, then the poles may perhaps 
be considered as an eighth or a tenth of the length from the ends. 
This is, however, only an approximation. If we imagine an ideal 
magnet as consisting of a very fine wire or fibre, with its poles 
actually at the two ends, then any real magnet may be regarded as a 
bundle of such fibres of unequal lengths. If the magnet is well 
made the fibres will have their middle points at the middle of the 
bar so that the magnetisation is symmetrically distributed, and the 
greater number will be of nearly the same length as the bar. 

Ball-ended magnets. Balls of steel or soft iron are bored 
and are put one on each end of a steel rod which is magnetised. 
The force is directed very much more nearly to a definite pole at 
the centre of the ball than in other magnets.* 

Consequent poles. If there is any irregularity in the 
stroking of a bar in the process of magnetisation — as, for example, 
magnetising it first in one direction and then in the other — 
consequent poles may be developed, i.e. poles of the same kind may 
be formed together within the bar. We may easily obtain a 
knitting needle magnetised as in Fig. 119, each end being North- 
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Fig. 119. 

seeking, two consequent South-seeking poles occurring somewhere 
between them. 

Magnetisation chiefly near the surface. The per- 

* Searle, Comb . Phil. Soc. Proc. 9 12, p. 27, 1903. Ball-ended magnets were 
devised by Robison in the eighteenth century, but had been entirely forgotten 
tin they were re-invented by Searle. 
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manent magnetisation is usually near the surface of a bar, for if the 
surface layers be dissolved away by nitric acid the inner core will be 
found to be nearly unmagnetised. Or if a steel tube with a steel 
core be* magnetised the core on removal is only slightly magnetised. 

Saturation and supersaturation. It is found that there 
is a limit to the magnetisation of a given bar, depending on its 
composition, temper, and shape. When the limit is reached .the 
bar is said to be saturated. Just after being magnetised the bar 
is frequently found to have attained a degree of magnetisation 
greater than it can permanently retain, and it is then said to be 
supersaturated. The supersaturation disappears in time if the bar 
is left to itself, and rapidly if it is shaken. 

Preservation of magnetisation. Armatures. A single 
magnet falls below even the normal saturation in course of time, 
especially if subjected to rough usage. To preserve the magnetisa- 
tion it is usual to keep bar magnets in pairs with their like poles 
turned in opposite ways, cross-pieces of soft iron termed armatures 
connecting the unlike poles. Horseshoe magnets are provided 
with a single armature connecting the poles. The armatures have 
poles developed by induction as marked in Fig. 120, and each pole 


Fig. 120. 

being faced by an unlike pole, they are supposed to tend to 
strengthen rather than to weaken each other. 

Mr. Hookham * has found that if a bundle of bar magnets has 
large soft iron 46 pole pieces,” Fig. 121, 
fixed on the ends, the surfaces of the pole 
pieces being separated only by a very 
small air space, the horseshoe magnet 
which is thus virtually formed retains its 
magnetisation indefinitely without an 
armature. 

Long thin bars retain their mag- 
netisation much better than short thick 
ones. 

Portative force. Experiments have 
been made to find a general formula for Fig. 121. 

the weight which a horseshoe magnet 

can sustain, or rather the force which is required to pull away its 
armature. Hacker gives 

* mil. Mag., [5], vol. xxvii, p. 186. 
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W = a 

where m is the weight of the magnet W, the weight just sufficient 
to detach the armature, and a a constant for a given quality of 
steel, the magnet in each case being in the state of normal 
saturation. 

Inasmuch as a differs very widely with the quality of steel 
employed, the formula has little general value, but it may be., 
pbinted out that for magnets of similar form and of the same 
quality it is equivalent to 

W x x J», 

where l is a linear dimension, say the breadth ; in other words, W is 
proportional to the cross-section. 

Nickel and cobalt magnets. While iron is pre-eminent 
in its magnetic properties, all bodies, as we shall see in Chapter 16, 
give signs of polarity under magnetic induction, though in general 
so slight that the polarity can only be observed easily in 
exceedingly strong fields such as are produced by powerful 
electro-magnets. There are, however, two other metals, nickel and 
cobalt, which, though far less magnetic than iron, still show very 
appreciable polarity under induction. Pieces of these metals will 
fly to, and be held on by, a strong pole. 

They may be very appreciably magnetised by insertion within 
a magnetising coil and they exhibit some retentivity, nickel, 
especially when hardened, more than cobalt. It has been found 
possible to make a compass needle of hardened nickel. 

The magnetic held. When we consider the space round a 
magnet in connection with the magnetic actions which may be 
manifested in it, we term the space the “ field ” of the magnet. 

If we place a magnet on a table, a small compass needle also 
placed on the table tends to set in a definite direction in the field. 
Its NSP is acted on by a force which we may regard as the resultant 
of the repulsion of the NSP and the attraction of the SSP of the 
magnet. We shall suppose that the needle is very small, so 
small that its poles may be taken as equidistant from the magnet 
poles ; then its SSP is acted on by the resultant of the attraction 
of the NSP and the repulsion of the SSP of the magnet, and these 
two forces are respectively equal and opposite to those on the NSP. 
Then the two resultants are equal and opposite, and a couple acts 
on the needle. It therefore sets with its axis in the direction of 
the resultant forces on the poles. If it is disturbed from this 
equilibriuni position the couple tends to restore it, and if left 
to itself it will vibrate more or less rapidly according to the 
magnitude of the force on either pole. In fact, the needle 
is a kind of double magnetic pendulum with opposite pulls 
on the two ends, and just as the time of vibration of a given 
gravity pendulum is inversely as the square root of the force of 
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gravity, so the time of vibration of the compass needle is inversely 
proportional to the square root of the force due to the magnet 
acting on either pole. Hence by moving the needle about we 
may investigate the direction of the force on a pole at any point 
by the direction of the axis, and we may compare the value of the 
force at different points by observing the time of vibration. 

Lines of force. If a curve is drawn in the magnetic field so 
that at every point of the curve its direction coincides with that 
of the magnetic force on a North-seeking pole placed at the point, 
the curve is called a “ line of force.” It is to be regarded as having 
for its positive direction that in which a North-seeking pole would 
tend to move, and the opposite direction is negative. 

If, for instance, the line of force is in a horizontal plane and a 
small compass needle is laid at a point in it, the needle will be a 
tangent to the curve, and we must think of the line of force as, 
coming in to the SSP of the needle and going out of the NSP. 

We may trace a line of force in a horizontal plane by laying a 
magnet on a table and then moving a small compass needle in its 
field so that its centre is always travelling in the direction of its 
length. 

What the compass needle shows in the horizontal plane would 
be shown all round the magnet in other planes if we could suspend 
a needle so that it was free to move in any direction round its 
centre of gravity. 

Lilies of force mapped by iron filings. There is a very 
simple and beautiful method of exhibiting these lines of force in 
the horizontal plane through the magnet by means of iron filings. 

The magnet is laid on or under a sheet of smooth cardboard, 
and the card is sprinkled with iron filings. The filings are 
elongated fragments of iron* and owing to the inductive action of 
the magnet each filing becomes a little magnet and tends to set 
with its longer axis in a line of force. The friction, however, 
prevents immediate setting. If the card is gently tapped the 
filings are thrown up a little from the card, are momentarily 
relieved from friction, and so are pulled into the lines of force. 
They thus map out the direction of the lines. ^ 

Fig. 122 shows the general course of the lines of force round a 
.single bar magnet. • 

It is important to notice how the lines of force starting from 
the NSP curve round and enter the SSP. They start mostly from 
near the end, and where they are most crowded the frequency of 
vibration of a compass needle shows that the force there is strongest. 
Near the middle of the magnet few lines issue or enter, and there 
the force is less. As the lines issuing from the pole pass outwards 
they diverge, and a needle shows by its diminishing frequency that 
the force diminishes as the lines diverge. 

Fig. 12S shows the field due to two magnets arranged parallel, 
with their unlike poles near each other. It should be noticed in 
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this case how many of the lines issuing from the NSP of one magnet 
enter the SSP of the other. 

Fig. 124 shows the field due to two bar magnets arranged in one 



Fig. 122. 


line with unlike poles towards each other, and it may be noted that 
the mutual induction pulls the two neighbouring poles towards 
each other. 

Fig. 125 is the field due to two bar magnets arranged in one 
line with like poles towards each other, and here we notice that 
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the lines of force from one NSP do not enter another NSP, but as 
it were the two sets repel each other and travel out sideways, each 
set bending round and entering the other end of its own magnet. 
We notice, too, that there is a point midway between the adjacent 
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poles where there are no lines, and a compass needle at that point 
shows no directive force. 

If two bar magnets are placed in line with unlike poles in con- 
tact, then they act very nearly as one magnet with poles near the 
two distant ends, and very little polarity is shown at the junction. 
But if they are separated by a small gap a strong field is exhibited 
in the gap. 

When the course of the lines of force in a field has been traced, 
as in any of the above figures, a compass needle shows us by its 



Fig. 125. 


frequency of vibration that, where the lines crowd together, there 
the action is stronger ; where the lines open out from each other, 
there the action is weaker. We shall see later that the lines may 
be drawn according to a plan such that the number passing 
through a unit area, held so that they pass through it perpen- 
dicularly, serves as a measure of the action. 

We regard the lines of force as symbolising some change which 
has taken place in the field, some action which is going on there, 
an action which is indicated by the setting of a needle and by the 
magnitude of the pulls on its poles. Now we have seen that we 
always have the two poles on the same bar and that the lines of 
force leaving one end of the bar in general bend round and enter 
the other, and above all we have seen that if we break a magnet 
in two and slightly separate the broken ends, or if, as equivalent 
to this, we slightly separate two magnets as in Fig. 1£4, then 
there is a strong field between the two ends. These facts 
lead, to the irresistible conclusion that the lines of force pass 
through the magnet, that the inside of the magnet is as it were 
the origin of the action, and that the polarity over its ends is 
merely the manifestation at the surface of what is going on within ; 
or, putting the same idea in another form, the polarity is due to the 
passage of the lines of force from the steel into the air. ^ The lines of 
force * are to be regarded as continuous closed curves issuing from 

* In a later chapter we shall see that it is convenient to introduce a term to 
denote the alteration due to magnetic action taking place in the field, and the 
term used is “ induction.” The lines which are continuous, and which form 
closed curves, are really lines of induction. But in attempting to get a general 
idea of the subject it is sufficient to use the idea of the lines of force which are 
exhibited so directly by experiment. 
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the NSP, bending round through the air, entering the SSP, travel- 
ling through the steel body of the magnet, and joining on at the 
point of issue. The condition symbolised by the lines of force is 

somehow maintained by what goes 
on in the body of the magnet. 

We may roughly illustrate the 
idea of continuity by imagining a 
number of steel flexible rings of 
different sizes a, S, c, d, e , f 9 bound 
together along NS as in Fig. 126. 
The part where they are bound 
together represents the magnet, the 
region where they bend round repre- 
sents the field in air. 

Magnetisation by indue- 
fig. 126. tion. Permeability. We may 

use the filing method to show some- 
thing of what is going on in magnetisation by induction. If a piece 
of soft iron is placed in a field — for instance, in the field between two 
unlike poles as in Fig. 127 (a ) — and the field thus produced is com- 
pared with that when the soft iron is removed, Fig. 127 (6), it is 
seen that the lines from N bend round and enter the iron as if they 







Fig. 127. 


found it easier to go through the iron than through the air. Where 
they enter the soft iron the passage from air to iron is manifested 
by a SSP ; where they leave, the iron at the other end the passage 
into air is manifested by a NSP. But the idea to be dwelt upon is 
that the iron forms an easier passage for the magnetic action — is, 
as Faraday put it, a better conductor — than the air, or, as we now 
say, using terms introduced by Lord Kelvin, is more “ permeable,” 
or has greater u permeability.” 




CHAPTER XIV 


GENERAL ACCOUNT OE MAGNETIC 
ACTIONS — -continued 

Relation between magnetisation and the magnetising force producing 
it — The hysteresis loop — Susceptibility and permeability — Magnetisa- 
tion and temperature — Permeability and temperature — Change of length 
on magnetisation — Magnetisation and strain* 

In this chapter we shall give some account of certain less obvious 
phenomena of magnetism, which for their complete discussion 
require a knowledge of the methods of magnetic measurement. 
But without quantitative details a general idea of the phenomena 
may be obtained* and this general idea will be valuable when we 
come to the more exact investigations of magnetic quantities in 
later chapters. 

Relation between magnetisation and the mag- 
netising force producing it. Without entering into detail 
we shall now give a short account of the relation between the 
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magnetisation in iron and the magnetic force by which the 
magnetisation is produced, and we shall suppose that we use the 
electro-magnetic coil method of producing it. We have already 
seen that a coil carrying a current is itself a magnet. If Fig. 128 
represents the section of such a coil by a plane through its axis, 
the course of the lines of force may be investigated by inserting a 
card with iron filings on it, and they are somewhat as represented 
in the figure. The lines of force are practically parallel within 
the coil except near the ends. They diverge as they pass out from 
one end and converge as they come in at the other. If we turn a 
screw round so as to travel along the lines of force inside the coil 
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in their positive direction, the direction of flow of the current in 
the coil must be that in which the head is turned round. If the 
current be reversed, the magnetisation is reversed. The force on a 
pole inside the coil is proportional to the current. 

Now let us imagine that two equal coils, or solenoids, A and B, 
are arranged as in Fig. 129 so that the same current flows in 
opposite directions round them. Let a small needle be placed mid- 
way between the near ends. It will be at a neutral point — that is, 
a point where the two coil magnets neutralise each other — and if 


N 

A B 



the coils are placed East and West the needle will set N and S 
under the earth’s force which is perpendicular to the common axis. 

Now let a bar of iron be placed within A. When the current 
is put on, the bar at once becomes a magnet and there is nothing 
on the other side, B, to counteract its magnetic action on the needle, 
which will therefore be deflected and by an amount which will 
indicate the magnetisation of the bar. We shall here assume that 
the magnetisation is proportional to the tangent of the angle of 
deflection, and that the magnetising force producing it is due to 
the current in A and is proportional to that current, B being so far 
away as to have no appreciable action. 

Imagine that we make a series of measurements of magnetising 
force as given by the current and of the accompanying magnetisa- 
tion as given by the deflection of the needle, gradually increasing 
the current from zero to a large value, and let the magnetisation 
be plotted against magnetising force on a diagram. The general 
nature of the result is indicated in Fig. 130. 

The curve of magnetisation, though varying greatly with 
different kinds of iron, shows in general three characteristic parts : 
a part O A for very small magnetising forces, at a very small slope, a 
part A B sloping very steeply, and a part B C tending to become a 
nearly horizontal line for very great forces. These three parts 
change from one to another more or less gradually. 

If, instead of merely increasing the magnetising force indefinitely, 
we take it up to a certain point and then gradually decrease and 
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ultimately reverse it, we find that the magnetisation will in general 
decrease in different ways according to the position of the point P, 



Fig, 131, on the curve representing the condition arrived at before 
decrease. If P is in the straight initial part O A, the magnetisation 
will decrease in proportion to the decrease in the magnetising 
force. But if P is on the upper part of the curve when we begin 



to diminish the magnetising force, the magnetisation for a given 
current on the return journey is greater than it was on the outgoing 
journey, and the magnetisation curve P M now lies above O AP. 
The magnetic condition tends then to persist, and this tendency 
for a preceding magnetic condition to persist is termed magnetic 
hysteresis, a term introduced by Ewing. If the current is brought 
down to zero so that there is no magnetising force, there is still 
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magnetisation retained, represented by 0 M in the figure, and this 
retained magnetisation is the residual magnetism. It measures the 
retentiviiy of the specimen. If the current is now gradually 
increased from zero in the opposite direction the magnetisation 
decreases and will be zero for a certain magnetising force O N in the 
direction opposite to that of the original force. This is termed the 
coercive force. On still further increasing the reversed current the 
magnetisation is reversed. If we cease to increase it at Q and then 
begin to diminish again, hysteresis is shown, and when the current 
is again zero there will be residual magnetisation O M' now in the 
opposite direction to O M. Increasing the current from zero in 
the original direction, we shall travel to a point near P, but a little 
below it, when the original maximum current is reached, and 
repeating the cycle we shall get another curve. After a number of 
cycles the curves obtained for each practically coincide, as we have 
supposed in the figure. The area PMQM'P is termed the 
hysteresis loop . 

The hysteresis curve varies for different specimens of iron and 
steel. Thus for magnet steel O M is not very great, but O N is 
considerable; while for soft iron 0 M may be very great and 
0 N may be small. 

Susceptibility and permeability. The greater the poles 
developed in a bar of iron or steel under a given magnetising force, 
the greater is the susceptibility of the bar to magnetisation. When 

C 


Fig. 132. 

the magnetising force and the magnetisation are suitably measured 
the ratio magnetisation /magnetising force is termed the magnetic 
susceptibilityl(see p. 240). It is usually denoted by at. Without at- 
tending to the scale of measurement we can see that if O A B C, 
Fig. 182, represents the curve of magnetisation, then the curve repre- 
senting the susceptibility will have a form somewhat like that of the 
dotted line. In the first straight line stage O A, the susceptibility 
will be constant. Then in the early part of A B as the curve 
bends round it will rise rapidly, increasing to somewhere near the 
second bend about B and then falling off again. 
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In the last chapter we introduced the idea, of magnetic permea- 
bility as describing the power of conducting the lines of magnetic 
force possessed by a magnetic body. Though permeability is 
connected with susceptibility, it implies a somewhat different way 
of looking at magnetic actions and is not measured in the same 
way. We may realise the difference, perhaps, by considering the 
case of a bar inserted in a magnetising solenoid A B, Fig. 133, and 
placed some distance from a needle N, which it deflects. Before 
the bar is inserted the space A B contains air, and the lines of 
magnetic force due to the electric current in the coil are passing 
along this space and ultimately out into the field, and are deflecting 
the needle N. Let us suppose that N is brought back to its original 
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position by a magnet M placed to the right. Now let the bar be 
inserted. Many more lines of force pass through it than through 
the air which it displaces, and we say that poles are developed on 
the bar. The needle N is again deflected, and we measure the 
strength of the poles or the magnetisation of the bar by the in- 
crease in the lines of force, that is, by the deflection which is due 
to the substitution of iron for air. We do not consider the 
magnetisation of the space A B before the bar was inserted, but only 
the increase when the iron displaces the air. If we inserted an 
equal bar of wood or of glass instead of the iron, the lines of force 
would pass through it practically as through the air and the needle 
would show no appreciable change in deflection or development of 
polarity in the wood or glass. Hence, though they are the seat of 
magnetic action, yet as they only have the same action as air, or 
as a vacuous space, we say that they have no susceptibility their 
^=0. We shall see later that this is not strictly true, for k has 
some small value for so-called non-magnetic substance, but so small 
that we could not detect the poles developed in the experiment 
which we are imagining. 

Susceptibility then depends on the excess of lines of force over 
and above those passing through air. 

Permeability depends on the total number passing through, not 
on the excess. Before the iron is inserted the air carries or conducts 
lines of force, and its permeability is taken as the standard and as 
having value unity. When the iron is inserted many more lines 
of force pass through, and when the number is measured in a way 
to be described later, the permeability, which is denoted by /z, is 
measured by number of lines through iron /number of lines through 
air, when the magnetising current is the same. The susceptibility 
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is measured by the excess and the permeability by the multiplica- 
tion of lines of force. We shall see later that it is convenient to 
adopt such units of permeability jul and of susceptibility k that 

/X = 1 + 4 7T tc. 

We see then that the permeability curve is like the suscepti- 
bility curve, but we must multiply the ordinates of the latter by 
4 7 r and raise the whole curve by 1 to give the former. 

“Permeability” is the more fundamental idea, for it takes 
account of the whole magnetic action going on. “ Susceptibility ” 
is somewhat artificial, but it is convenient to use the term, as k 
is more directly measured in certain methods of experiment. 

Magnetisation and temperature. If we heat a magnet 
to a bright red heat and then cool it, we find that the magnetisa- 
tion has entirely disappeared. If we place a bar of iron or steel at 
a bright red heat within a magnetising coil it shows no suscepti- 
bility, But as it cools to a dull red usually a little below 800° C, 
its susceptibility is almost suddenly regained. If an iron ball 
heated to a bright red is hung by a spiral spring over a strong 
pole it is not attracted, but as it cools a point is reached when it 
is suddenly pulled down to the pole. 

Hopkinson * found that with a certain specimen of iron the 
permeability increased with rise of temperature up to 77 5° C., when 
it was many times the value at ordinary temperatures. A slight 
further rise to 786° sufficed to render it non-magnetic. He called 
the temperature at which the magnetic permeability ceases to be 
more than that of air the critical temperature. The critical tempera- 
ture varies, with different specimens of iron and steel, from 690° to 
870° C. It may be taken usually as not very far from 750° C. 
This sudden change in property is related to other phenomena. 
Goref observed that if an iron wire was heated to redness and 
then allowed to cool, at a certain point a slight elongation Occurred. 
Barrett % observed that if a piece of iron, or, better, hard steel, is 
heated to bright redness and then allowed to cool, at a certain 
point it suddenly glows more brightly. This can easily be 
observed in a dark room. The phenomenon was termed by 
Barrett “ recalescence,” as implying a sudden rise of temperature. 
Hopkinson § measured this rise. He found that a certain piece of 
hard steel, after cooling to 680°, suddenly rose to 7I2°C. and then 
began to cool again, and he showed that the magnetic condition was 
assumed at the same time. No doubt the lengthening observed by 
Gore occurs at the same point. There is then some sudden change 
in the molecular condition of the iron when it passes from the 
magnetic to the non-magnetic condition, or rather when its sus- 
ceptibility disappears and its permeability falls to that of air. 

Permanent magnets and temperature change. If 
a permanent magnet has already been subjected to several varia- 

* Phil. Tram . (1889), A, p. 443. f Pro <>- xvii. (1869), p. 260. 

* t PhU - Jan - 1874. § Proc. P.S., xlv. (1889), p. 455. 
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tions of temperature, to get rid of a sort of temperature hysteresis 
which occurs at first, then subsequent rise of temperature within 
ordinary range results in diminution of magnetisation, but on the 
fall of temperature to the original value the magnetisation increases 
to its original value. This may be easily verified by an experiment 
represented in plan in Fig. 134. A needle, N S, with an attached 
mirror is suspended so as to throw an image on a scale. Two 
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magnets are brought up, one on either side, at such distances that 
they neutralise each other’s action on the needle. They are fixed in 
position. Then one magnet is warmed, say, by bringing up from 
below a beaker of warm water to surround it. At once its 
magnetisation is diminished, and the needle shows by its deflec- 
tion that the cool magnet is the stronger. When the temperature 
is reduced once more to its original value the needle returns to its 
original position. By this arrangement the magnet whose tempera- 
ture is varied is brought quite near to the needle, so that a small 
change in its magnetisation may produce a considerable deflection. 

Ewing* found that if a bar is only very weakly magnetised, then 
rise of temperature produces increase of magnetisation. As the 
bar is more strongly magnetised this increase falls off* and ultimately 
changes sign. In ordinary steel bar magnets the effect is always 
decrease in strength with rise of temperature. 

Permeability and temperature. A large number of 
experiments have been made with different qualities of iron and 
steel to investigate the change of permeability with change of 
temperature.f We shall here only describe the results of some 
experiments of Hopkinson on a specimen of Whitworth mild steel. 

* Magnetic Induction in iron and other Metals , 3rd ed. p. 181. 

f Ewing, loc. cit. chap, viii, gives an account of the fundamental work on the 
effects of change of temperature. A paper by S. P. Thompson on The Magnetism 
of Permanent Magnets ( Joum . Inst. Elect. Eng., vol. 1. p. 80, 1913) gives an excellent 
account of the properties of permanent magnets and their dependence on the 
nature of the steel from which they are made. The effect of temperature on 
magnetisation is described. A bibliography is given. 
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There are two cases to be distinguished, that when the iron is 
in a very weak field comparable with that of the earth, and that 
when the field is very much stronger. 

With the weak field it will be observed that the permeability 
increases enormously up to nearly 735° C. and then suddenly drops 
apparently to that of air. With a field about ten times as great it 
is at first more considerable, remains nearly constant for a time, 
but drops gradually after 600° to the air value at 735° C. With 
a field one hundred times as great it begins at the same value as 



Fig. 135.* 


with the weak force, remains practically constant to 500°, and then 
falls off to the condition of, apparently, no susceptibility at 735° C, 
Subsequent researches, which will be referred to in Chapter XXI I j 
have shown that the permeability does not fall quite to that of air’ 
Change of length on magnetisation. Joule f was the 
first to observe that a bar of iron changes its length on magnetisa- 
tion. He placed the bar or rod to be experimented on within a 
magnetising coil with its lower end fixed and its upper end pressing 
against a lever. This in turn pressed against a second lever, of 
which the free end moved in the field of a microscope. One 
division of the microscope scale corresponded to about 1 /1 40000 
of an inch. The rod was 36 inches long, and he observed leno-then- 
i'ng, increasing with the magnetisation, up to twenty-eioht divisions 
or 1/180000 of the length. He used only comparatively small 
magnetising forces, and as far as he went the lengthening" was as 
the square of the magnetising force. Joule further sought to 
measure any change in the total volume of the iron by immersing 
the rod in a tube filled with water and provided with a stopper 

* Hopkinson, Phil. Trans. A . (1889), Plate 16. 

y Scientific Papers, i. p. 235. 
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through which a capillary tube passed. A change in volume 
of 1 in 4,500,000 would have been shown, but no motion of the 
end of the liquid in the capillary was observed. * 

Many others have worked on this subject, but we owe our most 
exact knowledge to Bidwell, who showed that as the magnetising 
force increases, the lengthening reaches a maximum, decreases to 
zero, and is followed by a shortening. Bidwell worked with both 
rods * and rings. His method of carrying out the rod experiment 
will be seen from Fig* 136. The solenoid was fixed on the rod to 



Fig 136. 


avoid alteration in the pressure of the rod against the base due 
to the attraction between the solenoid and the rod a source pi 
considerable error when such small changes of length are to be 
observed. The apparatus for multiplying the change of leng 
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The results for cobalt and nickel rods are also given. It will 
be observed that the greatest lengthening in iron is about two in 
a million, while* the ultimate shortening approaches seven in a 
million. The behaviour of cobalt is just the opposite to that of 
iron, while nickel contracts always and is much more affected than 
either of the other metals. In Rapports au Congres International 
de Physique , vol. ii. p. 536, there is an account of the work done 
on this subject. It has been found that there is an increase in 
volume on magnetisation of the order of 1 in 10 6 for a field of 
1000 in iron and steel, and an increase somewhat less in nickel. 

Stress and magnetisation. When a body either pre- 
viously magnetised or under the action of a magnetising force is 
subjected to stress, the magnetisation is affected by the stress. 
We shall here only give a short account of two cases, referring the 
reader for a fuller treatment of this very complicated subject to 
Ewing's Magnetic Induction in Iron and other Metals , chap, ix.* 

Matteucci discovered that if a bar of magnetised iron “is 
pulled lengthwise ” its magnetisation was increased. Villari found 
that the nature of this effect depends upon the degree of magnetisa- 
tion. If the bar is weakly magnetised, then the effect of a pull is 
to .increase the magnetisation as Matteucci observed, but if the bar 
is strongly magnetised the pull decreases the magnetisation. That 
is, after a certain point in the magnetisation the effect is reversed. 
This is known as the Villari reversal Comparing this with the 
effect of magnetisation on change of length, we note that there is 
a reciprocity. Weak magnetisation lengthens a bar. Lengthening 
a weakly magnetised bar increases the magnetisation. Strong 
magnetisation shortens a bar. Lengthening a strongly magnetised 
bar decreases, while shortening increases, the magnetisation. 

It may be noted here that with nickel and cobalt bars the 
reciprocal effects also hold. Thus nickel shortens, whatever the 
value of the magnetising force, and reciprocally a longitudinal pull 
leads to diminution of magnetisation. Weakly magnetised cobalt 
shortens, and a pull diminishes the weak magnetisation. Strongly 
magnetised^ cobalt lengthens, and a pull increases the strong 
magnetisation. These reciprocal effects are illustrations of recipro- 
cities which are continually met with in physical phenomena. They 
are dealt with in J. J. Thomson's Applications of Dynamics to 
Physics and Chemistry . 

Lord Kelvin, f who was the first to investigate these effects of 
stress with requisite exactness, pointed out that we may regard a 
pull on a bar in a weak magnetic field as increasing its permeability, 
and a push as decreasing its permeability. In a strong field the 
change of permeability is reversed. 

* For earlier work see Wiedemann’s Galvanismus, epitomised in Bncyc, Brit., 
9fck ed.. Magnetism, p. 253. Later work and references will be found in Ewing 
(foe. cit.), who has himself largely contributed to the exact study of the subject. 

f Math, and Phys. Papers, vol. ii. p. 332. 
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The second case which we shall consider is one discovered by 
G. Wiedemann. If an iron wire is carrying an electric current, then 
the lines of force are circles round the axis of the wire and the 
wire is circularly magnetised, but as the lines of force are complete 
within the wire, the iron does not produce an external field. But 
Wiedemann found that if the wire is twisted it becomes longitu- 
dinally magnetised. If the current is flowing down the wire and 
the lower end is twisted so that the front part moves from right to 
left, that lower end becomes a NSP. Suppose that the s<jt$gre 
A B C D represents the unsheared form of a piece of the mefsSjin 
the front part of the wire, AD being parallel to the axis 



wire and the direction of the current. The magnetising force Jti due 
to the current will be perpendicular as to A D. Now let the wire be 
twisted so that CD moves to the left relatively to A B. This 
shear may be represented by a lengthening of the diagonal A C 
and of all lines parallel to it, and a shortening of the diagonal 
BD and all lines parallel to it. With weak magnetisation the 
permeability is increased along A C, and is decreased along B D. 
The magnetising force due to the current is still H. Resolve it 
into H x parallel to AC, and H 2 parallel to D B. These are each 
inclined at 45° to H, and are equal. But H x , acting in a direction 
of greater permeability, produces stronger magnetisation along A C 
than H 2 produces along D B. The resultant magnetisation, there- 
fore, has a component downwards. For if M x M 2 represent these 
magnetisations, their resultant M slants down. Hence the lower 
end of the wire has a NSP. 

Again we have a reciprocal effect. If the wire be magnetised 
longitudinally and a current be passed along it, then the lower end 
twists round. 

We might expect that with strong magnetising current these 
effects would be reversed owing to the Villari reversal , but so far 
they have always been found to be in the direction described, 
perhaps because the intensity of magnetisation has not reached 
t he critical point. 




CHAPTER XV 


MOLECULAR HYPOTHESIS OF THE 
CONSTITUTION OF MAGNETS 

Molecular hypothesis — Ewing’s theory and model — Dissipation of 
energy in a hysteresis cycle — Temperature and magnetisation — 
Attempts to explain the constitution of molecular magnets. 

Molecular hypothesis of the constitution of magnets. 

The fundamental phenomena of magnetisation receive an explana- 
tion on the hypothesis that the molecules of iron and steel are 
themselves small permanent magnets, capable of being turned 
round their centres. This hypothesis was first propounded in 
definite form by Weber.* It has since been developed by 
G. Wiedemann, Hughes, Maxwell, and above all by Ewing.-j- 

In the eighteenth century Aepinus supposed that magnetism 
consisted of two fluids with opposite properties, uniformly mixed 
in an unmagnetised bar, and that one was pulled to one end and 
the other pushed to the other end under a magnetising force. 
Coulomb and others supposed that the separation went on in each 
molecule separately, and this was the first step in the molecular 
hypothesis. Poisson developed it in this form and investigated its 
mathematical theory. But Weber gave it a new form, now univer- 
sally adopted, in supposing that each molecule of iron or steel, or at 
least each molecule which contributes to the magnetic condition, is 
itself a permanent magnet, with definite polarity, and capable of 
rotation about its centre. No attempt was made to account for 
the magnetisation of the molecules, so that the hypothesis attempts 
to give an account of the structure of a magnet as built up of smaller 
magnets in a particular way, and does not in any way explain 
magnetism. 

According to Weber, the axes of these molecular magnets in 
an unmagnetised bar are pointing equally in all directions, as 
represented in Fig. 139, so that in any space small compared with 
the whole magnet, but large compared with that occupied by a single 
molecule, an equal fraction of the whole number of molecules will 
point in every given direction, and so neutralise each other’s external 
* Pogg, Ann. Ixxxvii. (1852), p. 145. 

t Ewing’s paper describing Ms magnetic model is in Proa. P.S., xlviii. 
(1890), p. 342. He gives an account of the molecular hypothesis in chap. xi. of 
Magnetic Induction in Iron and other Metals . 
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field. When a magnetising force acts, it is supposed to turn the 
magnetic molecules round with their axes more or less in the 
direction of the force, though there is some constraint (not 
accounted for by Weber) tending to restore them to their original 
position. But the stronger the magnetising force the more the 
constraint is overcome, and in a very strongly magnetised bar we 



Fig. 139. 

may suppose that all the molecular axes are turned nearly into 
line, with their north ends towards one end of the bar, and their 
south ends towards the other end, forming molecular magnetic 
chains as in Fig. 140. The poles are to be supposed to be arranged 
on all the chains as shown on the central chain. The unlike poles 
of successive members of a chain are close together so as to neutralise 
each other, but obviously each chain will have an unneutralised 



Fig. 140. 


pole at each of its ends so that there will be a number of un- 
neutralised NSP’s on the surface near one end of the bar, and an 
equal number of unneutralised SSP’s near the other end. And 
the molecules all having equal poles, the total polarity is the same 
at the two ends. Further, if the bar be cut through at AB, on 
the new surface to the left a row of unneutralised SSP s will be 
exposed, while on the new surface to the right a row of NSPs will 
be exposed. Obviously, as we do not cut through the molecules 
we cannot obtain polarity of one kind alone. b 

On this hypothesis there in a limit to the magnetisation which 
a given bar will. "undergo, reached when all the -molecular magnets 
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are turned round so as to be parallel to the magnetising force. 
The existence of such a limit is borne out by experiment. The 
.curve BC in Fig. ISO, p, 183, tends to become nearly parallel to 
the axis when the magnetising force is increased to a very great 
value. An interesting experiment by Beetz* * * § also shows that 
there is probably a limit. A varnished silver wire with a very 
narrow scratch through the varnish was made the cathode in an 
electrolytic cell containing a salt of iron in solution. This was 
arranged in a weak magnetic field parallel to the scratch, and the 
iron molecules as they were laid down on the silver one by one 
were free to turn in the direction of the field. The magnetisation 
of the iron deposited was very great for so small a mass, and was 
found to be only very slightly increased when the wire was placed 
in a very powerful field. 

When a bar undergoing magnetisation is vibrated, say, bv 
hammering, it is magnetised more strongly than if quiet, and we 
mav perhaps assume that the vibration frees the molecules from 
their constraint so that they yield more easily to the magnetis- 
ing force. 

A modification of the theory was made by Wiedemann f and 
by Hughes.f If a number of bars of iron are made up into a 
bundle, magnetised along their lengths, and then partially 

demagnetised by, say, hammering, 
on taking the bundle apart it is 
s found that some of the bars have 
their polarity reversed. The ap- 
,, _ _ parent demagnetisation is partly 

due to the completion of the mag- 
netic circuit of the stronger bars 
through the weaker ones, which 
S they reverse as represented in 
Fig. 141. Carrying this idea down 
S to molecular regions, Wiedemann 
and Hughes suggested that in an 
un magnetised bar the molecular 
magnets are arranged in neutral- 
ising circuits of two or more molecules, as in Fig. 142. 

As originally described, Weber’s theory gives no account of 
hysteresis. Wiedemann sought to explain it by supposing that 
there is some sort of friction to be overcome in turning the 
molecules round, friction which has to be overcome again when the 
molecules seek to return after the magnetising force is removed. 
Maxwell § introduced the idea that the constraining force on each 
molecule is analogous to an elastic force, that for small displacc- 



FlO. 141. 



* Pogg . Ann. cxi. (I860), p. 107. 

T 2nd ed, vol. ii, [1], u. 378. 

t Pros. &&, xxxv, (1883), p. 178. 

§ Meetrieity <md Magnetim, 3rd ed. vol. ii. p. 85. 
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ments it is proportional to the displacement, and on removal of 
the magnetising force there is complete return. With large dis- 
placements, however, there is something analogous to permanent 



Fig. 142. 


set and therefore not complete return. He did not attempt to 
account for the permanent set, but simply assumed it. 

Ewing’s theory and model. Ewing brought a great 
simplification into the hypothesis by showing that the mutual 
action of the molecular magnets would account for the controlling 
or constraining forces, tending to restore the molecules exactly 
after small displacements, and for the permanent set, that is, the 
residual magnetisation, after large displacements. Thus no sort of 
friction need be assumed, and the hypothesis in its simple form 
accounts for the facts. To illustrate the ideas he constructed what 
is known as Ewing's model of a magnet, consisting of a number of 
compass needles placed together as in Fig. 143 (in plan), each needle 
representing a molecule. Such a model, if inserted within a 
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Fig. 143. 


magnetising solenoid in place of the bar in Fig. 129 shows all the 
phenomena of magnetic induction and gives a curve of magnetisa- 
tion repeating all the features of the hysteresis curve in Fig. 131.* 
To understand how these mutual molecular actions account for 
the phenomena let us follow Ewing in supposing that we have 
four needles arranged at the corners of a square. With no external 
magnetising force and under their own mutual actions only, they 
will set as in Fig. 144, where the arrow-heads are north-seeking 

* Induction in Iron and other Metals, 3rd ed. p. 351. 
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poles. The magnetic circuit is completed within the group and 
there is practically no external field exhibited at a distance. 

If a small magnetising force is put on, represented by H, each 
magnet will be turned round a little, its N pole tending to move in 
the direction of H, as in Fig. 145. But the displacement of a 



Fig. 144. Fig. 145. 


magnet from a position N S to a position N'S', Fig. 146, may be 
represented by the superposition of two other magnets with equal 
poles, for superpose on N S, Fig. 1 46, a magnet S x N' and a magnet 
N x S', then N and S t neutralise each other, and S and N 3 neutralise 
each other, and we have N'S' left. 

Thus the effect of the rotation of the four magnets in Fig. 145 
may be represented by superposing eight little magnets as in Fig. 
147, and these will have a field generally in the direction of H. 





Fig. 146. Fig. 147. 


While the magnetising force H is small, these deflections, and 
therefore the lengths of the small magnets in Fig. 147, will be 
proportional to the magnetising force, and the net magnetisation 
will also be proportional to it. But when a certain point is reached 
In the value of the magnetising force the configuration becomes un- 
stable and the needles swing round into some such position as that 
in Fig, 148, and their external field suddenly and greatly increases. 
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Fig. 148. 


On still farther increasing H the magnets tend to set more and 
more nearly parallel to H, as in Fig. 149, and then the limit of 
magnetisation is practically reached. 

The curve of magnetisation is represented in Fig. 150, where O A 
represents the initial stage with 
no hysteresis, A B the sudden 
turning round, and BC the 
subsequent approach to par- 
allelism with H, 

If H be removed the return 
will be from Fig. 149 to Fig. 

148 — that is, a very large 
amount of residual magnetism 
remains in the direction of H. 

Reversal of H will ultimately 
send the magnets round in the 
opposite direction and we shall have a sudden reversal of mag- 
netisation. The behaviour of such a group may be studied by 
placing four compass needles in a square. The earth’s field must 

be as nearly as possible neutral- 
• ) ised by means of a large magnet, 

placed so that its field is equal 
— « ) and opposite to that of the 

H y earth. On gradually approach- 

9 . ing a second magnet towards 

* ' the group the phenomena will 

be observed. 

If there are many such square 
groups near together, and with 
the sides of the squares at 
different inclinations to H, instability will set in at different values 
of H for the different squares, and “ the transition from one stage 
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to another will be gradual in the aggregate, for it will happen at 
different values of H in different groups. Hence the curve will 
assume a rounded outline in place of the sharp corners * of Pig. 
150. As each group separately shows hysteresis the aggregate 
will also show it. 

Figs. 151, 152, 153* show the imagined behaviour of a large 



Fig. 151. 



Fig. 153. 


group of square set molecules respectively under no force, a force 
which has pulled them nearly parallel, and a very large force. 

From Ewing’s model we see how retentiveness is accounted for 
by the molecular poles holding each other more or less in their 
displaced positions. 

We see, too, that as H increases in the later stage the mutual 
action tending to hold the magnets in the nearly parallel position 
increases. Hence if H is increased to a large value and then 
decreased to a smaller value the magnets, being under a larger con- 
trolling force due to their mutual action, do not return to the position 

* Ewing, Induction in Iron and other Metals , 3rd ed. p. 351* 
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which they had under that smaller value when the value of H was 
rising through it. 

Fig. 154, taken from Ewing {loc. cit. p. 351), shows the magne- 
tisation curve of a group of twenty-four pivoted magnets when the 
magnetising force is taken through a complete cvele. 

Dissipation of energy in a hysteresis cycle. A 
study of the behaviour of the members of a model at once suggests 
that there is dissipation of energy when a piece of iron or steel is 
taken through a cycle. For work is done on the magnets in putting 



them into line, and when on the diminution and reversal of the 
magnetising force a point of instability is reached, the magnets“ fly 
round and vibrate about their new position through large ampli- 
tude. This means that some of the work done appears as energy 
of vibration. In the molecular magnets we should expect similar 
behaviour, and the molecular vibration would imply the develop- 
ment of heat and a rise in temperature of the iron. In fact, it can 
be shown that the area of the hysteresis loop is proportional to the 
energy dissipated in a cycle. 

The cycle may be performed in another way than that which 
we have supposed, viz. by the rotation of the specimen in a con- 
stant field. This is what takes place in a dynamo armature when 
the core is a cylinder of iron rotated between strong poles. Besides 
changing the magnetisation, the rotation will tend to produce 
electric currents in the iron and to prevent these currents the iron 
is laminated transversely to “the direction in which the currents 
would flow, so that they are practically destroyed. The woi k done 
in a revolution is then due to the hysteresis. The molecular groups 
as they move round from a or b in Fig. 155 tend to keep in their 
original line, given to them by the magnetising force, so that at 
c or d they should be perpendicular to the magnetising force ; but 
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before they reach these points they become unstable and swing 
round, thus dissipating energy. A remarkable conclusion was 
predicted by Swinburne as a consequence of Ewing's theory, and 
was subsequently verified by experiment, viz. that when the field 

in such a case as that repre- 
sented in Fig. 155 is exceed- 
ingly strong, hysteresis should 
disappear. If the field is so 
strong that the molecular 
magnets are held all the time 
in the line of the magnetising 
force and rotate round their 
centres, as it were, as the iron 
travels round, there is no instability, no conversion of magnetic 
energy into energy of vibration, and no hysteresis. 

Temperature and magnetisation. We have seen that 
in a permanent magnet small rise of temperature is accompanied 
by diminution of magnetisation, the magnetisation returning to 
its initial value when the temperature falls again. We may 
perhaps explain this by supposing that rise of temperature is 
accompanied by increased vibration of the molecular magnets 
about their centres, so that they do not point so entirely in the 
direction of the magnetising force. For instance, let N S, Fig. 156, 
be the equilibrium position of a molecule 
under a force H and let it vibrate between 
n ± s ± and n 2 s 2 . When at n x s v we may 
represent the effect of the displacement of 
N by shperposing a small magnet s n x ; 
when at n 2 s 2 , by superposing a small N 
magnet s n r s n 2 has more effect in 
destroying the magnetisation in the direc- 
tion of H than s n x has in increasing it, 
since it is more nearly parallel to it. There 
is another possibility which may be men- 
tioned. The permeability of iron increases 
with rise of temperature. The magnetic 
circuit of a molecule or of a group of 
molecules is partly completed through the 
iron, arid it is only part which issues into 
the air. As the permeability rises with rise of temperature the 
groups may find it easier to complete more of the circuit within 
the iron, and some of the lines of force may be withdrawn from 
the air. 

The increase of permeability with rise of temperature which 
occurs in weak fields may probably be accounted for by supposing 
that initially the iron is in the first stage of magnetisation, where 
the molecular magnets are only slightly deflected, as in Fig. 145. 
But as the temperature rises molecular vibration increases and 
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some of the groups become unstable, and for those groups we pass 
to the second stage, represented in Fig. 148. As the temperature 
rises, more and more groups pass to this stage, and between 700° 
and 800° all the gi'oups have become unstable and have then come 
more or less into line with the magnetising force. This is repre- 
sented by the great rise in permeability. The sudden disappearance 
of magnetic quality at the critical temperature, about 785°, may 
perhaps be explained by supposing that after that temperature 
the vibration has become so violent as to change into molecular 
rotation. 

With strong fields the iron is already in the second or third 
stage. Vibration due to heating has two opposite and neutralising 
effects. On the one hand it eases the breaking up of groups and 
alignment with the force and so tends to increase the magnetisa- 
tion, while on the other it tends to reduce the magnetisation by 
the movements out of the line of the force in the way illustrated 
in Fig. 156. We may suppose that these opposite effects 
keep the curve of permeability nearly level, till at a temperature 
near 800° the diminution due to vibration overpowers the increase 
due to facility of group breaking and the permeability, decreases. 

The change in length of a bar on magnetisation is yet to be 
explained on the molecular hypothesis. It would obviously require 
some further assumptions as to molecular grouping or as to 
molecular dimensions in different directions. 

Attempts to explain the constitution of the 
molecular magnets. We have already pointed out that the 
molecular hypothesis only carries down the magnetisation from 
the visible mass of the bar as a whole to its molecular constituents, 
and does not account for their magnetisation. Attempts have 
been made to explain the magnetisation of the molecules in terms 
of electricity. The earliest was Ampere's hypothesis. He started 
from the experimental fact that a current flowing in a circular 
wire forms a magnet of which the axis is perpendicular to the 
plane of the wire. He supposed that there was a channel round a 
magnetic molecule through which an electric current could flow, 
and he further supposed that this channel was perfectly conducting, 
so that the energy of the current was not dissipated, and therefore, 
if once started, the current should persist unless an equal and 
opposite current were in any way superposed. But a continuous 
closed current, such as that flowing in a circular wire, is essentially 
a locus into which electric lines of force are continually converging 
and are there dissipated. As these lines sweep through the 
surrounding space they are accompanied by magnetic action, and 
so in a sense produce the magnetic field. We know of no such 
current as that which Ampere supposed. 

But if we could imagine a bundle of lines of magnetic force in 
the form of those of a small magnet, bound round as it were with 
a perfectly conducting channel, then no lines of force could be 
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added to, or subtracted from, the bundle. For an addition of 
lines of force through the channel would mean an inverse current 
in the channel which would just suffice to neutralise the lines 
added. Thus Ampere’s hypothesis really gives no explanation in 
terms of known facts, but when analysed is a hypothetical device 
for securing permanent magnets. 

Another hypothesis much more in touch with experimental 
knowledge has lately gained acceptance. It is founded on the 
discovery that a moving charge of electricity produces a magnetic 
field. If, adopting astronomical language, we suppose that a 
molecule consists of a large positively electrified primary and a small 
negatively electrified satellite revolving round a centre of mass much 
nearer the large primary, then it can be shown that the system would 
be magnetically equivalent to a small magnet with axis through the 
centre of mass perpendicular to the plane of the orbit.* Thus the 
magnetism of iron and steel would be explained in terms of the 
magnetism which accompanies moving electricity. Still, that 
magnetism remains to be explained. 

We shall refer to the molecular hypotheses and to an attempt to 
determine the strength of the molecular magnets in Chapter XXII. 

* This y electron ” hypothesis has been most fully developed by Langevin, 
Ann. de Chim. et de Phys 8th series [5], 1905, p. 70. A brief account is given at 
p. 297 infra. 
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GENERAL ACCOUNT OF MAGNETIC QUALITIES 
OF SUBSTANCES OTHER THAN IRON __ 
AND STEEL 

Faraday’s classification of all bodies as either paramagnetics or 
diamagnebics — General law — Explanation of the action of the medium 
by an extension of Archimedes’ principle — Ferromagnetics, para- 
magnetics, and diamagnebics. 

Paramagnetics and diamagneties. — We have in the previous 
chapters only described the magnetisation of iron and steel and 
have mentioned that nickel and cobalt show sensible magnetisation 
by induction* though in a far less degree than iron. They attract 
and are attracted by the poles of a magnet and possess retentivity 
in some conditions. Biot found that a certain needle of carefully 
purified nickel — which stands next to iron in its capacity for mag- 
netisation — retained its magnetism and possessed about one-third 
the directive force towards the North of that of a certain steel needle 
of exactly the same dimensions. Faraday experimented with 
cobalt, which could easily be made to lift more than its own weight, 
though losing all its magnetism on withdrawal of the inducing 
magnet. 

Magnetisation was often apparently detected by early experi- 
menters in other metals and alloys, but we may probably ascribe 
the effects they observed to the presence of small quantities 
of iron. 

Towards the end of the eighteenth century it was observed 
that antimony and bismuth were repelled from the pole of a strong 
magnet. 

On the one hand, then, iron, nickel, and cobalt are attracted, 
and on the other hand bismuth and antimony are repelled, by a 
strong magnetic pole, and it was at one time supposed that other 
substances possessed no magnetic properties at all. Faraday, how- 
ever, showed that these two groups are really only at the two 
extremes and that all bodies are either attracted or repelled, 
though the forces are usually so slight that they can only be 
detected with very powerful magnets. 

The mode of experiment by which he discovered this consisted 
in suspending a small bar of the substance to be tested between 
the poles of a strong electro-magnet by a fine thread. If 
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the substance resembled iron, the bar set itself 44 axially i.e. 
with its longer axis along the line NS, Fig. 157, joining the two 
poles, and he classed all such substances together as paramagnetics. 
If it resembled bismuth or antimony the bar set itself 44 equa- 
ls 



tonally,”” i.e. along the line er at right angles to N S, and all such 
substances he designated diamagnetics . 

Liquids. By enclosing liquids in glass vessels Faraday was 
enabled to determine to which class they belonged. Thus he found 
that solutions of salts of iron are paramagnetic, while alcohol and 
water are diamagnetic. 

Gases. He also succeeded in showing the magnetic character 
of gases in several ways. For instance, if a stream of gas rendered 
evident by traces of ammonia and hydrochloric acid was allowed 
to ascend between the poles, if diamagnetic it divided into two 
streams pushed out from the central region. Bubbles filled with 
the various gases were attracted into or repelled from the central 
space between the poles. He found from his experiments that 
oxygen in air is strongly magnetic, while nitrogen and hydrogen 
are diamagnetic. The following Table gives a few of the more 
important substances, arranged under the two heads, air being the 
medium surrounding the poles (Exp. Bes . vol. iii. p. 71) : 


PARAMAGNETIC 

f* Iron 
Nickel 
Cobalt 
Manganese 
Crown Glass 
'Platinum 


DIAMAGNETIC 

Arsenic 
Ether 
Alcohol 
Gold 
Water 
Mercury 
_ . Flint Glass 
Heavy Glass 
Antimony 
Phosphorus 
y Bismuth 
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The arrows show the direction in which the magnetic action 
increases. 

Faraday was able to state the following General Law: Para- 
magnetic substances tend to move from positions where the 
magnetic action is weaker to where it is stronger, i.e. from weaker 
to stronger parts of the field ; while diamagnetic substances tend to 
move from stronger to weaker parts of the field. The axial setting 
of paramagnetic bars and the equatorial setting of diamagnetic 
bars at once come under this general law. The field in Fig. 157 is 
strongest along and close around the axis N S, and a paramagnetic 
body tends to stay there. A bar is in the strongest part of the 
field when it lies along the axis. The field rapidly weakens as we 
travel along the line ar either way from the axis, A diamagnetic 
bar therefore gets, on the whole," into a weaker part of the field 
when it sets equatorially. 

The law is further illustrated by an experiment devised by 
Plucker, which shows whether a liquid is paramagnetic or diamag- 
netic. A watch glass containing some liquid is placed on the 
poles ; the liquid if paramagnetic is attracted to, and if diamagnetic 
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is repelled from, points where the intensity of the field is greatest 
and so the level of the surface is disturbed, its shape depending on 
the nature and distance apart of the poles. Thus when the poles 
are very close together, say inch apart, a paramagnetic liquid has 
the section shown in Fig; 158 (a), while a diamagnetic liquid has the 
section shown in Fig. 158 (5), the liquid retreating from the central 
strongest field. When the poles are further apart the strongest 
parts of the field are near to the pole pieces and the centre is 
weaker and the effects are nearly reversed. 

Effect of the medium. Faraday also made experiments on 
the effect of the medium, and he showed that a paramagnetic 
solution enclosed in a glass tube behaves as a paramagnetic if 
suspended in a weaker solution of the same kind, and as a diamag- 
netic if suspended in a stronger solution. For example (Exp. Res. 
vol. iii. p. 58), a clear solution of protosulphate of iron was prepared 
containing 74 grains of the hydrated crystals to 1 ounce of 
water. Another weaker solution was prepared by adding to one 
volume of this three volumes of water. Suspended in air in tubes 
both were paramagnetic, the former the more strongly so. If the 
tube containing the first solution was suspended between the poles 
in a vessel containing the same solution no directive force acted upon 
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it. Suspended in the second weaker solution it behaved again as 
a paramagnetic. If a tube containing the weaker solution was 
suspended in a vessel containing the stronger, it pointed 
equatorially, behaving as a diamagnetic. Surrounded by a solu- 
tion of its own strength it was neutral, and in a still weaker solution 
it was paramagnetic. He also prepared a solution of protosulphate 
of iron in water which was neither paramagnetic nor diamagnetic, 
the iron salt being neutralised by the water. 

Explanation of the action of the medium by an. ex- 
tension of Archimedes’ principle. In Chapter XX we 
shall investigate the action of the medium in detail. For the 
present we may regard the action as being in accordance with an 
extension of Archimedes*’ principle, the resultant force on a body in 
a magnetic field being equal to that on the body minus that on the 
medium which it displaces. We may put this extension of the 
principle in the following form : Let N, Fig. 159, be a pole with a 
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magnetic field round it. We may regard all parts of the medium 
as acted on by the pole, and as coming, under that action, into a 
state of equilibrium in which the medium is in a condition of 
strain. We may resolve the total action on any part of the 
medium A into the magnetic action of the pole on it, and the 
actions of its surroundings due to their state of strain, the resultant 
of the latter being equal and opposite to the former. If now A 
be removed and replaced by some other body, A', of exactly the 
same shape, the magnetic action on A' differs from that on A, 
while, unless A' is so strongly magnetic as appreciably to alter the 
field, the magnetic action on the rest of the medium remains un- 
changed and its strain is the same as before. Since the action of 
the medium on A' depends on this strain it is unchanged. Hence 
there is no longer equilibrium, and A' will be attracted to or 
repelled from the pole according as it is more or less paramagnetic 
than the medium. A difficulty in making this explanation per- 
fectly general so as to account for all diamagnetic actions is that 
we have to suppose a vacuum magnetic, for the diamagnetics in 
the list given above are diamagnetic in a vacuum, and we should 
have to suppose that their repulsion from a pole is due to the 
stronger attraction on the surrounding vacuum. This is only 
another way of saying that what we term a vacuum is not empty 
space, but contains something capable of acting on and being 
acted on by material bodies, a supposition to which we are forced 
by the transmission of light through it. In a beam of light there 
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is energy and there is momentum, whether it is passing through 
ordinary matter or through the highest vacuum of which we have 
experience. 

Ferromagnetics, paramagnetics, and diamagnetics. 

Though Faraday only used the two classes, parainagnetics and 
diamagnetics, and to one or other of these referred all bodies, it is 
usual now to separate out the three metals iron, nickel, and cobalt, 
and to these may probably be added manganese, and to class them 
as Ferromagnetics. Their magnetisation does not increase in 
linear fashion with magnetising force and they show hysteresis and 
retentivity. The term paramagnetic is reserved for the bodies with 
far feebler magnetic qualities. In these the magnetisation is 
proportional to the magnetising force. Curie* showed that with 
given magnetising force the magnetisation for paramagnetics is 
inversely as the absolute temperature over a very wide range, thus 
extending a result which had been found to hold in certain cases 
over a smaller range by G, Wiedemann. This is now known as 
Curie’s Law. 

Ferromagnetics may probably be regarded as passing into 
paramagnetics when above their critical temperature. 

Diamagnetics, if we describe them in terms of polarity, may be 
regarded as having a like, instead of an opposite, pole formed by an 
inducing pole, and Curie found that their magnetisation, except in 
the case of bismuth, is very nearly independent of temperature. 
The diamagnetisation of bismuth decreases with rise of temperature 
between —182° and the point of fusion very nearly linearly, and by 
about toW fur 1° rise.f 

This has led to the suggestion that diamagnetism is not to be 
regarded merely as a negative paramagnetism. The temperature 
effect on paramagnetics would appear to show that paramagnetism 
is concerned with molecular structure, which changes with change of 
temperature, while the absence or smallness of the effect of change 
of temperature on diamagnetics suggests that diamagnetism is 
concerned rather with the atomic structure, which is, we may 
suppose, independent of temperature. 

We shall return to the forces on paramagnetic and diamagnetic 
bodies in Chapters XX and XXII. 

* Ann. de Chim . et de Phys., 7 e serie, t. V. (1895). An account of the subject 
is given by H. du Bois in the Congres International de Physique, vol. ii. p. 460. 

•f Congres International, loc. eit . p. 503. 
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THE INVERSE SQUARE LAW 

Variation of the force due to a pole as the distance from the pole is 
varied — The inverse square law — Magnetic measurements founded on the 
law — Coulomb’s experiments — Unit magnetic pole — Strength of pole m 
— Magnetic intensity — Geometrical construction for the direction of the 
intensity in the field of a bar magnet — Gauss’s proof of the inverse 
square law — Deflection method of verification — Moment of a magnet — 
Comparison of moments — Some consequences of the inverse square law 
— Application of Gauss’s theorem — Flux of force — Unit tubes — A pole 
m sends out 4ir m unit tubes — Potential. 

Variation of the force due to a pole as the distance 
from the pole is varied. The inverse square law. If a 

NSP is placed at any point in the field of a magnet, the force on it 
is due to the action of the magnet as a whole. We cannot isolate 
one of the two polarities. Always the two come into play and the 
action is the resultant of the North-seeking repulsion and the South- 
seeking attraction. The best approach we can make to isolation of 
one polarity consists in so arranging the acting magnet that one 
pole has practically very little action as compared with the 
other. 

Coulomb’s experiments. This method was used by 
Coulomb, to whom we owe the decisive experimental proofs which 
finally established the inverse square law.* In one experiment he 
used a steel wire magnet 25 inches long. He first found that the 
poles might be considered an inch from each end. Then, placing 
the wire vertically, he noted the time of vibration of a needle 
opposite the lower pole and at different small distances from it in 
the plane of the magnetic meridian. The upper pole was not only 
at a much greater distance, but its action was nearly vertical, so that 
for two reasons the horizontal component of the force due to it 
was sufficiently small to be negligible. 

If was necessary to take into account the action of the earth 
which was added to that of the magnet in all cases. Let us 
suppose that the horizontal force on each pole of the needle due to 
the earth is H 15 and that the force due to the pole of the magnet at 
distance d x is F x and at distance d 2 is F 2 , and let the times of 

* For a history of the experiments made by Coulomb’s predecessors, see Ency. 
Brit 9th ed., Magnetism , p. 236. 
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vibration be t when the earth alone acts, and t x and t 2 when the 
pole is at the distances d x and d 2 from the needle. Regarding the 
needle as a sort of double pendulum with equal and opposite forces 
acting at the two ends, it is seen that the times of vibration are 
inversely as the square roots of the forces acting : 

whence the forces due to the magnet alone are given by 



By observing the times of vibration Coulomb found that the 
forces were approximately proportional to the inverse square of the 
distances d ± and d 2 , or that the force due to a given pole is inversely 
as the square of the distance from that pole . 

He also verified the law by means of the torsion balance (see 
ante , p. 62), using two long wire magnets about the same length 
as the one described above, and about J inch in diameter, one being 
suspended horizontally in the torsion balance, the other being fixed 
vertically so that if the suspended one had remained in the 
magnetic meridian, their two like poles, taken as being one inch 
from the end of each, would have been in contact. The suspended 
needle was repelled from the magnetic meridian, and the torsions 
were then measured which were required to bring the two poles to 
observed distances from each other. In each case the action of 
the earth aided the torsion, and a preliminary experiment was 
necessary to determine the torsion equivalent to the earth’s 
action. Thus in one experiment, before the vertical magnet was 
put in position, two turns of the torsion head, i.e. 720°, pulled the 
magnet round 20°, or 700° torsion were required to balance the 
earth’s couple due to 20° deflection from the meridian, giving 35° 
of torsion per 1° of deflection. Putting the vertical magnet in 
position and bringing the torsion head back to its original position, 
the suspended magnet was deflected 24°, the torsion being therefore 
24°. To this we must add 24 x 35 = 840° for the torsion 


equivalent to the effect of the earth, making a total of 864° at 
24°. To halve the deflection, the torsion head had to be turned 
eight times round, giving a torsion of 8 x 360 + 12 = 2892°. To 
this must be added 12 x 35 = 420 for the torsion equivalent of 
the earth’s effect, making a total of 3312° at 12°. According to 
the inverse square law, with this value at 12°, taking distances as 


equal to arcs, we ought to have at 24° a torsion of 



which is not very far from the observed value 864°. 

Magnetic measurements founded on the law. We 
shall describe below a still more accurate method of verifying 

o 
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the inverse square law, but it is convenient here to show how 
the law enables us to arrange a definite and practical system 
of measurement for the strength of magnetic poles. Were it 
possible to obtain perfectly constant long magnets, it might be 
convenient to use one pole of such a magnet as the standard, and 
copies of this might be used just as we use copies of the standard 
unit of mass. But no magnet retains its magnetisation un- 
changed, and we are obliged to fix on a standard depending on the 
magnetic force exerted. W e therefore take the following definition : 

A unit magnetic pole is that which at a distance of 1 cm. 
would exert a force of 1 dyne on another equal pole in air. 

In practice it would not be advisable to bring two poles so near 
as 1 cm. At so small a distance they might weaken each other appre- 
ciably by induction. Also in actual magnets we cannot fix on any 
definite point as the pole. The region of North- or South-seeking 
polarity might have dimensions quite com parable with 1cm., but the 
inverse square law at once enables us to get over this difficulty. 
Arranging the two poles at a distance d apart, where d is so great 

that these objections do not hold, the force will be ^ dynes. 

Having thus a definite standard, if magnetic poles were 
constant in strength we might measure the strength of any other 
pole by finding the number of unit poles which, placed together, 
would produce at an equal distance an effect equal to that pro- 
duced by the pole to be measured. But it is easy to show that 
if we put a number of equal poles together the total effect is not 
the sum of the separate effects, since they weaken each other. If 
one of two exactly similar equal bar magnets is placed with its 
axis East and West, and a compass needle is placed at some 
distance from it at a point in the axial line, and the deflection 
noted, if the second magnet is now superposed on the first with 
like poles together the deflection is by no means doubled. But 
we may still measure the strength of a pole in terms of the unit by 
the ratio which its action bears to that of the unit at the same 
distance. We say that 

The strength of a magnetic pole is m if it exerts on a unit 
pole at a distance d a force of ~ dynes. 

We have now to investigate the force with which a pole m will 
act on a pole m at a distance d, m and vi being measured by their 
actions on the unit pole. 

Let us arrange two poles of strength m and 1 respectively at 
two points, A and B, Fig. 160, on opposite sides of a pole 1 at C 
at such distances d and d' that the actions on the pole at C are 
equal and opposite. Then we have 


m _ 1 

d* ~ cl'* 
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Now we can show by experiment that any other pole can be 
placed at C instead of the unit pole and there will still be 
equality of the two actions on it. This may easily be carried out 
in a slightly modified form by bringing two vertical long bar 
magnets up E and W of a given compass needle with their like 
poles towards it and on the same level. If the magnets are so 

; 

or 

Tn! I 

-->*<- d' > 

C B 

Fig. 1G0. 



adjusted that the compass remains in the meridian, any other 
compass needle placed in the same position will also lie in the 
meridian. 

If then we place a pole oi strength m at C it acts on 1 at B 
with a force ~ and is reacted on by an equal force which balances 


the action of m upon it. Hence the force exerted by m on m 


or 


^since 


d'* 


in \ _ mm 

5*7 ~ ~W' 


m 


d 


We have already pointed out that we may assign the algebraic 
+ and — to the two kinds of poles inasmuch as they have opposite 
actions tending to neutralise each other when acting under similar 
circumstances on the same pole. A NSP is always considered to 
be +• , a SSP to be — . The force between two poles is therefore 

and is a repulsion or an attraction according as their product 
is + or — . 

Magnetic intensity. The force which would act on a 
unit pole placed at any point in a magnetic field is the magnetic 
intensity at that point. The unit intensity is termed one gams . 
We may conveniently denote the magnetic intensity by the letter 
H. If a pole m be placed at a point where the intensity is H the 
force acting upon it is wH. 

Geometrical construction for tlie direction of the 
intensity in the field of a "bar magnet. On the supposition 
that a magnet consists of two poles concentrated at two points a 
given distance apart, the equations to the lines of force may easily 
be determined. A construction for drawing the lines will tie 
found in the article Magnetism (Ency. Brit. 9th ed. p. 230). 
The following construction will give the direction of the intensity 
at any point. Let NS, Fig. 161, be the two poles, P a point in the 
field, C the middle point of NS. From S, the nearer pole to P, 
draw SO perpendicular to PS, meeting CO, the perpendicular to 



212 MAGNETISM 

NS through C, in O. Let the circle with O as centre and radius 
ON or OS meet PN in Q. Since the circle touches PS at S 

PQ . PN = PS 2 


PQ PN 
PS 2 - PN 2 

or PQ and PN are inversely as the squares of PN and PS 
respectively. Produce NP to Q' so that PQ = PQ ? and PS to N' so 



that PN = PN' ; PQ', PN'are proportional to and in the direction 
of the intensities due to the two poles, and PR, the diagonal 
of the parallelogram PQ'RN', is the line of their resultant. 

To verify this construction for a given magnet, the magnet 
should be laid on a sheet of paper and the direction of PR 
determined. The sheet should be turned round till PR is in the 
line of the magnetic meridian. On placing a compass needle at P, 
the needle will remain in the line PR if the construction has been 
correctly made, since the force due to the magnet is in the same 
line as the eartlfs force. The agreement of experi ment with calcula- 
tion of course verifies the inverse square law. 

Gauss’s proof of the inverse square law. The most 
exact proof of the law is due to Gauss.* The general nature of 
his method is as follows : If two points D and E be taken at 
equal distances from the centre C of a small magnet NS, D in the 
axis and E in the perpendicular to the axis through C, then the 
intensity at D will be approximately double that at E if, and only 
if, the inverse square law is true. Without entering into the full 

* Jntensitas Vis Magneticce Tcrrestris (Werke, Bd. V). 
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proof that the inverse square is the only law satisfying this 
condition we may easily show, as follows, that it does satisfy it. 



Let m be the strength of each pole and I the distance between 
them. Let CD = d. 

The intensity due to N is 


771 



and that due to S is 


m 



The resultant is 


m m m %ld 



If l is so small compared with d that we may neglect and 
higher powers, the intensity at D is 

The intensity at E is the resultant of along NE, and —— 
along ES. By the triangle of forces we may represent these two 
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equal forces and their resultant by NE, ES, and NS respectively 


Then the intensity at E = X — 

NE NE 2 


ml ml 





Z 2 

t M + &C ' 


To a similar approximation as before the intensity at E is 

ml 
d 3 

or half that at D. 

It may easily be shown that if the force were inversely as the 
pth power of the distance the intensity at D would be p times 
that at E. 

Deflection method of verification. This result may be 
verified by the method of deflection. 

A small needle ns, Fig. 163, is suspended so that it lies in the 



magnetic meridian. ^ A magnet NS is then brought up, say, to the 
west of it in the line through its centre perpendicular to the 
meridian. The magnet is said to be in the u end-on position."’ 
Considering the horizontal action on the pole n of the needle, if its 
strength is /x it will be acted on by a force /xH in the meridian, 
where H is the horizontal intensity of the earth’s action ; it will be 

acted on by a force at right angles to the meridian, and the 

needle will set with its axis in the line of the resultant of these 
two, since there are equal and opposite forces on the other pole, s. 
From the parallelogram of forces on the right hand of Fig. 163 
it will bs seen that if 0 be the angle of deflection, a 
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2m/ 


tan 6 = 


M H 


_ 2ml 

“ Md? 


or the deflection is the same whatever the strength of the suspended 
needle. 

Now move the magnet NS till it is north or south of the 
suspended needle, with its centre in the meridian and at the same 
distanced away, and with its axis perpendicular to the meridian : the 
magnet is now said to be in the 44 broadside-on position."*’ The 
deflection 8 ' will be given by 


tan 8' = 


ml 

Hd z 


tan 8 = 2 tan 8'. 


If the angles are small we shall have 


8 = 28 '. 


Gauss* verified the law in this manner with very great accuracy. 
He used a more general formula for the action, carrying the 
approximation a step further than in the investigation just 
given. 

Moment of a magnet. It will be observed that in the 
above values for the intensity the strength of pole does not occur 
alone, but in the product, strength of pole x distance between 
the poles. 

When we may consider the poles as points, this product is 
termed the 44 moment of the magnet,” and we may denote it by M. 

In actual magnets we cannot consider that the poles are two 
points at a definite distance apart, but we may still give a meaning 
to the term moment . Whatever the nature of the magnets there 
are always equal amounts of the opposite polarities. Let us treat 
each kind of polarity as if it were mass, and find the centre N of 
North-seeking polarity at one end, and the centre S of South-seek- 
ing polarity at the other, just as we should find the centres of mass. 
Let those two points be denoted by N and S. If the total 
quantity of either kind of magnetisation is w?, then the moment of 
the magnet is given by M = m x NS. 

Axis and centre. The line NS is termed the axis of the 
magnet, and the point bisecting NS is the centre of the magnet. 

We may give a physical interpretation to the moment thus: It 
the magnet is placed in a field in which the lines of force are parallel 
and the intensity everywhere of the same value, H, Le . in a uniform 

* Encyc. BriL, 9th eel., Magnetism, p. 237. 
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field, and if the magnet is turned round so that its axis is perpen- 
dicular to the lines of force, the couple acting on it is MH. 

Though we thus imagine two 44 centres of polarity,’" it is to be 
remembered that a distribution of matter, or of electricity, or of 
magnetism, cannot be replaced by a concentration at a single point 
in calculating the field which is produced. 

Comparison of moments. We may compare the moments 
of two magnets of small dimensions to a first approximation by 
using the value for the field at a distance d from the centre along 
the axis, 

2 ml £ M 
d* or d* ’ 


For this purpose we may bring up the two magnets, one east and 
the other west of a suspended needle, and placed so that they tend 
to deflect the needle in opposite directions ; then adjusting them at 
distances d x and d 2 so that the needle is not deflected : 


or 


m t _ 2M a 
d x * “ d* 

M x _dl 

M 2 ~ d/ 


Or we may use each in succession to deflect the needle at the same 
distance. If the deflections be 6 1 and 0 2 respectively, the earth’s 
horizontal intensity being H, 




. a 2M 2 

ten e *=Hd* 


M, tan 6i 

or — 1 = 

M 2 tan 0 2 

Some consequences of the inverse square law. 
Application of Gauss’s theorem. Flux of force. As all 
experiments go to show that the intensity at any point of a 
magnetic field in air or in any other non-magnetic medium may 
be regarded as due to each element of polarity dm acting according 
to the law dmj r 2 , we may apply Gauss’s theorem (p. 32) to a 
magnetic system. If we define the flux of force through an 
element of surface dS as NdS, where N is the component of the 
intensity perpendicular to dS, the theorem tells us that the total 
flux of force through any closed surface, which is entirely in air or 
other non-magnetic medium, is zero. For the total polarity within 
the surface, even if it encloses magnets, is zero. 
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Tube of force. If a small closed curve is drawn at anv place 
in a field, and if a line of force is drawn through every point of it, the 
lines so drawn will enclose a tubular space termed a tube of force. 

Let us apply Gausses theorem to the closed 
surface in air or other non-magnetised medium, 
formed by a portion of a tube of force, and any 
two cross-sections of it at right angles to the lines 
of force. Thus, let S x , S 2 , Fig. 164, be the two 
cross-sections, and let H ls H 2 be the intensities 
at Sp s 2 . The normal intensity over the curved 
sides of the tube is everywhere zero. At S 1 it 
is H x and at S 2 it is — H 2 , negative because H 2 
is inwards. We have, therefore, 

H 1 x — H 2 x S 2 = 4tt X magnetisation 
within the tube = O 

That is, the product H X S, or the flux of force, 
is constant throughout the tube so long as it does not contain 
magnetisation. 

Unit tubes. If we draw tubes so that for each, intensity X 
cross-section = 1, that is, so that there is unit flux of force along 
it, each is termed a unit tube. 

A pole m sends out 4 ttTO unit tubes, for if we draw a 
sphere of radius r round m as centre the intensity on the surface of 
the sphere is m/r 2 , and the total flux of force through the sphere 
is 4urr 2 mfr 2 = 4 irm. There are, therefore, 47 nn tubes passing 
through the surface. 

If we imagine one line of force along each unit tube the 
number of lines of force passing through any area will be equal 
to the total flux of force through the area. 

The number of unit tubes or of lines of force passing through 
unit area perpendicular to them is equal to 1 /cross-'section of 
unit tube or is equal to the intensity of the field. 

Potential. If we define the potential at any point in the 
field as the work done in bringing a unit positive pole to the point 
from a distance so great that the field is negligible, w r e can show 
(see Electricity, p. 42) that 



V = 

where every element of magnetisation dm is to be divided by its 
distance r from the point. 

If the unit pole is moved a distance dec in any direction oc to 
a point where the potential is V + ^ doc, the work done is ^ doc. 
So that the force on the unit pole opposhig the motion is 
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— . Then the force on the unit pole, in the direction of motion 
or the component of the intensity in the direction x is 

H - dV - 

Level or equipotential surfaces can be drawn in magnetic as in 
electric systems. 



CHAPTER XYIII 

SOME MAGNETIC FIELDS 

Small magnets — Magnetic shells — Uniform sphere. 

The potential of a small magnet at any point in its 
field. Let ACB represent a small magnet of length l, poles ± 
moment M = mL Let P be a point at a distance r from its centre 
C in a direction CP making 9 with CA. The potential at P is 

v __ m m 
AP ~ BP* 

Draw MCN perpendicular to CP, and draw PAM, PNB. We 



suppose CP so large compared with I that AM and BN may be 
taken as perpendicular to MN, and PM = PN = PC. 

Then PA = PM - AM = PC - AM = r - -f cos 9 

and PB = PN + NB = PC + NB = r + ~ cos 6 

m m ml cos $ 

\ = j = n 

r — - cos 0 r + rz cos 6 r 2 — — cos 2 Q 
2 2 4 

M cos 6 , . , Z 2 

== — ^ — when we neglect 
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If 0 = 0 the point P is in the axis of the magnet and V = 
The intensity along the axis is 


If 0 = 90°, he. if P is in a line through C perpendicular to the 
axis, the intensity at P parallel to the axis is 

ldV M sin 0 M 


and is in the direction in which 0 increases. The component — 

along r vanishes, since cos 0=0. 

These are the values which we obtained in the last chapter for 
the end-on and broadside-on positions, the values on which Gauss 
founded his proof of the inverse square law. 

Vector resolution of a small magnet. If M be re- 
garded as a vector, drawn in the direction of the axis, the potential 

— at a point P is the potential of the resolute of M in the 

direction of r, and if M be resolved like a force into any number of 
components, M 2 , M 2 , &c., making 0 1? 0 2 &c., with r, the potential 
of the components will be 

M 1 cos 6 ± + M 2 cos 0 2 + . . , 


cos 6 ± + M 2 cos 0 2 + . . . _ M cos 6 


since the resolved part of M equals the sum of the resolved parts 
of its components. 

Hence the potential of M equals the sum of the potentials of its 
vector components. 

This result follows also from the consideration that a magnet 
AB (Fig. 166) may be replaced by two magnets AC, CB, with 
equal poles. For the two magnets BC, CA have equal and opposite 
poles at C, neutralising each other, and are equivalent therefore to 
Tfi at A and — m at B. 

The direction and magnitude of the intensity at any 
point in the field of a small magnet. Let AB (Fig. 167) be the 
magnet with moment M ; resolve it into DE along CP with moment 
M cos 0, and FG perpendicular to CP with moment M sin 0. 

The intensity due to I>E is along CP and is C 3 ° S ^ where 
ACP = 0 and CP = r. 
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The intensity due to FG is perpendicular to r and is — • 
The resultant is 4 cos 2 0 + sin 2 0. 

The direction makes an angle <p with CP given by 

. . sin 0 1, , 

tan <b = s ^ = 5 tan 0. 

T % cos 0 2 




The following construction gives the direction of the intensity. 
Draw PN, Fig. 168, perpendicular to CP, meeting the axis produced 

N 



in N ; complete the rectangle CPNQ. Bisect CQ in T. Then 
TP is the direction of the intensity at P. For 
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tan 


C1T = 


CT _ 1 CQ _ 1 NP 1 
CP “8 CP"* CP 2 


Either from an easy geometricar construction or from the trigo- 
nometry of the two triangles CPM CPN it can be seen that CM 

= i CN. Hence the following somewhat simpler construction : 

O 


Draw PN perpendicular to CP, meeting the axis in N ; trisect CN 
in M. Then MP is the direction of the intensity at P. 

We may easily work out the force on one small magnet due, to 
another, for particular cases. For these we refer the reader to J. J. 
Thomson’s Elements of Electricity and Magnetism, chap, vi, as 
we shall not need them in what follows. 

Uniform magnetic shell. Imagine a very thin steel or 
iron plate of uniform thickness bent into a surface of any form. 
The plate will of course be bounded by a closed curve. Let the 
plate be magnetised uniformly at each point and normal to the 
surface. This is equivalent to the supposition that it is built up 
of equal small magnets, placed side by side, the axis of each 
perpendicular to the surface of the plate ; or it is equivalent to the 
supposition that a layer of North magnetism of uniform density is 
spread over one face of the plate and that a layer of South 
magnetism of equal uniform density is spread over the other face. 
This system is termed a uniform magnetic shell. If cr is the 
uniform surface density and t the uniform thickness, at is the 

moment of the plate per unit area. 
The product at is termed the 
“ strength ” of the shell. We shall 
denote this strength by <£. 

Though we never meet with a 
uniform magnetic shell in practice, 
the conception is very useful, since 
the magnetic field, for which we 
can find a simple expression, is the 
same everywhere outside the shell 
as that of an electric current of 
a certain strength circulating round the rim of the shell. 

Potential of a magnetic shell. Let AB, Fig. 169, represent 
a cylindrical element of the shell with cross-section a. Its poles are 
± acr, and its moment is ao-t = a<fi. 

The potential at P of the element is : 



aat cos 9 t a cos 6 
— - — 

If dcu is the solid angle subtended by a at P, da* = projection of 
a on a plane perpendicular to AP = ? ■ Then the potential 
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due to the element is (pdu>. Now sum up for all the elements of 
the shell and V = IZcpdw = 02c/to = 0co, where w is the solid angle 
subtended at P by the rim of the shell. 

At an infinite distance the angle subtended is zero and the 
potential is therefore zero. 

If we bring a unit NSP from an infinite distance to the point 
on the positive side of the shell where the angle subtended is co, 
then we do more work against the near side than is done for us by 
the more remote side and the potential is + 0co. 

If we approach from an infinite distance to a point on the 
negative side where — co is subtended the potential is evidently — 0co. 
The potential depends only on the strength 0 and the angle 
subtended by the rim. Hence all shells of the same strength and 
the same contour have the same external magnetic field. 

Difference of potential of two neighbouring points, 
one on each side of the shell. Let PQ, Fig. 170a, be two 




neighbouring points : P on the + side, Q on the — side. Let us sup- 
pose them so near that they subtend the same solid angle &> at the 
rim. In reckoning the potential, if P subtends <o, Q must be con- 
sidered to subtend r — <o. For take a point o. Fig. 1705, and draw a 
sphere of unit radius with o as centre. Let a line from P, Fig. 170a, 
trace out the rim ABCD of the shell and let a parallel line from <?, 
Fig. 1705, trace out the curve abed on the sphere. The area abede 
represents co. And as the pole moves from an infinite distance on 
the + side to P the angle increases from zero to co and the potential 
at P is Now let the pole move from an infinite distance 

on the — side to P. The angle ‘subtended increases from zero to 
abedf = whole area of sphere — abede : 

= 4*7 r — ■ co 

and the potential at Q is — 0 (47 t — co). 

Hence potential at P — potential at Q 

= 0to + 0(4 tT — (o) 

= 4tt0 
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or the difference is the same at all pairs of points one on each side 
of the shell. 

Potential of pole m due to a shell. Since the potential 
at anv point of the unit pole is the potential of pole rn is (prnw . 
We have seen that pole m sends out 4 ? mi lines of force or unit tubes 
through the whole solid angle surrounding it ; therefore through 
solid augle w it sends out or its potential is <fi x number of lines 

of force it sends through the closed curve forming the rim of the 
shell. Conversely the potential of the shell with respect to the 

pole is <p X number of lines from the 
pole passing through the shell. It is 
easy to see that if lines of force which 
enter the shell on the’ positive side are 
reckoned positive, and if those which 
enter on the negative side are reckoned 
negative, the number will be the same, 
whatever the form of the shell, so long 
as it has the same bounding curve. For 
let ABODE and AFE (Fig. 171) repre- 
sent two forms of the shell. A line CB 
which passes through the first shell at C in one direction and at B 
in the other direction will not count in the sum ; while a line DF 
which passes only once through the first shell must pass through 
the second shell also, and will count equally for each. 

Potential of a shell in any field. If we regard the field 
as made by a distribution of polarity, the potential of a shell will 
be equal to <j> X 2 lines sent through, summed up for every element 
of polarity, or ^xN, where N is* the total number of lines sent 
through. 

Force on a shell in any direction. Let a shell be 
displaced parallel to itself through small distance & in the. given 
direction. Let the rate at which N, the total number of lines of 

dN 

force through the shell, increases in the given direction be — 

doc 

Then the number passing through in the displaced position is 

dN 7 

N + ScV and the potential has been increased by 

..dN * 


This is the work which must be done in the displacement. There 

dN 

is therefore a force resisting the displacement equal to or the 

force tends to decrease N, and in the positive direction of See is 

dN 
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The shell, therefore, tends to move into the position in which 
as many lines of force as possible pass through in the negative 
direction. This can easily be remembered if it is considered that 
it will tend to set with its negative face towards a positive pole. 

The resultant force on the shell evidently acts in the direction 
in which a given motion produces the maximum decrease in N. 

Representation of the force by elementary forces 
each acting on an element of the rim of the shell. 
The value of N can alter only by lines moving in or out across the 
boundary curve of the shell as it is displaced. This is seen at once 
if we imagine the lines of force to be materialised into wires. 
The number can only be altered by the rim cutting through the 
wires. We may expect then that the force on the whole shell can 
be represented by forces acting at the rim where the cutting takes 
place. 

Let us suppose that the force on an element Ss of the boundary 
in direction Sx is — <pn, where n is the number of lines cut by Ss per 
unit displacement in the direction S%. Then the total force is 

— <fLn = — since Zn must be equal to gr-. Then we may 


regard the total force — <j> — as the resultant of forces such as 

— <f>n on the elements of the boundary. The direction in which the 
force on each element acts is that in which a given motion will make 
n the greatest. 

If H, Fig. 172, represents the field at an element Ss, it is evident 
that n is the greatest when Sx is perpendicular to H and to Ss. Then 



the direction of the resultant force F on the element is along the 
normal to the plane through Ss and H. The number of lines of 
force cut per unit motion of Ss along F is H sin 68s, where 6 is the 
angle between H and Ss. Then F = <pR sin 9Ss. 

We shall see when we study the magnetic field of a current that 
the current equivalent to a shell circulates counter-clockwise round 
the rim when seen from the side towards which the positive layer 
faces. Hence in the figure we may assign to Ss, considered as an 
element of the current, the direction inwards through the paper wheh 
the shell lies above Ss with the positive layer to the right. The force 
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on Ss tends to lessen the positive lines of force through the shell, that 
is, Ss tends to move upwards when H is as drawn. If we represent 
current by C, field by H, then force is in the direction in which a 
screw would move if its head were turned round from C to H, where 
C and H both act towards or both form the point of intersection. 
The rule may be remembered bv noting the alphabetical order of 
C to H. 

Field due to a uniformly magnetised sphere. Let us 

suppose that a sphere consists of small parallel bars or fibres of 
equal cross-section a and with equal poles ± la. Then it is said 
to be uniformly magnetised with intensity I in the direction of the 
fibres. 

Let PQ, Fig. 173, represent the end of one of the fibres, and let the 
radius OP make 0 with the direction of magnetisation. 

The polarity at PQ is la. The area of the end of the fibre on 

the sphere is and if the surface density on that area is ar 

= la or or = I cos 0. 

cos 0 

We may therefore represent the action of the magnetisation out- 
side the sphere by a layer 

cr = I cos 0, 

which will be positive on one hemisphere through which 0 increases 




from 0° to 90°, and negative on the other hemisphere through which 
0 increases from 90° to 180°. 

We may obtain the potential of this distribution by a simple 
device due to Poisson. 

Imagine a sphere equal to the magnetised sphere, but consisting 
of positive polarity of density p, uniformly distributed through its 
volume. Let its centre be at 0. Superpose on this an equal sphere 
consisting of uniformly distributed negative polarity density — p 
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but with its centre at O', a small distance from O, O'O being in 
the direction of magnetisation. Then the two spheres will neutralise 
each other everywhere where they overlap. But on one hemisphere 
there is left a positive layer unneutralised, and on the other a 
negative layer unneutralised. The total quantity thus left acting at 
P on area dS, Fig. 174, will be pPQdS = pRQ cos ddS = pOO' cos 0dS. 
If we make pOO' = I, this quantity is <rdS , where cr = I cos 0 . 

That is, the two superposed spheres give the actual distribution 
which exists on a uniformly magnetised sphere. Now the potential of 
a sphere at an external point is the same as if it were collected at its 
centre. Hence the potential of the two at an external point, distant r 


in direction 6 with OO', is the same as that of a pole ^ ircPp at 0, 


and a pole — g ira z p at O', where a is the radius of the sphere, or is 

the same as that of a short magnet length 
00' with moment 

| ira s pOO' = | va z l. 

We can calculate the field within the 

sphere on the supposition that the two 

surface layers act as if the space within 

were air. The force due to a uniform sphere at a point within it 

is due to the part of the sphere included within a concentric sphere 

drawn through the point. Hence at a point P, Fig. 175, it will be 

4 OP 3 I , . . , , 

- 7 rp pQ 2 = gwpOP along OP, due to the positive sphere, and 



4 PO' 3 4 . i 

= gTrpPO' along PO', due to the negative sphere. 

The resultant of these two is by the triangle of forces equal to 

I xpOO' = \ icl parallel to 00', or the field within the sphere is 
o o 

everywhere uniform and in the direction parallel to 00'. 

Force on a small magnet placed at a point in a non- 
uniform field. If a small magnet, length pole strength m, and 
therefore with moment M = ml, is placed in a field which is not 
uniform, the magnet will set in the direction of the line of force 
through its centre, but the forces on the two poles will not be^ quite 
equal and opposite, and the magnet will move in the direction of 
the resultant of the two forces. 

If, for instance, it is placed in the field radiating from the NS 
pole of a long magnet, it will ultimately set in a line of force and 
its SSP will be nearer the pole producing the field than its NPS. 
It will therefore tend to move inwards, that is, to the stronger 
part of the field. 

Or if it is placed in the circular field round a straight current. 
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2C 


the intensity of which is — , where C is the current and r the 

distance from the axis of the wire, the forces on the pole, though 

equal, will not be opposite. Let 
O, Fig. 176, be the centre of the 



wire, NS the small magnet, 
forces on N and S are 


The 

2Cm 


represents. 


Then 


tangential to the circular line of 
force through NS. We may take 
the sides of the triangle ONS to 
represent the two forces and their 
resultant, each side being per- 
pendicular to the force which it 
Hence the resultant F is given by 

F : — = NS : ON = l : r. 
r 

2CM 
r 3 


F — 


and it is directed inwards towards O and again towards the 
stronger part of the field. 

We can obtain an expression for the force acting in any field 
hy finding .the potential energy of the magnet with respect to the 
field. Suppose that the magnet is brought from a great distance, 
where the field is zero, to its actual position, and let it move always 
so that the South pole follows in the track of the North pole. 
The total work done in moving the South pole is equal and opposite 
to the work done in moving the North pole up to the point finally 
occupied by the South pole, and the potential energy will 
therefore be the work done in moving the North pole the 
extra distance equal to the length of the magnet. Let H 
be the intensity of the field, then the potential energy will be 
V a* — mlH = — MH. 

The force in any direction x will be 


dV 

dx 


= M 


dH 

ax' 


It is therefore the greatest in the direction in which H increases 
most rapidly, or the magnet tends to move to the strongest part 
of the field. 

If the magnet be turned end for end, and be constrained to 
keep in that direction, the forces on the poles are just reversed, and 
the magnet tends to move in the direction of most rapid decrease 
of H or into the weakest part of the field. 



CHAPTER XIX 

INDUCED MAGNETISATION 

Magnetic induction — Induction and intensity in air — Lines and tubes 
of induction in air — Induction within a magnetised body — Hydraulic 
illustration — Equations expressing continuity of potential and continuity 
of induction tubes — Representation of induced magnetisation by an 
imaginary distribution of magnetic poles acting according to the inverse 
square law — Magnetic susceptibility — Imagined investigation of B and 
H within iron — Permeability and the molecular theory — Induction in a 
sphere of uniform permeability fi placed in a field in air uniform before its 
introduction — Long straight wire placed in a field in air uniform before 
its introduction — Circular iron wire in a circular field — Energy per 
cubic centimetre in a magnetised body with constant permeability — The 
energy supplied during a cycle when the permeability varies — Calculation 
of induced magnetisation is only practicable when the permeability is 
constant — Diamagnetic bodies — Magnetic induction in a body when the 
surrounding medium has permeability differing from unity. 

Magnetic induction. We have seen that when a mag- 
netisable body, such as a piece of iron or steel, is introduced into 
a magnetic field it becomes a magnet by induction. We shall 
investigate in this chapter methods of representing this induced 
magnetisation. 

The magnetic force on a pole placed at any point in the air 
surrounding the magnetised, body may be calculated as if it were 
due to the direct action of polarity scattered over the surface 
or through the volume of the body, each element of the polarity 
acting directly on the pole with intensity inversely as the square 
of the distance. But it must be remembered that this is a mere 
working representation, adopted for the purpose of calculation. 
The magnetic condition must be regarded as existing at every 
point in the field, whether a test pole is placed there to reveal it or 
not. The force on a pole in the field is due to the altered — the 
magnetic — condition of the medium immediately round it. 

Faraday, who introduced the idea of action through and by the 
medium into magnetism as well as into electricity, introduced also 
the use of lines of force, or, as we shall here term them, lines of 
induction, to describe the condition of the field, and he showed that 
these lines gave not only the direction of the intensity but also 
that by their crowding or sparseness they gave its magnitude. He 
was led by his idea of an altered condition of the medium to the 
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great discovery that when polarised light is passed through certain 
media along the lines of magnetic induction, the plane of polarisation 
is rotated, a discovery clearly proving that in these media the 
altered condition is no mere hypothesis, but a certain fact. He also 
laid emphasis on the idea, which, however, was not a new one, that 
the magnetic condition of a magnet is not merely a condition on 
its surface or at its poles, but that there is something going on inside, 
something symbolised by the passage of lines of induction through 
it. We are driven to this conclusion by observing that when we 
break a magnet in two, new poles are developed on the broken 
ends. The change in length of iron bars on magnetisation, a change 
proportional to the length, is perhaps further evidence of some 
action or some change of condition within the metal. 

It may appear to be a difficulty in the way of accepting the action 
by and through the medium that the action of a magnet is 
practically the same through or in most media surrounding it. It 
is very nearly the same whether the magnet is surrounded by water 
or by air, or whether it is placed in a vacuum. We must then 
suppose that there is some medium even in a vacuum which is 
altered by the presence of the magnet, that there is something 
which can transmit momentum and which can possess energy. 
But this difficulty has to be faced in considering the phenomena of 
radiation. Radiant energy passes at very nearly the same speed 
through air and through the highest vacuum which we can create, 
and it passes through the vacuum, as far as we yet know, without 
any loss of energy. There is something, then, in the vacuum which 
can take up and propagate radiant energy and its accompanying 
momentum, and nearly in the same way as if air were present. 
When we speak of a field in air, we must not, then, imply that the 
air is the seat of all the action, the storer of all the energy. 
Doubtless it takes some share in the action, but the medium which 
pervades a so-called vacuum is no doubt present, and in all proba- 
bility takes its share in the action. 

induction and intensity in air. When magnetisation 
of iron takes place by induction, we symbolise it by supposing that 
lines of induction pass through the iron, and we say that induction 
goes on within it. We may think of the induction within as 
implying a condition in the iron similar to that which exists in 
the neighbouring air outside, but in general the action, whatever it 
is, will be greater. The term induction is therefore extended to 
denote the alteration existing in the air, as well as that in iron. 

In. the air, or in any non-magnetic medium, we take the 
intensity H, the force on a unit pole, to represent the induction, 
both in magnitude and direction. In doing this we make no 
hypothesis as to the nature of the induction. All that we imply is 
that the inductions at two points P and Q in air will differ from 
each other in magnitude and direction in the same way as the 
intensities at P and Q, and we so choose the unit of induction 
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that if the intensity at a point in the non-magnetie medium is H 
and the induction at the same point is B, then B = H. 

Since the induction and the intensity are thus made to coincide 
in air, the only medium in which we directly measure H, the 
employment of the two terms appears at first sight needless. 
But we shall see directly that we are led to assign to them 
different values in magnetic media, and in permanent magnets and 
in crystalline media they may even have different directions. 
They imply, too, even in air, different modes of viewing the action. 
“Intensity” is the result of experiment. We suppose that we 
place a unit test pole at the point considered and measure the 
mechanical force upon it. It is the measure of the action of the 
medium on something, as it were, outside itself, viz. the test pole. 
It corresponds in fact to stress in ordinary elasticity. ct Induction ” 
implies that there is an alteration in the medium and corresponds 
to strain in elasticity. In elasticity we have 

stress = modulus X strain, 

and when we know the modulus we can determine the strain by 
measuring the stress. The magnetic equation B = H implies 
units so arranged that the magnetic quantity corresponding to 
the modulus is unity in air. 

We may here follow the analogy with elasticity one step 
further. The energy per unit volume in a strained body is 
proportional to stress x strain. In the magnetic field, then, we 
might expect it to be proportional to the product HB, or, since we 
make B = H, proportional to H 2 . We shall see later in the chapter 
that there is some reason to suppose that it is H 2 /8x. 

Lines and tubes of induction in air. Lines and tubes 
of force in air may now be described as lines and tubes of 
induction, and along* a given tube 

induction X cross-section = constant. 

The total flux of induction through any closed surface, the 
surface being entirely in air, will be zero whether it encloses 
magnetised matter or not. For if it does enclose it the two 
polarities are equal and opposite, and the total polarity within the 
surface is zero. 

Induction within a magnetised body. Let us suppose 
that an iron sphere without permanent magnetism is placed in a 
field in air which before its introduction was uniform, i.e. was such 
that the lines of induction were straight and parallel. We take 
the case of a sphere, since on a certain supposition, as we shall see 
later (p. M2), the course of the lines of force within the sphere can 
be determined, but the general ideas we gain from the sphere will 
apply for any form. The course of the lines of induction in the 
air will be altered by the introduction of the iron as indicated in 
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Fi" 177, the Hues being drawn in towards the sphere. -The figure 
represents those on a diametrical plane parallel to the origma 
direction of the field. The total polarity over one hemisphere is 
equal and opposite to the total polarity over the other hemisphere, 



so that as many lines of induction converge on to one hemisphere 

as diverge from the other. „ . . 

Now imagine that the sphere is cut through in a plane perpen- 
dicular to the central line of induction and that the two halves are 



drawn a very small distance apart. Then we shall have tubes 
of induction crossing , the air gap thus formed, and as many 
tubes will cross the gap as enter the^ curved surface of one 
hemisphere and leave that of the other. For we can draw a closed 
surface entirely in air closely surrounding either hemisphere, and 
the total flux through such a surface is, as we have seen, zero, or the 
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flux across the gap must be equal and opposite to the flux over the 
curved hemispherical surface. 

All this may be regarded as experimental. We now make the 
fundamental supposition that the lines and tubes of induction are 
continued through the iron, that the tubes crossing the air gap are 
the continuations of those in the air outside, and that along each 
tube, induction x cross-section is constant, and has the same value 



as the same product for the same tube outside the iron. We shall 
see later that on a certain supposition the tubes will go straight 
through the iron, or that the induction within it is uniform. 

We may now close up the gap, having only used it to emphasise 
the idea that the induction runs through the iron, and we have the 
lines of induction as in Fig. 179, and along any tube induction x cross- 
section = constant whether it is in iron or air. Let us now. Fig. 180, 



Fig. 180 . 
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draw two level surfaces, or surfaces cutting the lines of induction at 
right angles, one through Pclose to the point at which the central line 
enters the iron, and the other through Q close to the point at which 
it leaves the iron. It is evident that these surfaces must bend, the 
one downwards, the other upwards, as indicated in the figure, coming 
nearer together far out at KS, where the field is practically un- 
affected by the iron, than they are at PQ, close to the iron. Now, 
we have no way of experimentally measuring the intensity H 
within the iron. But we make the supposition that it is such that 
in passing from one level surface to another, intensity x path is 
constant for all paths whether in air or iron ; or, if H is not uniform, 
then if ds is an element of path, fHds is the same for all paths 
from one level surface to another. Since, then, the level surfaces are 
further apart at PQ than they are in distant parts of the field, H 
is less within the iron than in those distant parts, i.e . less than it 
was before the iron was introduced. But just outside the sphere at 
P or Q the tubes of force or induction have narrowed, in converging 
on to the iron, and so H is greater there than it was before the iron 
was introduced. Then H in air at P is greater than H in iron 
close to P. But B in air at P is equal to B in iron close to P, and 
since B in air is equal to H in air, B in iron close to P is greater 
than H in iron at the same point. 

Let us put in the iron 

B = ^H. 


jj. is termed the permeability of the iron. 

If we put H = ~ B and compare with the elasticity relation 

stress = modulus x strain 

we see that 1/jul corresponds to the modulus of elasticity. It 
represents as it were the difficulty, while /x represents the ease, of 
magnetisation. 

To sum up. We have in air B = H, where H can be experi- 
mentally determined, and therefore B can be determined. In iron 
we can suppose that B is determinate from the continuity of the 
induction flux along a tube as it passes from air into iron. We 
can also suppose that H is determinate from the constancy of 
potential difference as we pass from one level surface to another, 
whether through air or through iron. We have seen that in iron B 
must be greater than H, and its ratio to H is termed the permea- 
bility of the iron. 

We have considered only the case in which the magnetisation 
is produced by induction, and have disregarded the possibility of 
permanent magnetism in the iron. If there is permanent magnetism 
we can no longer assume that fH.ds between two level surfaces is 
the same through air as through iron. 
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Hydraulic illustration. A hydraulic illustration may 
help us to realise the meaning of magnetic permeability. 

Imagine that ABCD, Fig. 181, is the cross-section of a slab of 
spongy or porous material indefinitely extended to right and left, and 
that a liquid which entirely fills the pores is being forced through 
it by a pressure across AB in excess of that across CD. Then the 
liquid will flow with a velocity from AB to CD such that the viscous 
resistance balances the difference of pressure. On the average the 
flow will be straight across from AB to CD and the pressure will fall 
uniformly from one face to the other. This corresponds to a uniform 
magnetic field. The pressure corresponds to the potential, and its 
slope, or fall per centimetre, to the intensity. The velocity will be 

A- B 

O 

C D 

Fig. 18L 

proportional to the pressure-slope and will correspond to induction. 
Evidently, if we draw a tube of flow, velocity x cross-section, or 
total flow, will be the same throughout its length. 

Now imagine a portion of the slab — represented as spherical 
in the figure — made more porous, and therefore less resisting, than 
the rest. Evidently the liquid will flow more rapidly through 
this portion. The lines of flow will converge on to the end nearer 
AB, and diverge from that nearer CD. The surfaces of equal 
pressure will be deformed just as are the magnetic level surfaces iii 
Fig. 180. The total flow along a tube will be the same whether it is 
within or without the larger-pored space occupied by the sphere, 
and the pressure-slope will be less within than without that space. 

We could replace the sphere with its larger pores by one having 
pores equal to those outside it, if we supposed that where the tubes 
of flow enter the sphere, there are “sinks” or points at which fluid 
is removed somehow from the system, the amount removed being 
the excess of fluid coming up over that which the given pressure- 
slope will drive through the sphere on the supposition of pores equal 
in size to those outside. On the surface of the other hemisphere, 
where the fluid emerges, we must suppose that there are “ sources” 
or points at which fluid is somehow introduced into the system to 
make up the excess of outward flow over the flow through the sphere. 
The “ sources ” must introduce just as much as the u sinks ” remove. 
This mode of representation corresponds to the representation of 
the magnetic induction by polarity distributed over the surface and 
it brings to the front the artificial nature of that representation. 

Though we are not here considering permanent magnetism, we 
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may point out what would correspond to a permanent magnet in 
the fluid illustration. 

A steel magnet in air would correspond to a larger pored 
region, and in the pores we should have to imagine small turbines 
fixed, driving the liquid in a given direction. The turbines would 
represent the magnetic molecules, and each turbine would have to 
produce a flow proportional to the strength of the molecular pole. 
As much fluid would be drawn in at one end of the region as was 
driven out at the other, and the fluid would circulate back through 
the surrounding space, the lines of flow representing the lines of 
force. 

Equations expressing continuity of potential and 
continuity of induction tubes. We may conveniently term 
the condition that the difference of potential between two points is 
the same, whether we pass from one to the other through air or 
through iron, the condition of continuity of potential, for it implies 
that the potential is the same at two points quite close together, 
one in air, the other in iron, and we may put the condition into the 
following form : 

Let PQ be two neighbouring points on the surface of the iron. 
Let H x be the intensity in the air close to PQ and let its direction 
make 6 X with the normal to the surface at PQ. Then H x sin 6 X 
is the component of the intensity parallel to the surface in the air. 
Let H 2 be the intensity in the iron close to PQ and let its 

direction make 0 2 with the normal. 
Then H 2 sin 0 2 is the component of the 
intensity parallel to the surface in the 
^ iron. In order that the difference of 
Fig. 182 . potential between P and Q shall be the 

same in air arid in iron, these com- 
ponents must be the same in direction and equal in magnitude. 
The first condition implies that H x and H 2 are in one plane with 
the normal, while the second requires that 

H x sin 9 X = H 2 sin 6 r 

We may conveniently term the condition that the flux of induction 
across a tube is constant, the condition of continuity of induction 
tubes, and we may put it in the following form : 

Let Fig. 183 represent the section of a tube of induction enter- 
ing the iron at PQ by the plane through the normal QM and the 
line of induction in the air through Q. It passes through the line of 
induction in the iron also, if we assume that the directions of 
induction and intensity in the iron coincide, as they do in air. Let 
6 X $ 2 be the angles which the direction of the induction makes 
with the normal in the two media. Let QR PS represent cross- 
sections of the tube in the two media, the breadth of the tube 
perpendicular to the paper being the same in each. The con- 
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tinuity of -induction gives B 1 .QR = B 2 .PS, where B x is the 
induction in air, B 2 that in iron ; 


or Bj. PQ COS = B 2 .PQ cos 0 2 


whence Bx cos — B g cos Q v 

Thus while the components of intensity parallel to the surface are 



Fig. 183. 

equal, the components of induction perpendicular to the surface 

are equal. , ,. 

If instead of air and iron we have any two media with 
permeabilities jx 1 and /x 2 , intensities H x H 2 , and inductions 2 , 
we still have 

H x sin 0 X = H 2 sin 0 2 
B x cos 6 1 = B 2 cos 0 2 . 

Putting Bj= H 15 andB 2 = Ma H 2 ,the equation of continuity 
of induction becomes 

jujHi cos 6{ = m 2 H 2 cos 0 2 


and dividing the two sides of the equation of continuity of potential 
by these we get 

tan fl-x tan 
t* i V-t 

We may term this the law of refraction of magnetic tubes. It 
applies of course only to cages in which the conditions of continuity 
hold. 
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When we compare the foregoing investigations with the 
corresponding investigations in electricity we see that magnetic 
intensity corresponds to electric intensity, and magnetic induction 
corresponds to electric strain. The magnetic equation 


B = /xH 


corresponds to the electric equation 



so that jul corresponds to K/ 4?r. 

The introduction of 4?r in one of these is very unfortunate, for 
it destroys the exact correspondence of formulae in the two cases. 
It arises from the fact that the units are so chosen that unit quantity 
of electricity sends out one tube of strain, while unit quantity 
of magnetism sends out 4 tt tubes of inductidn. Heaviside* has 
introduced a system of “ rational units ” in which unit magnetic 
pole, like unit quantity of electricity, sends out one tube. But the 
difficulty in the way of change in the practical units has not yet 
been faced. 

Representation, of induced magnetism by an 
imaginary distribution of magnetic poles acting ac- 
cording to the inverse square law. We have seen that 
the intensity changes when we pass from air into iron, or more 
generally when we pass across a surface at which the permeability 
changes. For purposes of calculation we can imagine the change 
of field to be produced by a layer of magnetism, a layer of poles 
distributed over any surface where /ul changes from one con- 
stant value to another, or distributed 
through the volume if the change in fj. 
is gradual. These poles are supposed 
to act according to the inverse square 
law and as if the whole space were of 
unit permeability. 

Let us consider a change of per- 
meability at a surface PQ, Fig. 184, 
from 1 to yot, and let the figure represent 
the section of a tube of induction by a 
plane containing H x and H 2 , and let 
the tube stamp out an area a on the 
surface, represented in section by PQ. 
Let cr be the surface density of the 
imagined magnetic poles. Since our supposition is that the surface 
magnetism would, in combination with the external poles, produce 
the observed intensities if it acted in air on both sides, we may 
apply Gauss’s theorem to the surface PRQS. The theorem states 

<* Electrical Papers, i r 262; ii, 543. 
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that if N is the component of the intensity normal to the 
surface, 

f'SdS = 4tt X quantity within. 

For the surface chosen N has value H x over PR and H 2 over 
Q3, and is zero on the sides. If Q ± 0 2 are the angles with the 
normal made by H x H 2 , the cross-sections at PR and QS are a cos Oj 
and a cos 0 2 , so that we get 

H x a cos Q 1 — H 2 a cos 0 2 = 47r<ra 

and = gi cos .6 >i -h 2 cos e K 


We may express <r in terms of either H x or H 2 , since H 1 cos 6 1 
= B x cos 0 X = B 2 cos 0 2 = cos 0 2 , whence 




- 1 


4t r 


EL cos 


It is easily seen that if jn is constant within the surface the total 
magnetism on one end of a tube where it enters the surface is 
equal and opposite to that on the other end where it leaves. For 

<r . PQ = crQS /cos 6 2 = H 2 . QS, which is constant along the 

tube within the body. 

Magnetic susceptibility. In another way of viewing the 
magnetisation of iron in air, the distribution 
of polarity imagined as above is regarded 
as the surface manifestation of the internal 
magnetisation of the iron, and we may then 
consider the surface layer cr as describing a 
real physical condition of the iron beneath it. 

Let PQRS, Fig. 185, represent a tube of in- 
duction entering the iron at PQ, and leaving 
it at RS. We shall suppose that jm is constant 
within the iron, so that magnetism need be 
imagined only at the ends PQ and RS. We 
may represent this magnetism by supposing 
that the tube is divided into magnetised 
fibres, each with poles only at PQ and RS. If we could cut through 
these fibres at any intermediate section MN, perpendicular to 
the axis of the tube, opposite polarities would be developed at the 
two cut faces, each equal in total quantity to the polarity at either 
end. If the surface density of magnetism on MN is I, MN X I is 
constant along the tube and is equal to PQ X cr. If MN is close 
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to PQ, then if 6 2 is the angle which the axis of the tube makes 
with the normal to PQ, 


MN = PQ cos 6 2 

and PQ X <r = MN X I = PQ X Icos0 4 
or cr = I cos 0 2 . 

I is termed the intensity of magnetisation. It must not be 
confused with H, the field intensity, or the force per unit pole. 
Since I X MN is constant along the tube and since B X MN — 
fM x MN is also constant, I is proportional to/xH, or to H since 
we are taking jjl as constant. 

Let us put I = kH. 

k is termed the magnetic susceptibility of the iron, or, sometimes, 
the coefficient of magnetisation. 

Let us take MN close to PQ : 


We have 


cr = I cos 0 2 = fcH cos d 2 . 


But also 



H COS Oj* 



and fi = 1 + 47r/c* 

Imagined experimental investigation of B and H 
•within iron. Lord Kelvin imagined a method of investigating 
the values of B and H within iron which, though experimentally 
unrealisable, is a valuable aid to understanding the difference be- 
tween the two quantities, induction and intensity of field. Let us 
suppose that a long and exceedingly narrow tunnel is made, along 
a line of induction in the iron. If narrow enough it will not 
disturb the magnetisation in the iron round it except very close to 
the ends, and at a distance from the ends the intensity within the 
tunnel will be the same as in the iron close to its sides, or as in 
the iron before the tunnel was made. We may regard this as a 
consequence of the condition of continuity of potential, or if we do 
not wish to assume that condition we must regard this as a defini- 
tion of H within the iron. Since the tunnel is free from iron .we 
can imagine H to be measured within it by means of the vibration 
of a minute needle of known moment. Since the needle is in 
iron-free space we can calculate the intensity of the field in which 
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it is placed from the distribution of poles throughout the system, 
these poles acting according to the inverse law. 

Now suppose that instead of making the tunnel we make a cut 
through the iron perpendicular to the lines of force and remove a 
very thin wafer-shaped portion of the iron. The lines of induction 
go straight across the crevasse thus formed and the tubes of induc- 
tion have the same cross-section in the crevasse as in jbhe iron on 
either side. But in the iron-free space in the crevasse the induction 
is equal to the intensity. The intensity will be that previously 
existing + that due to the new surface layers formed on the two 
faces of the crevasse, say ± I, and these will produce intensity 4 ttL 
Hence within the cavity the intensity is 

B = H + 4ttI 

where H is the intensity before the crevasse was made, or putting 
I — /cH, the intensity in the crevasse which is equal to the indue* 
tion in the iron before the crevasse was made is 

B = H + 4ttkH. 

Putting B = ,uH 

we get fj. = 1 + 4?7fAT. 

The quantities B and H are to be regarded as the two funda- 
mental quantities. The quantity I, which is equal to (B — H)/4 tt, 
is a convenient quantity to introduce in that it enables us to express 
simply the polarity which we may suppose to he distributed over 
the system where pc changes in order to calculate the intensity of 
the field, using the inverse square law. This supposed polarity is 
somewhat artificial if we accept the principle of continuity of flux 
of induction. In electricity the tubes actually end on conductors 
and the charges at their ends may be regarded as having a real 
existence. But in magnetism the tubes of induction never end. 
Either they come from an infinite distance and go off to another 
infinite distance or they are re-entrant and form closed rings. The 
polarity cr which we suppose to exist where a tube passes from one 
medium to another with different jjl is merely a device introduced 
to enable us to calculate the effect of change of medium. 

Permeability and the molecular theory. We can give 
some account of the greater permeability of iron as compared with 
air on the molecular theory in the following way, in which we only 
attempt to give a general idea. 

Let NS, Fig. 186, represent a magnet and consider one of its Ikies 
of force as drawn through P. Now introduce just outside this line 
a small magnet ns, Fig. 187, turned so that its lines run in the^ 
opposite direction through P, and let us suppose for simplicity that 
it is of such strength and in such a position that it just neutralises 

Q 
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the field of the other at P. Then the lines will destroy each other 
at P and the line from N will run through the small magnet some- 
what as drawn in Fig. 1 88, or the line has been pulled out of the 
air into the iron of ns. 

If a piece of previously unmagnetised iron is put into the 
position of ns its molecular magnets first tend to set along the lines 



Fig. 186 . 

of force of NS, and then each molecular magnet so setting has an 
action like that of ns as above considered. It draws out of the 



field round it lines of force due to NS, concentrating them on itself. 
Regarding induction rather than force, we may say that each 
molecular magnet setting along the lines in the field draws into 



itself some of the induction due to NS and makes it continuous 
with its own induction. 

We shall now consider some cases of induction. 

Induction in a sphere of uniform permeability ju. 
placed in a field in air uniform before its introduction. 

let tjie uniform field into which the sphere is introduced be H. Let 
us assume that the sphere is uniformly magnetised by induction 
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and that its field is superposed on H. We have shown (p. 226) 
that a sphere radius a , uniformly magnetised with intensity of 
magnetisation I, has a field without it the same as that of a small 

magnet with moment - iraH placed at its centre, and with axis 
o 

in the direction of I, and that it has a field within the sphere 
uniform and equal to — f ttI. We are to find the value of I 
which will satisfy the conditions of continuity of potential and 



flux of induction. The supposition to which we have already 
inferred (p. 281) is that this gives the actual magnetisation. 

Consider a point P at the end of a radius OP making 0 with 
the direction of H. We may resolve the small magnet equivalent 

4 

to the sphere into two, one along OP with moment ^ ira z I cos 0, 

o 

4 

and the other perpendicular to OP and with moment g ira z l sin 0 
respectively. 

The intensity of the field just outside P due to the former* will 

* g 

be along OP and equal to g ttI cos 0. That due to the latter will 

4 . 

be perpendicular to OP and equal to g 7rl sin 0. The field intensity 

parallel to the surface is obtained by combining this with the 
component of H and is 

4 

H sin 0 — £ 7rl sin 0. 
o 

4 

Just within the magnet ‘sed sphere its own field is g 7 rl parallel 

4 

to H, so that* adding H, the total intensity of field is H - g irl* 
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The component parallel to the surface is 

H sin 0 — \ 7rl sin 0. 

Thus the condition for continuity of potential is satisfied. 

The normal intensity just outside the surface is 

8 

H cos 0 + g ?rl cos 0 

and as the medium is air this is equal to the normal induction. 
The normal intensity just inside the surface is 

4 

H cos 0 - 7rl cos 0 


and since the permeability is p the normal induction is 

COS 0 — | 7rl cos oj. 

Equating the normal induction without and within, the condition 
of continuity of flux of induction is satisfied by 


whence 


H + |7rI = M (H-^xl) 


I 


A (L - 1 ft 

4 x fx + 2 


The intensity of field within the sphere is 


h -h=^ 


H. 


If /t is large, as it may be for iron when H is not very small, 
this approaches the value 

3H 

V- 

while I approaches the value 

3H 

4tt 

or approaches the same value for all large values of ju.. The 

Q 

normal intensity just outside the sphere (H + ^ttI) cos 0 approaches 
the valu£ 

SH cos 0 


and the tangential intensity (H 


— £7rl) sin 0 approaches zero unless 
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6 is very near 80°. That is, the lines of force enter the sphere 
very nearly normally when /jl is large except near the equatorial 
plane. 

If we use k instead of jm we obtain 

1 = 4T w H- 

S + 4tT7C 

Long straight wire placed in a field in air uniform 
before its introduction. Experiment shows that with a long 
straight wire placed in a uniform field the polarity is developed chiefly 
near the ends.* Let us suppose that the induced poles are ± w?, 
that the radius of the wire is r, and that its length is Z. Let us as an 
admittedly rough approximation suppose that ± m are at the ends 
If the original field is H, the field at the centre within the wire i 

H - 2ot/(|) 2 = H - 8 m/P. 

If the magnetic susceptibility is k the intensity of magneti- 
sation is 



and the total polarity on a section imagined to be made through 
the centre will be 



The assumption that the poles are at the ends gives 


m == ttt^H — 


or 


m 


tttVH 

, SmT 2 ’ 
1 + p 


If zc^/Z 2 is so small that we may put the denominator = 1 5 
that is, if we may neglect the effect of the ends in calculating the 
induction in the middle parts of the wire : 

m = tt^/cH = — t 2 H. 

4 


This is nearly true if l is greater than 800r. 

Circular iron wire in a circular field. If a solenoid be 
bent round into a circle, the intensity H of the field within it, at a 

* Ewing, Magnetic Induction, chap, ii ; Searle and Bedford, Phil. Trane., 
A, 198, p. 98. . 
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distance r from the axis through the centre of the circle, is given by 

%7rrH. = 4j7rnC 

where n is the number of turns of the solenoid and C is the current 
in it. 

Then H = — ■ ■ 

r 


If a wire of permeability jul and of uniform cross-section forms 
a closed ring of mean radius r within the solenoid, the iron is 
magnetised; but there are no poles formed, for the tubes of 
induction go round through the iron and do not pass into or out 
of it anywhere. The intensity in the iron must be the same as 
that in the air close to it and is therefore given by the above 
equation. The induction and the intensity of magnetisation are 


B = juH = 


C 

r 


I H = - [E Z 1 ) yiC 

Energy per cubic centimetre in a magnetised body 
•with constant permeability. We may use the last case to 
obtain an expression for the distribution of energy in a magnetised 
body when the permeability is constant as, for instance, in iron in 
the first stage of magnetisation represented by O A Fig. 130. 

We shall suppose that a thin iron circular ring forms the core 
of a circular solenoid as above and that the field intensity within 
the solenoid, due to the current in the solenoid, is H. Let a be the 

cross-section of the iron. Let B= ) aH 
be the induction in it. Then the total 
flux of induction through the iron is 
aB. Now imagine a cut made through 
the iron and a gap formed as in Fig. 
190. If H due to the solenoid is in 
the direction of the arrow, the poles 
at the gap will be as indicated by N 
and S. Let the gap formed be so 
narrow that the magnetisation of the 
iron remains the same as before it 
was made. The induction in the gap, 
then, is B, and this would be produced 
by polarity of surface density ± B /4 tt 
or total polarity ± «B / 47 r. 

It is to be noted that the intensity of magnetisation I in the 
iron does not give us this polarity. From it we should get 
<r = I = /trH, and the intensity of field in the gap due to <r would 
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be 4 tt/cH. But cr is only imagined in order to account for the ex- 
cess of intensity of field in the air over and above that which was 
existing before the iron was introduced. We must, therefore, add 
H, and the total intensity in the gap is 4-j/cH + H = yuH = B as 
above. In calculating the energy in the iron, we have to deal with 
the total induction, not the excess over that previously in the air 
displaced. 

We observe that H is due to an external force applied to the 
iron. In elastic stress and strain an external stress strains a body 
until an internal stress is brought into play equilibrating the 
external stress. Work is done against this internal stress in 
increasing the strain, and energy is put into the body proportional 
to internal stress and increase in strain. So in the magnetisation of 
the iron, induction — “ magnetic strain — is produced by the ex- 
ternal magnetising stress H until an equal internal^ stress is called 
into play by the iron, and the energy put into the iron is the work 
done against this internal stress, equal and opposite to H at each 
step, as H increases from zero to its final value. 

Let the induction be increased by dB, by a small increase of 
current in the solenoid. We may represent the process of increase 
by imagining that North-seeking magnetism adB/4x is separated 
from an equal quantity of South-seeking on the South side of the 
gap and that it is carried round through the iron against the 
intensity H exerted by the iron, this intensity being equal and 
opposite to the external intensity due to the coil. 

If the length of the iron is 1 the work spent in the increase is 

ZH adB/4*x 


and the total work spent in magnetising the iron will be 



Since [x is constant we may put dB = jxdH. and we get total work 
spent, or the energy supplied 


or, since la is the volume of the iron, the energy supplied per cubic 
centimetre is 

B 2 

Stt 8 lip. 

and if we assume that this energy is stored as magnetic energy in the 
iron, these expressions give the energy per cubic centimetre. 
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It is to be noted that the energy supplied only gives us the 
energy stored, when the process of magnetisation is “ reversible,' ” 
so that a given field produces a given induction, as it does when 
jjl is constant. When the magnetisation may be the same for quite 
different fields the energy spent is different for different paths 
from one condition to another, and our investigation does not 
lead to a value for the energy stored in the iron. But we may 

find an expression for the energy 
supplied in any change. 

The energy supplied during 
a cycle when the permeability 
varies. If jul varies we can represent 
the energy supplied by an area on the 
diagram, Fig. 191, which gives the 
relation between H and B. Let the 
curve OPQA represent the relation 
between B and H when H is increased 
from zero to ON in a piece of iron 
previously unmagnetised. 

Let PQ represent a small step in 
the process ; then if we deal with 
1 c.c., the work done in the step PQ is H<ZB/4 tt = PR x RS/4 tt 

= area of strip PS. The total work done as H changes from 0 

T 1 

to ON is x the sum of such strips, or^-- X area of OPAMO, 

If when H has reached the value ON it. is diminished again, we 
know that B does not fall off as would be represented by the curve 
AQPO, but somewhat as represented by the curve ATCD in Fig. 1 92. 



When H is reduced to zero, induction OC still remains in the iron 
and it is necessary to reverse H and give it a value, such as OD, 
before the induction is destroyed. The work done in increasing 
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H to ON and then reducing it to zero is ~ (OPAMO-CTAMC) 

*t7T 

= ^ OPATCO. The work done In increasing the negative value 


of H to OD is OCDO, or the total work done is OPACDO. 

If we take the iron through several hundred cycles of H between 
values + ON and — ON, then in the later cycles its cycle of 
magnetisation is represented very nearly by a closed loop as in 
Fig. 193, the hysteresis loop. In each cycle the work done on the 



iron piece is represented by -r— x area of loop, and in each cycle the 

47T 

energy represented by this work is dissipated and appears as heat 
in the iron. 

We shall return to this subject in Chapter XXL 
Calculation of induced magnetisation is only 
practicable when the permeability is constant. When / a is 
constant we may calculate the magnetisation induced in a given 
field in certain cases, of which we have given easy examples in the 
sphere and the ring. But when p varies, as it does with ferro- 
magnetic bodies as soon as H rises above a small value, hysteresis 
comes into play and the equations B = /xH and I = /cH may cease 
to have meaning. For example, suppose that, as in Fig. 192, H is 
taken to the value ON, and is then reduced again to zero, B and 
I still have positive values, that of B being represented by OC, and 
there is no meaning in saying that B = /xH at this stage. 

Diamagnetic bodies. If a material, instead of concentrating 
the lines of force upon itself, widened them out — that is, if, taking 
the fluid illustration of p. 235, it were like a hydraulic system in 
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which the pores were smaller and more resisting than in the 
surrounding medium — then a sphere placed in a previously uniform 
field would produce a distribution of lines of force like that given 
in Fig. 194. 

Let us assume as before that the lines of force are parallel within 
the sphere. In order that the level surfaces may cut the lines of 
force at right angles, they must be nearer together within the 
surface than they are at a distance outside. The intensity within 
the body is therefore greater than it was before the body was 



introduced, while the flux of induction, which we suppose to be 
continuous, is less. If then we take B = /JET, jm must be less than 
1. If we represent the alteration of field by induced polarity & 
scattered over the surface, as on p. 239, 


or 


M - I 

4 7TfJ. 


H-t cos 6 X 


and, as /4<1> <r becomes negative, or the polarity is reversed 
and the forces are reversed. This is just what we observe with 
diamagnetic bodies. A small diamagnetic body is repelled from 
the pole of a magnet. 

Hence we interpret the distinction between paramagnetic 
and diamagnetic bodies by saying that for the former jul is greater 
than 1, while for the latter it is less than 1. If we use the 

^ 

magnetic susceptibility k = , k is positive for the former, 


negative for the latter. If we exclude the ferromagnetic bodies, 
ft — 1 and k are always very small and for a given substance 
practically constant, and the value of cr is very small. . 

Magnetic induction in a body when the surrounding 
medium has permeability differing from unity. In the 
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foregoing investigations we have supposed that air is the medium 
surrounding the body in which magnetisation is induced, and that 
for air jul = 1 and tc = 0. Now we shall consider the case in which 
the medium has permeability differing from 1. Let us suppose that 
it has permeability jul v and that the body which it surrounds has 
permeability ju 2 , and let us find the value of the surface density of 
magnetism or polarity which we should have to suppose spread 
over the surface of the body to account for the change of field 
when the permeability is everywhere reduced to the same value ju. x 
as it has in the medium. This corresponds to the investigations 
on p. 238, where the imagined surface layer acts as if it were in air 
on all sides. 

We shall first show that the intensity due to a pole m at 
distance r in a medium of permeability fj. t is no longer m/r 2 , but 
m / Suppose two poles each m, i.e. each a source of the same 
total induction, to be. placed one in air and the other in the 
medium. At a distance r from the first the induction is 

B=7?*/r> = lL 

At a distance r from the second the induction is also 

B = m 

But if Hj is the intensity in the second medium 

•\ H x = 

Then if we apply Gausses theorem in a system where the permeability 
is everywhere and regard the field as due to poles acting according 
to the law mjfjL 

/NdS = 

where m is the total polarity within the surface S. 

Now suppose that a body of permeability jul 2 is placed in a 
magnetic field and surrounded by a medium of permeability /* r 
We still assume the principles of continuity of flux of induction 
and continuity of potential, so that if H 2 are the intensities 
just without and just within the surface, and if they make 6 1 and 0 2 
with the normal, 

cos jul z H 2 cos 0 2 and H* sin 0 X = H 2 sin 0 2 . 

Let Fig. 195 represent the section of a tube of induction passing 
out of the body and cutting unit area on the surface at AB, and let 
AC, BD be cross-sections perpendicular to the tube. Apply Gauss's 
theorem to the surface of which ACBD is a section, and find the 
value <r of the surface density which would account for the change 
in intensity at the surface on the supposition that the permeability is 
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everywhere jul v The normal intensity N only has value over AC 
where it is H x and over BD where it is — H 2 > and the theorem 
gives 

H 1 .AC-H 2 .BD = 4w/mi 

or, since AC = AB cos 0 X and BD = AB cos 0 2 and AB =1, 


<r = ^ (H^ cos 6 1 — H 2 cos 0 2 ). 



Bu cos 02 == /x 2 H 2 cos 0 2 , and hence 

<r= ^- J u 1 ) co 

^TTyUs, 1 1 

= fHzJH BiCOsdi 


= ^2 - K ± ) H 2 COS 0 2 . 



CHAPTER XX 


FORCES ON MAGNETISED BODIES. STRESSES 
IN THE MEDIUM 

The forces on a body of constant permeability p placed in a magnetic field 
in air — Illustrations — The forces on a body of permeability ^ placed in 
a field in a medium of permeability ji x — Forces on an elongated bar in a 
uniform field in air when its permeability differs very slightly from 1 — 

The magnetic moment of a small paramagnetic or diamagnetic body 
placed in a magnetic field — Time of vibration of a small needle with . 

- 1 very small suspended in the centre of the field between the poles of 
a magnet — Stresses in the medium which will account for the forces 
on magnetic bodies — The stresses on an element of surface separating 
media of permeabilities ^ and 

The forces on a body of constant permeability jul 
placed in a magnetic field in air. We can obtain useful 
expressions for the forces on a body in a magnetic field when the 
permeability is constant, that is, for a body which is paramagnetic 
or diamagnetic with permeability very near to unity. 

We have seen (p. 239) that the held outside the body is altered 
by the introduction of the body just as it would be altered by the 
introduction of a layer of magnetism occupying the position of the 
surface of the body and of density 

<t = H x cos 6 X = — - H 2 cos 0 2 = kH 2 cos 0 2 

and acting everywhere according to the law m/r 2 . 

The forces on the poles or bodies producing the field can be 
calculated by replacing the magnetised body by this layer, and, 


P 

* 



Fig. 196. 


equally, the reactions on the body can be calculated by replacing 
it by the layer and finding the force on each element of the surface. 
Let AB, Fig. 196, be an element of the surface so small that it may 
be regarded as plane and as having a layer of magnetism of uniform 
densitv & all over it. 


253 
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Let P be a point in air and Q a point in the body each very close 
to AB and so near together that PQ is very small compared with the 
diameter of AB. We may divide the intensity of the field at P 
into two parts, the one H due to the rest of the system when AB 
is excluded, the other due to the layer on AB. The latter will be 
along the normal upwards in the figure if or is positive. The 
intensity at Q may similarly be divided into two parts, the one due 
to the rest of the system when AB is excluded, and this will also be 
H, of the same value and in the same direction as at P, since PQ 
is very small compared with the distance of either from the nearest 
parts of the system to which H is due. The other will be 3xcr 
along the normal downwards if <r is positive. 

Let us draw OH, Fig. 197, from a point O in AB to represent H, 
HC parallel to the normal to AB to represent &7r<7 upwards, and 
HD parallel to the normal to represent % 7 rcr downwards. Then 
OC will represent H x at P and OD will represent H 2 at Q. 

The force on AB is due neither to H x nor to H 2 , but to H, since 
AB as a whole exerts no force on itself. The force per unit area 
of AB, then, is Her in magnitude and direction. We may regard 
OH in Fig. 197 as the resultant of OD and DH, i.e. of H 2 and2xo-. 



Fig. 197. 

Then we have two forces per unit area, H 2 <r along H 2 and 
along the normal outwards. 

Putting <r — /cH 2 cos 6 2 (p. 353), the pull along the normal 
outwards may be written 

WH 2 2 cos 2 d 2 

where H 2 makes 0 2 with the normal. 

The system of forces H 2 o- per unit area on each element 
and parallel to H 2 may be conveniently represented as the resultant 
of a system of forces acting throughout the volume in the following 
way : 
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Draw a narrow tube bounded by lines of induction through the 
body from AB to CD, Fig.198. We may describe the body as mag- 
netised throughoutwith intensity of magnetisation given at any point 
by I = /cH, where H is the actual intensity of field at the point. 
If a is the cross-section at any point 
of the tube, la is constant and is equal 
to the total surface polarity at AB or 
CD. Let us then cut the tube into 
short lengths and on each section sup- 
pose poles ± la. These poles may be 
supposed to be acted on with in- 
tensity H, the actual intensity at the 
cross-section. Thus at each section 
we have a pair of forces in equilibrium, 
and the whole system of pairs may be 
superposed on the system consisting 
of the two end forces on AB and CD. 

But now we have a series of short 
magnets each placed in a magnetic 

field of intensity H 2 , the actually existing field where each is 
situated. If l is the length of one of these and a its cross-section, 
its moment is I al = /cHa£ = /cH X volume. 

But the force on a small magnet in any direction x placed in a 
field H is (p. 228, Chapter XVIII) 

t dH „ dU <• 
moment x = /cH — x volume, 

QjjC IIJC 



Fig. 198. 


or is 


1 

2 


dH 2 

dx 


ih k — ~ per unit volume. 


We may therefore replace the surface system He- by a volume 

system i k per unit volume in any direction x. 

We may further represent the volume system, if we choose, as 
due to a pressure within the body : 


p=C-t K H* 

whe^e C is some unknown constant. For this pressure will |*ive 
the force on any element in direction x. 

The forces, then, on a magnetised body in air may be calculated 
by supposing that we have 

1. A tension 27nc 2 H 2 2 cos 2 d 2 outwards along the normal. 

2. A volume force g k per unit volume in any direction x 
at each point in the interior. 

For all but the ferromagnetic bodies k is very small, and the 
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system represented by 2 tk 2 H 2 2 cos 2 0 2 * s negligible, since it is 
proportional to /c 2 . Any field into which the body is introduced 
is sensibly the same after the introduction, so that in the calculation 

^H 2 

of the volume force the value of maybe taken as being the same 


as before its introduction. We shall see how this is used in making 
measurements of k in Chapter XXII. 

Illustrations. As an illustration of the foregoing let us 
suppose that a long bar of material with very small susceptibility 
k is hanging with its lower end in the horizontal field H between 
the poles of a magnet, Fig. 199. Let the upper end 0 be so far 



away that the intensity of the field there may be neglected in 
comparison with H. 

Let us measure x downwards from 0. Let a be the cross- 
section of the baiyZ its length. The force pulling the bar 
down is 



0 0 


= \koU.\ 

The surface force Stct* 2 per area 1 may be neglected since k is small. 
As an illustration of a case in which this surface force is not 



Fig. 200. 


negligible, let us suppose that two iron bars of constant permeability 
are magnetised by coils near their neighbouring ends and placed as 
in Fig. 200, with unlike poles near each other. Let the bars be so 
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long that the intensities at the remote ends are negligible. We 
shall assume that the intensity near the neighbouring ends is 
parallel to the axis. As above, the volume force gives us a pull 

^/cH 2 2 where H 2 is the intensity just inside the iron. The surface 

pull S 7 TCT 2 gives us 27nc 2 H 2 2 . The total pull is therefore 


1 

2 


/cH 2 2 + 2™ 2 H 2 2 = 


a:H 2 2 (1 + 4tt/c) 



fr-l)gH a » 

8tt 


where Hi is the intensity in the air in the gap. 

The assumptions of constant permeability and of field parallel 
to the axis in the bar near the facing ends are only very rough 
approximations to the truth at the best, so that the result obtained 
has no real value except as an illustration of the formulae. 

Forces on a body of permeability jm 2 placed in a field 
in a medium of permeability The field is altered by the 
introduction of the body just as it would be by the introduction 
of a layer of magnetism of surface density 

<t = (k 2 — /q)H 2 cos 0 2 


and acting everywhere according to the law m/ju^ (p. 251). The 
forces due to the body, and therefore the reactions on the body, 
can be calculated by replacing the body by this layer and finding 
the forces upon it. The forces on the surface layer or may be 
obtained as on p. 254, remembering that now the intensity due to 
or is 2 ircrjjUL^ and that this is now the value of DH or HC in 
Fig. 197. The intensity H acting on the surface layer may be 
regarded as the resultant of 2i rcrj^ along the normal and of H 2 . 
The former gives a tension along the normal 

Sttct 2 /^ = %tt(k 2 — /q) 2 !^ 2 cos 2 6Jfl v 

The latter may be treated as on p. 255, remembering that now 
I = (k 2 — /c-JH. The volume force is then found to be 


} (K _ k) <IE 

iT * 2 Kl) dx 


which may be represented as due to a pressure system 

H*. 


In para- and diamagnetic bodies in which k is very small the 
tension on the surface is negligible. Faraday's experimental 
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observations that a paramagnetic body in a more paramagnetic 
medium behaves as if it were diamagnetic is at once explained by 

tc — re dH 2 

the expression for the volume force, — - 1 For suppose that 

the body is first in air ; the force on unit volume in direction x is 

K ± where may be determined from the value of the field 
2 dx J 

before the introduction of the body, since when k is small the 
intensity of the field is not sensibly altered by its introduction. 

Now surround the body by a medium with susceptibility k v 
and the force changes to 

k 2 — *1 dH 2 
• % dx 

and if k x is greater than k 2 the force changes sign. 

Forces on an elongated bar in a uniform field in air 
when its permeability differs very slightly from 1. If 
we neglect the outward tension proportional to k 2 the other term 
in the surface force is H 2 <r or /cH 2 2 cos 0 2 per unit area of 
surface in the direction H 2 . This is a force kH 2 2 per unit area of 
the tube of induction. Then to the extent to which we can adopt 
the supposition that the tubes go straight through the body, that 
is, that their course is unaltered by its presence, these forces will 
neutralise each other in pairs at the entrance and exit of the tube. 
The body will to this approximation rest in any position. But 
Lord Kelvin showed* that when we take into account the altera- 
tion of field due to the induced magnetism, it follows that both 
paramagnetic and diamagnetic bars tend to set with their longer 
axes along the lines of force. This result is important, for it 
implies that the equatorial setting of small diamagnetic bars 
placed midway between the poles of a magnet is not due to a 
tendency to set transverse to the lines of force, but to a tendency 
of the material to get into a weaker field. By setting transversely, 
the two ends of the bar get into the weakest fields available, 
for the field diminishes in the equatorial plane as we move out 
from the centre. 

To understand the longitudinal setting in a uniform field let 
us imagine a bar of square section to be made of separate cubes 
placed end to end. First let the body be paramagnetic and let it 
be held longitudinally in the field. Each cube will tend to increase 
the .magnetisation of its neighbours, just as each of a series of 
magnets tends to increase the magnetisation when they are placed 
end to end. Thus the polarity at the ends is increased. Next let 
the bar be placed transversely to the field ; then each cube will 
tend to weaken the magnetisation of its neighbours, just as each of 
a member of magnets set side by side tends to weaken its neighbours. 

* Papers on Electrostatics and Magnetism, Sect. 691* 
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Now let the bar be inclined at any angle to the field, as in Fig. 201. 
The mutual action of the cubes tends to increase the end 
magnetisation and to weaken the side magnetisation. Neglecting 
this mutual action, that is, neglecting the effect <§£«#ie surface 
distribution on the intensity, the bar, as we have will be In 
equilibrium — that is, the 66 centre of polarity* of tfcS^QBhd A and 
of the side B must be at c in the line ejybrce Olpjffirough the 
centre 0, Fig. 201 . But taking into accouffifhe incngS^of polarity 
at A and the decrease at B, the mag- “ 1 
netic axis will be thrown on to the A 
side of oc to c 19 say, and the force, 
acting through c will tend to pull the 
bar into the direction of the field. 

Now take a diamagnetic bar made 
up in the same way of cubes. If it is 
held Ipngitudinaliy in the field, we 
represent its polarity by supposing 
that a NSP induces a NSP, while a 
SSP induces a SSP. At the plane of 
contact of two cubes where there are 
opposite polarities'each therefore tends 
to weaken the other, and the net result 
is that the end magnetisation is de- 
creased. Now put the bar transversely. 

Since like induces like, each cube will tend to strengthen its neigh- 
bours and the side magnetisation is increased. ; ,3 

If the bar is inclined at an angle to the field the tnutual action 
of the cubes tends to increase the side magnetisation and to 
decrease the end magnetisation, and the centre of polarity is 
thrown towards B, say to c lv This is a SSP, and the force 
due to the intensity H will push it. The moment round the 
centre O will tend to make the bar turn round parallel to the lines 
of force. 

The magnetic moment of a small paramagnetic or 
diamagnetic body placed in a magnetic field. If the 

field intensity is H before the body is introduced, that value is 
almost unaltered by its introduction when fi — 1 is exceedingly 
small. The magnetisation at any point may therefore be taken as 
I = /cH. Any small cylinder of length l and cross-section a and with 
axis along H may be regarded as a magnet with poles ± la = /cHa, 
and with moment /cHceZ = kH x volume. The total magnetic 
moment will be the resultant of all such moments, and if the body 
is so small that H may be regarded as uniform in it, its moment 

will be /cH X volume. . vt7TTT 

Force on the small body. We showed m Chapter AVill 

_ r . . MdH 

that the force on a small magnet of moment M m direction x is "~^7 * 

If its volume is dv 7 this is equal to 
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„ dH , 1 <ZH S 

kH doc ~ 2 K ~dx 


dv. 


If the body is large, the total force in direction x is 


l‘k f mdv 


from which we may again draw the conclusion that if k is positive 
the body tends to move towards the position where JY&dv is a 
maximum, and that if /c is negative it tends to move towards the 
position where f *H?dv is a minimum. 

Time of vibration of a small needle with pt— 1 very- 
small suspended in the centre of a field between the 
poles of a magnet, the field being symmetrical about 
the axis and the equatorial plane. Lord Kelvin has 
shown * that the time of vibration of a needle-shaped body 

depends only on its density and magnetic 
susceptibility, and not on the particular 
shape or size of the needle so long as it 
is a needle and small. This very remark- 
able result has led to a method of de- 
termining susceptibilities. 

First imagine a particle of volume v , 
density p, and susceptibility k to be 
somehow freed from weight and to be 
: suspended, under the action of magnetic 
forces only, by a very fine fibre from the 
central point C of the field represented 
in Fig. 202. 

If paramagnetic, it will set at P with 
the fibre along CP ; if diamagnetic, at Q, 
with the fibre along CQ; and if dis- 
turbed it will vibrate, forming as it 
were a magnetic pendulum. Let us take 
We may put the intensity near C in the 


IN 


<$P 


r 


Fig. 202. 


axes as in the figure, 
form 


H 2 = H c 2 - Ax 2 + By 2 . 


For putting H as a function of x and y and expanding, first powers 
must disappear to satisfy symmetry. Powers higher than the 
second may be neglected if we are near enough to C. The signs of 
the terms with A and B as coefficients are determined by the fact 
that H increases from C towards P, while it decreases from C 
towards Q. 

The magnetic force on the particle in any direction s is ^ kv 

Let Us suppose it to be diamagnetic, so that its undisturbed 
* EteGtrostatics and Magnetism, Sect, 670. 
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position is Q. Let it be disturbed through a small angle 6 from 
CQ. The force along the arc s , the restoring force, is 

1 dW 

putting ds = add, where a is the length CQ of the fibre. But in the 
disturbed position x — a cos 6 and y — a sin 0, so that 

H 2 = H c 2 - A a 2 cos 2 6 + B a 2 sin 2 0 
and = 2a 2 ( A + B) sin 0 cos 0 

= a \ A 4- B) sin 20 
= 2a 2 ( A + B)0 * 

since 0 is small. 

The acceleration on the particle is therefore 

1 KV_dW 

2 pva dO 

= -< A + B)0 
P 

= ~(A + B )s 
P 

and as we suppose k negative, this is towards Q. The vibration is 
therefore harmonic of period 

T = %-xsJ _ 4A + B)‘ 

This is independent of a. * A .. . 

If, then, a thin bar or needle is pivoted at C so that its weight 
need not be considered, every particle of it tends to vibrate in the 
same time, and it vibrates as a whole with the above period. 

If the bar is paramagnetic, it is easily seen that the sign of the 
denominator must be changed, and that the time is 

T = 27I V *(A + B) 

The experiments made by Rowland and Jacques, using this formula, 

are referred to in Chapter XXII. _ , 

Stresses in the medium which will account for the 
forces on magnetic bodies. It is not so easy to work out a 
system of stresses in the surrounding medium to account for 
the observed forces on magnetised bodies as it is to find a system 
which will account for the forces on electrified bodies or tor 
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dielectrics in the electric field. In the electric field, for 
instance, between two parallel metal plates charged with ± cr 
the tension along the iines of force must be 2 i nr 2 in order 
to account for the work done in separating the plates. But 
there is no exactly corresponding magnetic system, nothing like 
a charged conductor. Since the magnetic induction tubes are 
continuous, there are magnetic stresses on each side of the surface 
separating two media, and energy is distributed throughout the 
tube. We cannot make a real magnetic experiment like that with 
an attracted disc electrometer, where we weigh the pull by the 
dielectric on the surface. Even the electric system is indeterminate, 
for we can hardly argue conclusively from the pulls in a uniform 
field to those in a field in which the level surfaces are curved. 
The tensions and the pressures keeping an element in equilibrium 
might depend on the curvature of the lines of force. But we can 
at least show that the electric stress system devised by Maxwell holds 
with a uniform field, and can further show that it gives forces which 
agree with the actual forces on bodies. We have no satisfactory 
starting-point for a magnetic system of stresses, and it is probably best 
to be guided by analogy with the electric field, remembering again 
that the problem is really indeterminate and that the system assumed 
is only one of an infinite number of possible solutions. Maxwell* 
proposed a magnetic stress system which in a medium of perme- 

H 2 

ability 1 gives a tension rr — along the lines of force and an equal 

07 T 

H 2 . 

pressure g— perpendicular to them. In a medium of permeability 

homogeneous and isotropic, so that induction and intensity are in 
the same direction, his system consists of a tension H 2 /87 t along, 
and a pressure H 2 /87 t perpendicular to, the lines of force, and in 

H 2 

addition a tension (jm — 1 )t— = /cH 2 along the lines of force. 

tp'7T 

This stress system is not satisfactory. The system of tension and 
pressure, each equal to H 2 /87 r, would keep each element of a 
homogeneous medium in equilibrium, and it can be shown that it 
would account for the surface forces on a magnetised body in air, 
that is, for the forces on the surfaces of discontinuity. But the 
additional tension kH 2 within the body would only form a system 
in equilibrium in a uniform field. We shall consider in place of 
Maxwell’s system one analogous to the electric system, and shall 
therefore assume that there is in a homogeneous isotropic body a 

tension along the*lines of force and an equal pressure 

perpendicular to them. 


87T 


* Electricity and Magnetism, ii. Sect. 642. The stresses in the medium are 
discussed at length in Walker’s Aberration and the Electro -magnetic Field, and in 
Heaviside’s Electrical Papers, vol. ii. 
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This system, like the electric system, will maintain each element 
of a body in which /j. is constant in equilibrium. The forces 
acting on the two sides of an element of surface where jul changes 
will not be in equilibrium, and their resultant ought to be equal 
to the mechanical force acting on the surface, equal, in fact, to the 
forces deduced by supposing that the imaginary surface layer is 
acted on by the field existing about it. We shall find that the 
two systems are not equivalent, element by element, but that they 
give the same resultant force on the body as a whole. Perhaps 
this is as much as could be expected. 

uH 2 

The tensions and pressures are in equilibrium on any ele- 
ment of a medium in which fi is constant, exactly as the tensions and 
KE 2 

pressures -g— are in equilibrium on an element of dielectric. Any 

portion of a medium with jul constant is therefore in equilibrium, 
and if we draw a closed surface S wholly within the medium, the 
tensions and pressures acting on S from outside form a system in 
equilibrium. Equally the reactions from inside on the medium 
outside S are in equilibrium. If we imagine the medium within S 
to have the same distribution of induction, but some other constant 
value of jul, we can superpose the stresses due to this on the actual 
system without destroying equilibrium. Obviously we need not 
even have the distribution of induction the same in the superposed 
sj T stem so long as it is a possible distribution obeying the tube law, 
but we shall only require the more limited case. 

The stresses on an element of surface separating 
media of permeabilities ju x and 
fx r Let the plane of Fig. 203 be that 
through the normal to the surface and 
the axis of a tube in the medium, 
meeting the surface in an element dS 
represented by its trace AB. Let the 
tube make 9 1 with the normal. Let 
the tube be rectangular in section with 
two sides parallel to the plane of the 
figure, and consider the equilibrium of 
the wedge ABC. The forces across AC Fig. 203. 

and BC must give the force across AB. 

Let N be the normal force outwards across AB and T the tangential 
force in the direction Afi. Since BC = dS cos 9 and AC = dS sin 0, 
we have, on resolving the assumed tension and pressure, 

ISWS = • dS cos 2 6, - dS sin 2 0, 

07 T OTT 

N = ( cos2 d i ~ siu2 #0 = cos 2<9 r 



or 
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T = cos 0 x sin 0, + sin 6 X cos 6 X 

07 r OTT 


-m 


87 r 


sin 20 r 


The resultant of N and T is a tension on unit area of the 
surface in a direction making an angle 20 x with the normal. The 
resultant of the system N and T over the body should give the 
actual force. 

But we may add to this system the system due to the internal 
stresses, for these form a system in equilibrium. We may take 

these internal stresses either of their actual value, ’ 01 *5 as 

u H 2 

more convenient, of value ' lx ' we superpose on the actua 

system — a system (fa— ^ 2 )^:* 

When the internal system is superposed we get 


N = ( cos 2 0, - sin 2 QJ - ^Mcos 2 0 2 - sin 2 0,) 

OTT 07T 

= ^ H 1 2 cos2 bEI cqs2 \ since Hj sin 6 1 = H a sin 0 S 

07 T 

__ H x cos 0 X + H 2 cos 0 2 H x cos 0 X — H 2 cos 0 2 


H 2 

9 . . 


/V 


47 r 


v v 

II + ft 

= Normal component of 1 ^ — - X surface density 
where the accents are put to denote the vector values. 

T _ sffi sin «, cos e, - 

- H, sin e t . 

since H x sin 0 X = H 2 sin 0 2 

_ II 1 sin 0 X + H 2 sin 0 2 H x cos 0 X — H 2 cos 0 2 
- 


<T, 


47 r 


V V 

ft + H 

= Tangential component of 1 ^ — 2 X surface density 
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Hence the assumed system gives the same force on a whole body 
as the system obtained by considering the imaginary surface layer 
of magnetism. 

It is easy to show that the system of pressures and tensions in 
air will account for the force on a straight wire carrying a current 
C due to a field H at right angles to the wire or in the field due to 
another parallel current. 



CHAPTER XXI 


THE MEASUREMENT OF PERMEABILITY AND 
THE ALLIED QUALITIES IN FERRO- 
MAGNETIC BODIES 


Magnetometer method — Ballistic method — Magnetisation in very weak 
fields— Magnetisation in very strong fields— Ewing’s isthmus method — 
Nickel and cohalt — The hysteresis loop and the energy dissipated in a 
cycle — Mechanical model to illustrate hysteresis. 

A knowledge of the permeability of iron, and of the way in which 
B varies as H is changed, is of the highest importance as a guide 
to dynamo construction. In this chapter we shall give an account 
of the principles upon which are based some of the methods used 
to investigate the relation between B and H for iron and steel, and 
we shall indicate the general nature of the results.* It will be 
necessary to assume some knowledge of electro-magnetism. 

Magnetometer method. In this method, applicable to 
a long thin rod or wire, the rod is placed within a solenoid some- 



what longer than itself and is magnetised by a known current 
through the solenoid. One end of the wire is near a magnetic needle 
the magnetometer and from the deflection of this needle the 
magnetisation of the rod is calculated. A very convenient 
arrangement, due to Ewing, is represented in Eig. & 04 . 
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A represents the solenoid placed vertical. B is the magneto- 
meter nearly level with the upper end of A, and at a distance from 
it so short that the action on the needle is almost entirely due to 
the upper pole. The rod must be adjusted to the height at which 
the action is a maximum. The magnetising current through the 
solenoid is supplied by the cells on the right, and on its way to 
the amperemeter G and the commutator F it passes through the 
adjustable liquid resistance H, which consists of a tall glass jar 
with three discs of zinc immersed in a dilute solution of zinc 
sulphate. 

It will be seen from the figure that the circuit from one 
terminal of the battery passes through the top disc on its way to 
G and the solenoid, while the other terminal is connected by an 
insulated wire to the bottom disc. The other end of the solenoid 
is connected to the middle disc, which is movable up and down. 
If the middle disc touches the top one, the current flows through 
the jar and none goes through the solenoid. As the middle disc 
is lowered the current through the solenoid increases and is a 
maximum when the middle disc touches the bottom one. On its 
way to the solenoid the current passes through the u compensating 
coil ” E, which is adjusted in such a position that when there is no 
rod within the solenoid the action of E on the magnetometer is 
just equal and opposite to that of the solenoid. The magnetic 
action of the solenoid itself may therefore be left out of account. 

In order that the earths field may be eliminated a second 
solenoid is wound round the first and a constant current from a 
cell C is passed through it and through a resistance D so adjusted 
that the field due to the constant current within this second 
solenoid is equal and opposite to the earth’s vertical field. 

When a specimen is to be tested it is necessary in the first 
place to demagnetise it. This is effected by the u method of 
reversals.” The rod is placed within the solenoid and the full 
current is put on by lowering the middle plate in the liquid 
resistance to contact with that at the bottom. The commutator 
F is then rapidly revolved, so as to alternate the field within the 
solenoid. While the rapid alternation is going on the middle 
plate is slowly raised through the liquid to the top so that the 
amplitude of the alternating current slowly decreases from its 
largest value to zero, and the rod is found to be completely 
demagnetised by the process. This method serves also to adjust 
the current through the outer solenoid to the value required 
to neutralise the earth’s field, for the reversals only completely 
demagnetise the rod when the field is finally reduced to zero. It 
is useful to employ for this adjustment a special rod of annealed 
soft iron. 

The specimen having been demagnetised, let a current of A 
amperes be established in the solenoid. If there are n turns per 
centimetre the field due to it is H / =4?mA/10. 
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If I is the intensity of magnetisation of the rod and tt a 2 is its 
cross-section, its pole strength is 7ra 2 I. Let QQ , lig. 205, represent 
the two poles of the rod, o being the magnetometer, the horizontal 
component of the field in which it is placed being perpendicular to 
the plane of the figure, and being of intensity F. 
Let oQ=d, oQ'=d'. 

If 6 is the deflection of the needle, then 
F ten «=«.«! (1 -1 §) 

and l = d 2 F tan Q / w« 2 (l _ JJ) . 

This gives I in terms of measurable quantities. Since 
B = /J3 = (1 + = H + 4x1, if we know H and I 
we find B and /*. The value of H' due to the mag- 
netising current is not, however, the actual value of 
the field, for the poles formed in the specimen produce 
Fig. 205. an opposing field, and some assumption is needed to 
allow for the reduction due to this. If the specimen 
is very thin with diameter, say, 1/400 of the length, the reduction 



E 



is very small. Ewing supposes that such a specimen may be 
treated as an elongated ellipsoid and finds that the actual field is 


H = H'-000045 I. 



MEASUREMENT OF PERMEABILITY 269 

The following Table gives particulars of a test made by Ewing on 
an annealed wrought-iron wire of diameter 0077 cm. and length 
30*5 cm. or 400 diameters. The current was increased step by 
step from 0 to a value giving a field of 22*27 gausses and was then 
reduced by steps through 0 to —2*87 gausses. The continuous 
curves in Fig. 206 (taken from Ewing) show the values of I as 
ordinates plotted against H / as abscissae, the lower curve for increas- 
ing current and the upper one for decreasing current. 


Field due to mag- 
netising- current 
H'=»4jrnA/X0 

Intensity of 
magnetisation 
I 

Corrected 

field 

H=*H' — 451/10* 

Magnetic sus 
eeptibility 

K 

Magnetic 
induction 
B = H+4 b-I 

Magnetic 

permeability 

0*0 

0 

0*0 


0 


0*32 

3 

0*32 

9 

40 

120 

0*85 

13 

0*84 

15 

170 

200 

1*38 

33 

1*37 

24 

420 

310 

2*18 

93 

2*14 

43 

1,170 

550 

2*80 

295 

2*67 

110 

3,710 

1390 

3*50 

581 

3*24 

179 

7,300 

2250 

4*21 

793 

3*89 

204 

9,970 

2560 

4*92 

926 

4*50 

206 

11,640 

2590 

5*63 

1009 

5*17 

195 

12,680 

2450 

6*69 

1086 

6*20 

175 

13,640 

2200 

8*46 

1155 

7*94 

145 

14,510 

1830 

10*23 

1192 

9*79 

122 

14,980 

1530 

12*11 . 

1212 

11*57 

105 

15,230 

1320 

15*61 

1238 

15*06 

82 

15,570 

1030 

20*32 

1255 

19*76 

64 

15,780 

800 

22*27 

1262 

21*70 

58 

15,870 

730 

16*42 

1258 

— 

— 

— 

— 

8*46 

1245 

— 

— 

— 

— 

'4*92 

1235 

— 

— 

— 

— 

3*15 

1225 

— 

— 

— 

— 

1*38 

1205 

— 

— 

— 

— 

0*0 

1162 

— 

— 

— 

— 

- 0*41 

1135 

— 

— 

— 

— 

- 0*81 

1092 

— 

— 

— 

— 

- 1*10 

1056 

— 

— 

— 

— 

- 1*45 

979 

— 

— 

— 

— 

- 1*80 

840 

— 

— 

— 

— 

- 2*20 

551 

— 

— 

— 

— 

- 2*51 

232 

— 

— 

— 

— 

- 2*87 

— 40 

— 

— 


— 


The figure show's how the correction from H' to H may be 
made graphically. Since the correction is —0*00045 I, draw a 
straight line OE with abscissa 0*45 at 1=1000. The abscissa 
of OE for any value of I will give the correction to H' at that 
value. Then draw a new curve at each point a distance to the 
left of the continuous one equal to the abscissa of OE at that 
level, and this new curve will show the relation between I and H. 
The dotted curves in the figure are thus obtained. The Tables 
show that with a long thin wire the correction is not great. The 
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maximum value of k is raised from 185 to £06 and ju, is in- 
creased practically in the same proportion. 

The magnetometer method is not the best for accurate absolute 
measurements. The polarity is not all concentrated at or close 
to the ends of the wire and its distribution cannot be calculated. 
The value obtained for I is therefore inexact. The correction to 
H, too, is only an approximation to the true correction. More 
exact results are obtained by the ballistic method described below. 
But the magnetometer method is specially well adapted for in- 
vestigations on the effects of stresses on magnetisation, since the 
wire tested can be subjected to end pulls or to twists while within 
the solenoid. It serves well, too, to give a general idea of the 
results obtained on subjecting a specimen to a magnetising force 
and on carrying the magnetising force through a cycle, inas- 
much as it is easy to work and the theory is simple and gives 
fairly .good results when the specimen tested is very thin compared 
with its length. By it we may obtain the curve already briefly 
described in Chapter XIV, p. 183, and represented in Fig. £07. 



It is interesting to note that in the test represented by Fig. £06 
the residual magnetisation when the current is reduced to 0 is 
still 116£, or 9£ per cent, of the value it attained with the 
increasing current. When the current is reversed the magnetisa- 
tion does not disappear till the field H= —£*75 gausses, and this 
is the value of the “ coercive force 1 ’ for the specimen. It is to be 
remembered that though the external effect of the magnetisation 
disappears under this coercive force, the wire is not in the de- 
magnetised condition from which it started. It is still affected by 
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the process through which it has been carried. For if the current 
in the reverse direction is further increased the curve does not 
descend as it originally ascended from 0, but is much steeper. 

The Ballistic method. This was first devised by Weber 
and has since been used in many important researches. We 
shall describe its application to a ring-shaped specimen of the 
metal to be tested. Round the ring is wrapped a coil of wire A, 
Fig. 208, and in the circuit is a battery, an amperemeter G x , an 
adjustable resistance B 1? and a commutator K. If r is the mean 



Fig. 208. 


radius of the ring and if the number of turns of the coil is N 
per cm. length of the circle of radius r, a current A in the coil 
gives a field of intensity H = 4 x N A /10 at the distance r. We 
shall suppose the ring so thin that H is constant across a 
section, and of this value. Round one part of the ring a 
secondary coil I of n turns is wrapped. In the circuit of this coil 
is a ballistic galvanometer G 2 , an adjustable resistance B 2 , an 
“ earth coil’” E, and a small coil D, which can be used to reduce 
the swings of the needle G 2 . The earth coil is used to find the 
total quantity of electricity passing through G 2 for a given throw. 
Suppose that E is laid on a horizontal table. If the sum of the 
areas of its turns is S and the intensity of the earth's vertical 
field is V, the total flux of induction through it is VS. If E is 
suddenly turned over through 180°, the change in induction is 
2 VS, and if R is the total resistance of the circuit the total flaw 
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If the throw due to this is 0 any other throw 6 will indicate 
a flow of 

2 VS Q , , 

lOK ^coulombs. 

In carrying out a test on a ring it is first demagnetised bv 
reversals, as already described in the magnetometer method. Then 
a small current A x is established in the coil A, producing within it 
a field H 1 = 47rNA 1 /10. If this creates induction B 1 through the 
secondary coil the flow of electricity in the ballistic galvanometer 

will be -g- 1 , and if the throw is 6 X 

nB 1 _2VSe i 
R 10R© 

, -Q SVS0J 



Unless the primary cO]I A is very close in every turn to the iron 
a correction must be subtracted from B 1 for the induction through 
the space between wire and iron. If the mean area of the coil is 
frnm R t cross-section of the iron is S, the amount to be subtracted 
nom to give the induction in the iron is (S'— S') H But th* 
correction is very small. v 

lhe current in A is then increased by an addition of A 
^ VGS \ Thi s ^creases the field by H 2 , and the induction by K 
measured by the new throw of the ballistic galvanometer. The 
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total field will be Hj + H 2 and the total induction B* + B 2 . To 
find the induction per sq. cm. in the iron, we must divide the 
total induction by the cross-section S. The current may be 
increased step by step to any desired amount and then taken 
round a cycle in any desired way, the values of H and B being 
determinate at every point. 

Fig. 209 represents a test carried out by Ewing (he. cit pp. 
70-72) on a wrought-iron ring, mean radius 5 cm. and cross-section 
0*0483 sq. cm. The magnetising coil had 474 turns and the 
secondary had 167 turns. H was gradually raised from 0 to 9*14, 
then taken back to 0 and again raised to 9*14. 

The induction per sq. cm. in the iron rose to 12,440 at the 
maximum. The maximum value of /t = B/H was 1740 when the 
value of H was 4*95.* 

Magnetisation in very weak fields. Baur,+ experi- 
menting by the ballistic method on a ring of soft iron with values 
of H rising to 0*384, found that I and B could be represented by 
the parabolic formulae 

I = 14*5H+ 110H 2 
B = 183H+1382H 2 

whence /c=14*5+110H 


and ^4 = 183+1 382H. 


These results suggest that for extremely small values of H, k and 
lx are constant. This point was investigated by Lord Rayleigh % 
and the suggestion was confirmed. He used the magnetometer 
method with a second compensating^ coil through which the 
magnetising current passed, adjusted in such a position thab it 
neutralised the effect of the iron wire tested (Swedish iron un- 
annealed) on the magnetometer needle when the intensity of the 
magnetic field within the solenoid did not exceed 0*04. When 
the intensity of the field was still further reduced the compensation 
remained perfect and the reduction was carried down to an intensity 
about one two-thousandth of the initial value. It might therefore 
be concluded that, between H = 0 and H = 0*04, /c'and ji are constant 
and that within this range there is no retentivity. The value of 
a was about 100. Above 0*04 the constancy no longer held. 

Lord Rayleigh also found that if a specimen was already 
magnetised by a moderate force, and there was then made a small 
change in the magnetising force opposite in direction to that 


* For other arrangements in which the ballistic method i s used, 
adapted for technical requirements, the reader should consult Ewing on Magnetic 
Induction in Iron and other Metals, chap. xii. 
f FM. Ann., xi. p. 399 (1880). 

J Scientific Papers, vol. ii. p. 579. 


s 
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already employed the susceptibility for that change was nearly the 
same as when the specimen was initially un magnetised. 

Thus if OAP, Fig. 910, represents the magnetisation curve with 
an increasing current, OA is the part under small forces with constant 
[a and k and no retentivity. If the magnetisation is carried up to 



P and then a small decrease MN is made in II, PQ parallel to OA 
is the magnetisation curve. If II is again increased by NM we 
arrive again at P. 

But when the initial magnetisation is much increased and the 
region of saturation is approached, PQ 1ms a less slope, or the 

susceptibility for the small change, which we may denote by 

decreases. 

With annealed iron there is a time lag in the magnetisation. 
This effect has been examined by Ewing, and we refer the reader 
to his work, p. 1#9, for an account of the experiments. 

Magnetisation in very strong fields. Ewing’s 
isthmus method. In Fig. #11 NS are the pole pieces of a 
very powerful electro-magnet, the tips being bored out oylindrically 
about an axis through o perpendicular to the plane of the figure. 
A bobbin B just fits in between the poles. It has a coil of one 
turn wrapped close about the central neck and with its ends 
connected to a ballistic galvanometer. It can be rotated through 
180° about the axis through o so that the induction through it 
is reversed. The throw of the galvanometer on this rotation gives 
the value of the induction through the neck. Since there is no 
free magnetism on the surface of the iron about the neck the field 
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is continuous within and without the iron there, and Ewing 
calculated that if the pole pieces had an angle of 78° £8' the field 
would be nearly uniform as well as continuous. In order to 
measure the intensity H of the field a second coil of somewhat 
larger area was wound round the first, the difference in areas being 



known. The difference in the galvanometer throw when the 
second coil was used and when the first coil was used gave the 
value of H in the air, and therefore in the iron. 

The following Table (Ewing, loc. cit. p. 150) gives the results 
obtained with a specimen of Swedish iron, and will serve as a 
type : 


H 

B 

I 


1,490 

22,650 

1680 

15-20 

3,600 

24,650 

1680 

6*85 

6,070 


1680 

4*47 

8,600 

30,270 

1720 

3*52 

18,310 


1640 

2*13 

19,450 

40,820 

1700 


19,880 

40,140 

1700 

2*07 


All the specimens examined showed the same tendency towards 
a limiting value of I, that is, towards saturation, and a consequent 
tendency in fx to diminish towards unity. These are merely two 
aspects of the same fact, for 

_B H+4i7rI 47 tI 
H = 1 + TT‘ 

If I has a finite limiting value and H is indefinitely increased 
fx must ultimately equal 1. 

These results have been confirmed by du Bois, using an entirely 
different method depending on the Kerr effect of rotation of the 
plane of polarisation of light reflected from a magnet pole.* 

* j Phil. Mag vol. xxix. (1890), pp. 25S and 293. 
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The relations between permeability and magnetising force 
vary greatly with the quality of the iron or steel tested. The 
softer the iron the greater the maximum permeability. With 
steel the permeability is in general lower the harder the steel. 
Alloys of iron with manganese, “ manganese steel,” have been 
made with a permeability Jess than T5, and Hopkinson found 
that a certain specimen of nickel steel containing 25 per cent, of 
nickel had practically a constant permeability of T5. 

Nickel and cobalt. The methods which we have described 
for iron may be used also for nickel and cobalt, and similar results 
are obtained, though the magnetisation and permeability for a 
given magnetising force are much less than for iron. For an 
annealed nickel wire Ewing found that k attained a maximum 
value of 28 5 when the field was 9*5. This corresponds to/x = £96. 
In general the saturation value of I for nickel is a third or a fourth 
the value for wrought iron. Cobalt has less susceptibility than 
nickel in weak fields, but greater in strong fields. 

Tie hysteresis loop and the energy dissipated in 
a cycle. We have seen that if we start with demagnetised 
iron and apply a magnetising force gradually increasing to a 
maximum of considerable value + H m , and if then we carry H 
through a complete cycle + H m , 0,~H m , 0,+ H m , the magnetisa- 
tion I and the induction B return to very nearly the same values, 
and the magnetisation curve forms a very nearly closed loop. 
Probably I and B do not return to exactly the same values. 
But successive repetitions of the cycle give curves very nearly 
overlying the first, and the longer the cycle is repeated the more 
nearly do the successive curves coincide. We shall suppose that 
the stage is reached in which we may take the magnetisation 
curve as a closed loop — the hysteresis loop. 

In each cycle a certain amount of energy is dissipated and 
appears as heat in the iron. We may calculate the energy dis- 
sipated in a way somewhat different from that already given in 
Chapter XIX. We shall suppose that we are using the ring 
method and that the magnetising coil is wound so closely on the 
iron that the induction may be considered as all within the iron. 

Let E be the E.M.F. put on to the magnetising coil from 
outside. Let B be the number of induction tubes through unit 
area of the iron, and let a be the area of its cross-section. Then 
aB is the total induction. If there are n turns of the coil the 
virtual number of tubes through it is n a B. If C is the current 
through the coil and R its resistance the current equation is 

E-«4?=CR 

at 

or ~Edt = nadB + CR^. 

Multiplying by C, 

CEdt = naCdB + C*Rdt. 
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The left-hand side, CE dt+ is the energy supplied to the coil by 
the ^ external source of current in time dt. C *&dt is the energy 
dissipated as heat in the wire according to Joule’s law. Then 
naCaB is the energy supplied to the iron in increasing the 
induction by dB. 

If l is the mean length of the iron its volume is /a, so that the 
energy supplied to unit volume is 

If H is the intensity of the field within the coil, HZ = 4x710, 

.. . nC H 
so that — = . 

I 4x 

Hence the energy supplied per unit volume in the increase of 
magnetic induction dB is 

HdB 
4 tt * 

Let CD, Fig. 212, represent the hysteresis loop when the 
curve is drawn with abscissa representing H and ordinate repre- 
senting B. Let PQ be an element in the ascending branch. The 

strip PQNM is HdB, so that the energy supplied is In 

the descending branch there will be an element Q'P', with both H 


B 



and dB negative, so that 


supplied there is -+ 


P'Q'NM 
4x 


HdB will be positive and the energy 
. The total for the two elements is 


PQQT 

4t r ' 


, For an element RS higher up the curve on the ascending 
branch and for the corresponding element R'S' on the descending 
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f 


branch H is + for both, while dB is + in one, — in the other, and 

RSS / R 

the total energy supplied is the difference — -j . It is easily 

seen, then, that in the complete cycle the energy supplied is 

1 i 1 

- — = - — X sum of all such strips as PQQ'P' = — . x area of 
4x 4x 4x . 

hysteresis loop. 

If we put B = H + 4x1, then = dH + 4<7rdl , and 

THH 

Now |^— J is 0 round a cycle, since H returns to its initial 

value. Then the energy supplied is J Hc?I. Or if the hysteresis 

curve is drawn for H and I, the energy supplied is represented by 
the area of the loop. Since the iron returns to its original con- 
dition after a complete cycle, and meanwhile there is an addition of 
energy, we may conclude that this energy is dissipated and is the 
equivalent of the heat which appears. 

It can be shown by a thermodynamic cycle that if /m is constant 
for a given temperature so that the iron can be magnetised by a 
reversible process, and if jm varies with change of temperature, then 
energy must be supplied to a magnetised body to keep the 
temperature constant if the magnetisation is increased. The 
amount thus supplied * is 

_UdB 6 dju 
4x jul d6 


We can only apply this formula to real iron in the initial stage 
investigated by Lord Rayleigh, Fig. 210, and in the small reversals 
from subsequent stages where the process of magnetisation is practi- 
cally reversible. We cannot deduce the heat required to keep the 
temperature constant in a non-reversible process, nor the heat 
appearing in a non-reversible cycle. It is possible that if we could 
account for the heat required in the reversible, process by some 
physical explanation, the same explanation would account for the 
heat dissipated in hysteresis. But the mechanical illustration given 
(p. 279) would suggest that they are distinct, that the magnetisation 
consists of two parts, one strictly reversible and with the heating 
also reversible, another part non-reversible, dissipating energy by 
something analogous to friction. 

In connection with this subject some very interesting experi- 

* Thomson, Applications of Dynamics to Physics and, Chemistry , p. 103. 
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ments by Baily are to be noted.* Swinburne had pointed out that 
if Ewing’s model, described in Chapter NY. gives a right idea of the 
physical nature of the magnetisation of iron, then the hysteresis of 
iron rotating in a constant magnetic field should show a falling off' 
as saturation is approached. For if all the molecular magnets are 
parallel to the imposed force they will simply rotate as the field 
rotates relative to the iron, without dissipating energy. Baily 
found that up to a value of B in the neighbourhood of i 5,000 the 
hysteresis increased, and for both soft iron and hard steel it is not 
very different in a rotating field from its value in a field reversed 
in the ordinary way. If the rotating field is further increased, 
then hysteresis falls off* and apparently would vanish for a value of 
B about 21,000, though that value was not actually reached. 

Mechanical model to illustrate hysteresis. It may 
be interesting to describe a mechanical model which, if it could be 
constructed, would give relations between force P and displacement 
d very nearly corresponding to the relations between magnetic 
intensity H and magnetisation I. Let AB, Fig. 21 5, be a cylinder of 
air with unit-area cross-section and of length 2D. Let CDEF be a 
short cylinder moving within it with friction F. Let G be a piston 


‘ C D 



Fig. 213. 


moving without friction in CDEF, but against springs SS attached 
to CDEF. Let the piston-rod R pass out through an air-tight 
hole at B, and let any desired force P be applied at the end of R. 
Let us suppose that G has area practically equal to the unit-area 
of cross-section of AB. Let us start with the piston m the centre 
and with equal pressures of air p on the two sides. It is easily seen 
that if the piston is displaced d to the right, then, as far as the air 
pressure alone is concerned, R must be pulled with a force 

p — % p. iklEL 

A— d 2 / D a> 


and the curve giving the relation between Pa and d will be 
somewhat as in Fig. 914>. 

But the springs will also introduce a force P s , which may be 
considered separately, on the supposition that the ends of A and B 
axe open. At first the spring force, and therdore P*, is pro- 
portional to the displacement of G, and will continue so till that 
displacement has come to a certain value d v at which the spring 
* Phil. Tram., A, vol. 77 (1896), p. 715. 
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force can just overcome the friction F. Thereafter ^the pull Pg will 
be constant and equal to F as long as the motion is from light to 

To reverse the motion the force must be reveised from 



P. = + F to P 2 = — F, giving a displacement of G = M x before 
OF begins to move. Then P 2 remains constant at F till anothei 
reversal. Again there is a change of 2F and a displacement 
meanwhile of Qd x ; then motion with constant F. the diagram 

d 



Pig. 215. 


giving the relation between P 2 and d will be as in Fig. 215. After 
the first motion from the centre it is a parallelogram. 

Now let us add the two forces P x + P 2 == P ^ or a §* ven 
displacement and we get Fig. 216, a hysteresis loop very much 
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resembling the magnetic hysteresis loop. The reader may easily 
follow out the close analogies between the two systems. 

We have only attempted in this chapter to give such an account 
of the magnetisation of the ferromagnetic metals that the reader 
may gain a general idea of the methods of experiments and a 



general idea of the results obtained. For details of the methods 
and results, for effects of temperature and stress, and for modifica- 
tions of the methods for technical purposes, the reader should 
consult Ewing’s Magnetic Induction in Iron and Other Metals on 
which this chapter is based. That work is a very clear account by 
one who has largely contributed to our knowledge of magnetic 
phenomena. Additional information will be found in Rapports au 
Congres International, 1900, vol. ii, in articles by H. du Bois and 
E. Warburg. The latter contains some account of the various 
changes in iron as the temperature rises, investigated by F. Osmond. 
Another and a very full account of the present state of the subject 
will be found in Winkelmann’s Handbuch der Physik, vol. v. 
Further information will be found in the paper by S. P. Thompson 
referred to on p. 187. 



CHAPTER XXII 


MEASUREMENTS OF SUSCEPTIBILITY AND 
PERMEABILITY OF PARAMAGNETIC 
AND DIAMAGNETIC SUBSTANCES 

Faraday’s experiments — Bowland’s experiment — Experiments of 
v. Ettingshausen — Curie’s experiments — Curie’s law — Wills’ experiment 
— Townsend’s experiment — Pascal’s experiments — The electron theory 
— The magneton. 

The earliest measurements of the magnetic qualities of substances 
other than ferromagnetic were made, soon after Faraday’s discovery 
of diamagnetism, by PI ticker,* by E. Becquerel,f and by Faraday. % 
Though excelled in accuracy by later work, these early experiments 
are worthy of attention, since the methods used are simple in principle 
and easily understood. They consisted in suspending a body at a 
given point in the field between the poles of a strong magnet near 
to, but not quite in, the axis, and in measuring either by a common 
balance or by a torsion balance the force acting on the body. That 

force in any direction x is per unit volume, where k 2 

is the susceptibility of the body and k x that of the surrounding 
medium, and H is the intensity of the field (p. £58). If bodies of 
the same volume are used in succession at the same point in the 
same field, the forces are proportional to k 2 -‘k 1 or to ja 2 ““Mr 

We shall select for description here the experiments of Faraday. 
It is to be noted that he gave an account of them only in a lecture 
at the Royal Institution, and the account was evidently intended 
as provisional. But the work was apparently never continued. 

Faraday’s experiments. Faraday used a large horse-shoe 
permanent magnet to give the field. The plan is shown in Fig. £17. 
The body, shaped into a cylinder, was hung at m, usually 0*5 in. from 
the strongest part of the field c, To measure the force on it, it 
was hung by a fine glass fibre 5 in. long from one end of a torsion 
rod parallel to ae, but with the end exactly over m. A counter- 
poise was attached to the other arm of the torsion rod. The 

* Fogg . Arm., Ixxiv. (1849), p. 321. 
f Ann, de Chem . et de Phys ., xxxii. (1851), p. 68. 
t Exp. Fes,, iii. p. 497. 
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fibre supporting the torsion rod was attached to a graduated head, 
and the position of the rod was read by a mirror and scale. Its zero 
position was determined by removing the cylinder and placing an 
equal load on the rod itself, where any force due to the field was 
negligible. This zero position was so 
arranged that the vertical through the 
end of the rod passed through the point 
??z, 0*5 in. from c. Then the body was 
suspended, and it was forced inwards 
or outwards according as it was more 
or less paramagnetic than the sur- 
rounding medium, the torsion rod 
being pulled round one way or the 
other. The torsion head was then turned round till the rod was 
again in the zero position and the angle of torsion measured the 
force acting. Since the force due to the field was exceedingly 
small compared with the weight of the body, the suspending fibre 
was so near the vertical that the body could be regarded as at the 
point vertically under the end of the arm. 

The standard force selected was that on water in air, and was 
taken as 100. To determine it a cylinder of glass was suspended 
in air. It was repelled from the zero position, and required 15° of 
torsion to restore it. It was then suspended in water. Now it w as 
attracted and required 54*5° of torsion to restore it. If k g , k & , k w 
are the susceptibilities of glass, air, and water respectively, 

x. — 15 

jc g - * + 54-5 

whence /c w — k* x — 69*5. 

Then 69*5° of torsion are represented by 100 on the scale 
chosen. 

Now, suppose that the same cylinder is hung in any other liquid 
with susceptibility k 15 and that 0° of torsion are required to 
restore it. 

Then k s — k x x 6. 



But k s — x — 15. 

Subtracting k x — /c a x — (15 + 0) 
and this is expressed on the air-water scale by 

" < 15 + « IB 


If the susceptibility k, of a solid was required, taking a cylinder 
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of it of the same shape and size as the glass, if the restoring force 
in air was 

tC a — /Ca & <p 

whence k s — k & on the air- water scale was <p X 

Full details of the work are not given, but apparently a bulb 
was used containing in succession various liquids and gases, and the 
same bulb was used when exhausted so that the values of k relative 
to a vacuum could be deduced. Taking a vacuum as having zero 
susceptibility and k & — /c w = 100, Faraday found for k & the value 
3*5, and therefore for water k w = — 96*5. The following Table 
gives some of his measurements on this scale. Becquerel’s values 
for some of the same substances are given, adapted to Faraday’s 
scale. Becquerel took *r a — k w = — 10 and /c a = 0. To compare 
them his numbers have been multiplied by 10, and have been added 
to 3*4. The numbers for air and water must of course agree : 



FARADAY 

BECOITEREL 

Oxygen 

17-5 

21-4 

Air 

3-4 

3-4 

Vacuum 

0 


Carbon dioxide 

0 


Hydrogen 

- 01 


Zinc 

-74-6 

- 21 ; 6 

Alcohol 

- 78-7 

-75-5 

Water 

- 96 6 

- 96-6 

Carbon disulphide 

- 99-6 

- 129-6 

Sulphur 

- 118 

- 110-3 

Bismuth 

- 1967-6 

-2142 


The closeness of the values in many cases is evidence of the 
excellence of the work of the two experimenters. 

Faraday made experiments at different distances and found 
different results. The value for bismuth, for instance, rose quite 
considerably as the distance increased. This has not been con- 
firmed by later work, and there was no doubt some undetected 
error important at the greater distances, but apparently not so 
important at the half-inch distance, since the results there obtained 
are in very fair accordance with the best measurements. 

We shall now describe some of the later experiments, selecting 
typical methods. 

Rowland’s experiment. Rowland and Jacques* used 
the method of a vibrating needle, of which the simple theory is 
given on p. £60. According to that theory the time of vibration 
of a needle-shaped body in the field is 

* Howland's Physical Papers, pp. 75 and 184. 
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T— 2tt>/_ k (^ +B ), 

where A and B are known if we know the rates of change of field 
along and perpendicular to the axis. These rates were determined 
by means of an ^ exploring coir’ which was connected to a ballistic 
galvanometer and placed, to begin with, at the centre of the field and 
with its plane perpendicular to the field. It was then moved short 
measured distances and the galvanometer throws gave the changes 
to be measured. The coil was also moved from the centre right 
out of the field and thus the field at the centre was found. 

The method was applied to crystals of bismuth and of calc 
spar, and it was found that the value of k in each case was different 
along different axes. The values of 10 9 /t obtained along two axes 
were 

BISMUTH CALC SPAR 

lOVi - 12554 - 38 

10 % - 14324 - 40 

These appear to be the earliest determinations in absolute 
measure. 

Experiments of von Ettingshausen. Four different 
methods were used by von Ettingshausen * to determine the sus- 
ceptibility of bismuth. In the first method two primary coils 
were placed in series and an intermittent current was sent through 
them. Round the primary coils were wound secondary coils con- 
nected in series through a galvanometer but in opposition — that 
is, so that the simultaneous currents induced in them by the 
primaries went in opposite directions through the galvanometer. 
There was a commutator in the circuit worked* at such a rate 
that both make and break currents went through the galvanometer 
in the same direction. First the coils were so adjusted that the 
secondary currents just neutralised each other. Then a bismuth 
cylinder was inserted in one of the primaries. Since the per- 
meability of bismuth is less than unity, the mutual induction 
between that primary and its secondary was decreased, the current 
induced in it was less than the current in the. other secondary, 
and the galvanometer was deflected. The bismuth was then 
withdrawn, and in its place was inserted a solenoid through which 
a known current was passed, made and broken as frequently as 
the primary current in the previous experiment. This induced 
an alternating current in the secondary, rectified as before through 
the galvanometer. The magnetisation of the bismuth under the 
original known primary could thus be compared with the mag- 
netisation — if we may so term it — of the inserted solenoid with 
its known current, and the susceptibility of the bismuth could be 
determined. 


* Wied. Ann., xvii. p. 272 (1S82). 
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A precaution is necessary in this method. Foucault currents 
are induced in the bismuth at both make and break in the 
primary. If each Foucault current has time to be formed and 
die away before the next change in the primary, it will induce 
equal and opposite currents in the secondary and may be left 
out of account. Bat if the interval between make and break 
is too short, the Foucault current formed in one interval extends 
partly over the next interval, where its effect on the secondary 
is commuted, and so a balance is left over to affect the galvano- 
meter. Experiments showed that the frequency must not exceed 
more than 8 or 9 per second. 

In a second method a horizontal bismuth cylinder was suspended 
from one end of a torsion rod so as to be partly within, partly 
without a horizontal solenoid through which a known current was 
passed and the force on the bismuth was measured. That force 

C dH . 2 

is, as we have seen, J ^ H could be calculated for each 

element of the cylinder and hence k was determinate. 

A third method resembled that of Rowland and Jacques, and 
need not be described. 

In a fourth method a bismuth cylinder was brought between 
the poles of a strong magnet. At a "distance from the poles either 
9 or IT cm. was a magnetometer needle. Before the bismuth 
was inserted the effect of the magnet on the needle was compen- 
sated by a second magnet. When the bismuth was inserted it 
behaved as a feeble reversed magnet and deflected the magneto- 
meter needle through 

A- m 


where M is the magnetic moment of the bismuth and H is the 
field at the magnetometer. The deflection was too minute for direct 
measurement. The bismuth was inserted and withdrawn with a 
periodicity the same as that of the needle, producing ultimately a 
swing g. If k is the damping coefficient of the swings the direct 
deflection A is then given by 


A 


K+l 


The values obtained by the successive methods for — I 0 6 k. were : 
1, 18*57 ; II, 14T1 ; III, 15*8; IV, 13*6. The second method is 
probably the most exact. 

Curie’s experiments. P. Curie * determined the value of 
/c f or a number of substances and investigated the effect of change 
of temperature, using a method like that of Becquerel and 
Faraday. The body to be tested was on a torsion arm, and the 
torsion was measured which was needed to keep it at o in the field 

* de CUm . et ^hys., 7 ser. V. (1895), p, 289 ; or CEuvres de P. Curie , p. 232' 
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of an electro-magnet EEEE, Fig. £18. The figure represents the 
horizontal plane through the magnetic axis. The torsion rod was 
arranged so that the body could move along ox. The force upon 
.. „ k dH v 2 , 

it was r — ^ ^7 t’, where H y is the intensity, which from 

symmetry must be perpendicular to oi\ k is the susceptibility, and 



v is the volume. 


If p is the density and m is the 


mass, we may put 



dH. 2 

dx 


=x mU y 


m. 

dx ’ 


where x “ Curie investigated the value of y, which he 

termed “ the specific coefficient of magnetisation.” 

To find H y a small coil connected to a ballistic galvanometer 
was placed at o perpendicular to H y and then turned through 180°. 
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The galvanometer throw gave H>. To find use was *nade of 

the fact that ^ Hg ~> smce eacil 1S ec l ua * dxdy 5 w ^ ere ^ ls 

the magnetic potential. The coil was placed at o with its plane 
perpendicular to H x , and was moved a given small distance dy 

along oy, and the throw gave 

By these experiments, then, H y could be found. Pre- 
liminary experiments were made to determine the values of 
H y and or • at various points along ox, and the point 

where the product was a maximum was fixed as at o. Since, there- 
abouts, it varied slowly, exact adjustment of the body at o was 
not necessai’y. Further, the force along ox was practically con- 
stant for a small displacement along ox. In the experiments the 



Fig. 219. 


t torsion fibre, r torsion rod, b body, EE electro-magnet, 
s scale, p pointer, m microscope 


displacement due to magnetic action was never more than 0T5 cm. 
It was not necessary, then, to restore the body to its original 
position, when the deflecting force acted. It was sufficient to read 
the deflection. This was done by viewing through a microscope a 
pointer on the other end of the torsion arm which moved over a 
scale. The arrangement is represented diagrammatically in Fig. 
219, where certain details for measuring the moment of inertia are 
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omitted. The force for a given deflection was obviously deter- 
mmate from the moment of inertia and the time of vibration. 

The body was contained in a small bulb. When the effect of 
temperature was to be investigated the bulb could be surrounded 
tw electri . call y heated, ag re p reS ented diagrammaticallv in 

Fig. 220, the heating coil being surrounded by porcelain. Outside 



a bulb containing the body, tT porcelain rod, TTT metal tube from 
end of torsion rod, PP porcelain electrically heated oven, c thermo 
junction, ABO water jacket, EE case. 

this was a screen through which water circulated. Below, the 
apparatus was boxed in by wood to lessen convection currents. 

To correct for the action on the bulb and the supporting rod 
the force was measured on the bulb when containing the body and 
again when it was empty. To correct for the air displaced by the 
body it was assumed that the value of x f° r nitrogen is negligible, 
so that its value for air is due to the oxygen. To determine 
X for oxygen the bulb was filled with oxygen at a known con- 
siderable pressure, and the force was measured. Then the point of 
the bulb was opened and oxygen escaped till the pressure was that 
of the atmosphere. The force was again measured, and the 
difference gave the force upon the oxygen which had escaped if 
that amount occupied the volume of the bulb. 



a90 magnetism 

A series of . deaminations of ^ 
temperatures rising from M ^ TO 
if T is the absolute temperature, 

33700 2. 

X= 10® ' T 

Hence x is independent of the density, and is constant at constant 
temjyratur j ^ ^ ^ susceptibiUty and den sity of oxygen, 

33700 go. 

*•“”10 «“ ' T* 

Since . Pr?h U e re de 0 nsity y of n oiygen at ftLsphmL^es'm-e! 

ms “ Ftibility ot ,s 

_6740 p_ 0 

K *~'W T’ 

where p 0 is now the density of oxygen at atmosP heric pressure. 
Dividing by the density of air p&, we have x 

_Ka_6T40 1 Po 

Pa 10® T p a 

6740 1 . 16 


TO® - T 14-43 

_7470 . 1_ 

— W T * 

In correcting for air displaced we require Assuming the pressure 

to be 760 mm., then, for oxygen at T, 


whence 


•00143 x 273 

po rp 

* a =2640 . 2 * 
TO® - T 2 ' 


The value of x was first determined for a number of diamagnetic 
bodies, and it wa? found to be constant for each with fields prying 
from 50 to 1350. With the exception of bismuth and antimony 
the value did not vary when the temperature was raised— in some 

CaSe With bisrnuth^and antimony there was a great decrease as 
* Curie gives 7830 instead of 7470, and 2760 instead of 2040. 
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the temperature rose. . Bismuth was submitted to special examina- 
tion, and it was found that between 20° C. and the melting-point 
21$° C. the value of y w &s given by 

10 6 x =1*35 [1 — 0 *001 1 5 (£ — SO)]. 

At 873° C. 10 6 x fell from 0*957 in the solid to 0*38 in the 
liquid state, and then remained constant as the liquid was raised 
to 400° C. 

The value of 10*x for water was —0*79. 

An easy calculation shows that Curie’s relative values of k for 
air, water, and bismuth at 20° agree closely with those found by 
Becquerel and Faraday ; Curie’s values, reduced to Faraday’s scale, 
being 3*74, —96*3, and — 1830 respectively. 

Certain paramagnetic substances were next investigated, espe- 
cially as to the effect of rise of temperature. G. Wiedemann* had 
already shown that for solutions of certain salts, over the range 
from 15°C. to 80° C., the value of x agreed nearly with Xt = XoP — a3 0 
and he found a = 0*00325 the same for all. Plessnerf also found 
a constant temperature coefficient for other solutions, obtaining 
a = 0*00355. These values, so near to 0*00367, suggest that x 
varies inversely as the absolute temperature. Curie re-examined 
the results of Wiedemann and Plessner and showed that they 
agreed very nearly with yT — coustanfc, the law which he had. 
already obtained for oxygen. He showed also that Plessner’s 
measurements with the salts in the solid state agreed with the 
law. He then showed that the product was constant for proto- 
sulphate of iron over a range from 12° C. to 108° C., and for 
palladium over the range from 22° to 1370°. 

Curie’s law. These results may be summed up in what is 
known as Curie’s law, which states that for a paramagnetic body 
the product of the specific coefficient of magnetisation x ^e 
absolute temperature T is constant, each body having its own 
constant. 

Glass and porcelain, if paramagnetic at ordinary temperatures, 
became diamagnetic at high temperatures, and if diamagnetic to 
begin with showed stronger diamagnetism at higher temperatures. 
In each case the diamagnetism appears to approach a limit. ^ This 
is easily explained if we suppose that there are two constituents 
present, one paramagnetic, the other diamagnetic. ’We shall then 
have 


representing the paramagnetism of one constituent varying 

inversely as the absolute temperature, and therefore diminishing 

* Pogg. Ann., cxxvi. (1865), p. 1. 
f Wied. Ann., xxxix. (1890), p. 38. 
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as T rises ; and B the constant diamagnetism of the other constitu- 
ent. As T increases x approaches — B. 

Curie also studied the behaviour of iron, magnetite, and nickel 
when carried to high temperatures. In the case of iron he 
experimented in succession on three wires, each about 1 cm. long, 
and of respective diameters 0*002, 0*014, and 0*035 cm. These 
were enclosed in glass or platinum tubes to protect them from 
oxidation and arranged on the torsion rod along oy , Fig. 218. 
The temperature was raised from 20° C. to 1360° C., and the 
field from 25 to 1300. 

About 750° C. the value of I, the intensity of magnetisation, 
began to be nearly independent of the field and fell rapidly, con- 
tinuing to fall to 950° C. Then it was nearly constant, though 
falling slightly to 1280° C. Then it rose slightly and afterwards 

AH 

fell again. Apparently at a sufficiently high temperature I = — — 

as for feebly paramagnetic bodies. From the experiments he 
obtained the following results for iron : 


Temperature Field 106 ^ 

20° 25 5440000 

20° 1300 166000 

1000° 25 to 1300 27-6 


Thus at 1000° C. the value of x is independent of the field and 
is nearly the same as for air at 20°.* 

Similar results were obtained with magnetite and nickel. 

Wills’ experiment.-)- In this experiment a rectangular 
plate of the substance to be tested was hung from one arm of a 
balance. Its lower edge was horizontal and was between the poles 
of an electro-magnet as represented in elevation and plan in Fig. 221. 

If A is the area of cross-section of the plate indicated in plan 
in (6), the force on the plate in direction x upwards is 

F= s/ A 

where the limits for H are the field at the lower edge and that at 
the upper. But the field at the upper edge is negligible in 
comparison with that at the lower, and we may put the force 
measured by the balance 

^/cAH* 

F ~ 2 

where H is the field between the poles. To measure this a 
u dummy plate of plaster of Paris with tinfoil strip round its 

te d <^sulted the W ° rk ° n il0U at high te “ peratures> 0urie ’ s P aper «*>> 
f M Mag., xlv. (1898), p. 432. 
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two sides and its lower edge was suspended in the position of the 
plate, and a known current C was sent through the tinfoil strip. 
If the length of the lower edge was Z, the vertical force was CZH, 
since the action on the sides was negligible, being practically 
horizontal. Hence H was determinate by the balance. 

The value of k for bismuth was found to be the same within 



(a) Elevation 



(&) Plan 


Ei G. 221. 


the limits of error with fields varying from 1600 to 10,000. 
following results were obtained : ^ 


Bismuth 

Antimony 

Sulphur 

Marble 

Aluminium 


-12*25 to -12*55 
-0*714 
-0*765 
-0*7 
+ 1*88 


The 


Townsend’s experiment.* The method was devised to 
measure k for liquids, and was in principle like the first method of 
v. Ettings’nausen. A tall jar, which could contain the liquid to 
be experimented on, was placed within a solenoid which served as 
a primary coil. Round the middle of this was a secondary coiL 
There were a compensating primary and a secondary respectively in 
series with the coils round the jar, and a galvanometer with 
commutator to rectify the current was in the secondary circuit. 
The two sets of coils were so arranged and so connected up that 
when the jar was empty an alternating current of frequency 16 m 
the primaries produced no current in the secondaries. If there are 
* Phil. Trans.. A. (18SH5), p. 53$. 
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N turns on the jar-primary and N' turns in the secondary round it, 
and if the area of cross-section of the primary is A and its length 
8/, the mutual induction of primary and secondary is 

4xNN'A 


If the jar is now filled with liquid of susceptibility /c, and if 
we suppose its cross-section to be A also, the mutual induction is 
altered to 


(1 + 4™) 


4ttNN'A 
Zl ’ 


or increased by 


4 7T/C. 


4ttNN / A 

n ‘ 


The balance between the pair of secondaries will therefore be 
destroyed, and a current will flow through the galvanometer. 

To measure this increase in mutual induction a third pair of 
coils was arranged, one in the primary and the other in the 
secondary circuit, so that the mutual induction, always very small, 
might be varied from 0 by an amount measurable from the 
dimensions and positions of the coils. This third mutual induction 
was so arranged that it exactly neutralised the current due to 
the insertion of the liquid, and so the value of the increase 
4™.4xNN / A/^Z was known, and k was determinate. Townsend 
showed that Foucault currents in the jar could not have an 
appreciable effect. 

The value of 10 6 /c for water was found to be — 0*77, agreeing 
closely with Curie’s value —0*79. The susceptibility of a salt 
solution in water arises partly from the water and partly from 
the salt, so that, if k is the susceptibility of the solution, 
k + 0*77 X 10“ 6 is that of the salt alone. For solutions of iron 
salts this was found to depend only on the weight of iron in the 
salt and not on the nature of the acid radicle, being proportional 
to the weight of iron W per c.c. of solution, though differing 
for equal weights in the ferrous and in the ferric salts. The 
values obtained for temperatures about 10° C. were : 


Fe 2 Cl 6 . 
Fe 2 (S0 4 ) 3 
Fe 2 (N0 3 ) 6 
FeCl 2 
Fe 2 SO* . 


106/c+0*77 

266W 
266W 
266W 
206W 
205 W 


The values obtained for the dry salts were approximately the 
same. 

All the salts showed a fall in /c, with rise of temperature of the 
order of per cent, per degree C> 
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The susceptibilities of solutions of potassium ferrocvanide and 
potassium ferricyanide were the same as if water alone were 
present so that when iron is present in the acid radicle it must be 
at least 100 times less magnetic than where it takes the part of a 
metal in a salt. 

The paper contains an interesting suggestion. Imagine a magnet 
set spinning about its centre in the earth’s field. The N pole will 
go round the semicircle on the Northern side more rapidly than it 
will go round that on the Southern side. Thus the end towards the 
North will he a longer time S than N, and the average effect at a 
distance will be that of a reversed magnet. If the molecules of a 
body consisted of small magnets rotating about their centres under 
the action of a field, the body would appear diamagnetic. 

We may note here that iron carbonyl, the liquid compound 
Fe(CO) 5 discovered by Mond and Quincke in 1891,* is diamagnetic. 

Experiments of Fleming and Dewar on oxygen at 
low temperatures. Dewar had already found that liquid 
oxygen was strongly paramagnetic.^ Fleming and Dewar made 
investigations on its susceptibility. The first method | which they 
used was an induction method in which the primary and secondary 
coils were immersed in liquid oxygen and then in gaseous oxygen 
at nearly the same temperature. But this was not so satisfactory 
as a second method ,| in which balls of silver, of bismuth, of copper, 
and of glass containing mercury, were weighed above the pole of 
a strong electro-magnet. When the magnet was excited there 

was a change in weight of (/c 1 — /c a )VH-^, where V is the volume 

of the ball, k x is its susceptibility, and k 2 is that of the surrounding 
medium and x is measured upwards. The field H was determined 
for different values of x and for different exciting currents by means 
of an exploring coil connected to a ballistic galvanometer. 

The susceptibility of each ball was first found by weighing it in 
air with the current off and on, and assuming that 10 6 /c for air is 
0*024. To test the method the silver ball and & glass ball were 
each weighed also in water with the current off and on, and the 
mean value of 10 6 /c for water was 0*74, agreeing fairly with the 
values obtained by others. The balls were then weighed in liquid 
oxygen at— 182° C. with the current off and on. The susceptibilities 
of the balls were estimated at - 182° C.,and thus the susceptibility 
of liquid oxygen was found. The mean result was 10 b k= + 324, 

whence jul = 1*004. 

Curie found that for gaseous oxygen 


10 6 x= 


10 6 /c 


33700 
T 5 


P 
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where T is the absolute temperature. If we assume that this holds 
when the oxygen is liquefied at — 182° C. or +91° A., and if we 
take the density of liquid oxygen as 1T4, then 

10 , /t= 33TO0xl i 4_ 12 , 

91 

The change from gas to liquid, then, makes no great change 
in the value of x- 

Pascal’s experiments. Pascal* studied the magnetic quali- 
ties of a large number of solutions, of some liquids, and of some 
liquefied gases by a method due to Quincke. In principle the 
liquid to be experimented on was contained in a U-tube with one 
limb narrow (6 mm. diameter), the other wide (6 cm. diameter). The 
narrow limb was between the poles of an electro-magnet by which 
a horizontal field could be established of any intensity up to many 
thousand gausses. The surface of the liquid in this limb was at 
the centre of the field and its level was observed with a microscope. 
The field at the surface of the wide limb was in comparison 
negligible. Hence when field H was put on, if the difference of 
level in the limbs was A, if k is the susceptibility of the liquid and 
kq of whatever is above it, the force per unit area was as in Wills’ 
experiment : 



But this balances the column of height A. If the density of the 
liquid is p, 

(*— /c 0 )H 2 = 2Ag*p. 

The actual change observed in the microscope is that of the level 
in the smaller limb, say <5. If s be the cross-section of the narrow 
limb and S that of the wider, it is easy to see that A = (S+$)<5/S, so 
that 

(k-k 0 = 


To avoid measurement of H, the experiment was repeated on 
water with the same value of H. Denoting the susceptibility of water 
by jcjj its density by p v and the change of level in the narrow 
limb by S v 


( Kl - K ,)ll* = 2 S ~±Ss iPlg . 


By division 


K — • K q __ Sp 
Kx — Kq SxPx 


= say, 


de Chim, et de Phys., 8 ser, XVI. (1909), p. 359, and XIX. (1910), p, 5, 
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where A is given by the measurements made. Pascal took k x as 
— 7 m B X 10~ 7 and k 0 for air as 0*£5 x 10“ 7 . When coal gas or a 
vacuum was above the liquid k q was taken as zero. 

For a solution under air it follows that 

10 7 /c = 0*25 - 7-75A 

while for one under coal gas or a vacuum 


10 7 * = - 7*5A. 

If the density of the solution was p and it contained p grammes 
of salt per c.c. there was p — p of water per c.c. Assuming that salt 
and solvent each produced its own effect, and taking x as the 
susceptibility of the salt as dissolved , 

tcp = poo + (p — jp)7*5 x 10”' 7 . 

The measurement of A, p, and p therefore gave oj. For the modifi- 
cations of the method for liquefied gases the original papers should 
be referred to. 

From his results with solutions of salts of iron, nickel, and 
cobalt Pascal inferred that as an ion of a ferromagnetic metal 
passes into a complex ion or into a colloid its susceptibility 
diminishes, and it may even become diamagnetic. Hence the 
magnetic moment of a molecule in a given field is not the sum of 
the moments of its constituent atoms, but depends on the grouping 
in the molecule. 

With the diamagnetic metalloids he found that the atomic 
susceptibility kcl (a being the atomic weight) was nearly pro- 
portional to e a+ ? a where a and /3 are constants for the same 
family. With several diamagnetic compound gases, when liquefied 
he found that tcm (m being the molecular weight) was nearly 
proportional to 5 + n, where n is the number of atoms in the 
molecule. In diamagnetic organic compounds his results showed 
that the different atoms preserved, as a rule, each its own 
diamagnetic susceptibility, but the presence of oxygen appeared to 
lead to anomalies. 

The electron theory. The following is a brief sketch 
of Langevin^s form of the Electron Theory of Magnetism.* 

Let us, as a preliminary, imagine an atom which consists of a 
positive charge on a large central mass, and a negative electron 
circling round it as the moon circles round the earth. The 
positive charge will hardly move, and the electric lines of force will 
sweep through the space round it, all the lines directed outwards 
from the centre, and their motion will produce a magnetic field 
equivalent to that of a current along the orbit but opposite 
in direction to the motion of the electron. The magnetic moment 

* Ann . dc Chim. ct dc Phys. , S ser. Y. (1905), p. 70, 



298 MAGNETISM 

will be given by M = eA 9 where e is the electronic charge and A is 
the area of the orbit swept out per second. 

Now suppose that a field H is put on perpendicular to the 
plane of the orbit) and in the positive direction, so that if the 
equivalent current is going round clockwise in the plane of the 
paper, or the electron is going round counter-clockwise, H is from 
above downwards. During the increase in H there is a negative, 
i.e. counter-clockwise, E.M.F., and this, acting on the negative 
electron, gives a clockwise or retarding force. When H is established 
the angular velocity in the orbit is less than initially, A is 
diminished, and it can be shown that 

AM/M = — ^Ht/47 rm 

where r is the period of revolution and m is the mass of the 
electron. 

Now imagine a more complex atom in which there is a central 
body with a large number of electrons circling round it in orbits 
with their aspects indifferently distributed in all directions. On 
the whole the moment of each atom, then, is zero. When a 
field H is put on, the effect on each orbit is like that discussed 
above, but less as the inclination of H to the perpendicular to the 
orbit increases. Those going round one way will have their 
positive moments decreased, those going round the other way 
will have their negative moments increased, so that on the whole 
the moment of the atom will become negative. We may suppose 
that the ordinary diamagnetic atom is of this type, and the 
formula for the change of moment shows that, in accordance with 
experience, it is very minute. Further, since there is reason to 
suppose that temperature describes the agitation of the molecules 
and atoms as wholes and not the motions within the atoms, we 
should not expect diamagnetic susceptibility to depend on 
temperature. Curie showed that, excluding bismuth and antimony, 
the susceptibility was constant through a very wide range of 
temperature. 

To explain paramagnetism, imagine a body to consist of atoms 
in each of which the aspects of the electronic orbits are not 
indifferently distributed, but that they are grouped more or less 
about a particular axis. Each atom, then, will have a magnetic 
moment, like the molecular magnets in Weber’s theory. When 
there is no external field and the body is unmagnetised, the axes of 
the atoms and the molecules into which they are grouped will be 
distributed indifferently in all directions. When a field H is put 
on, it acts in two opposite ways. In the first place it tends 
to decrease each atomic magnetic moment in the way already 
explained for diamagnetic atoms. In the second place it tends to 
pull the magnetic axes into its own line and so to give a positive 
moment to a mass of molecules. This second effect is vastly 
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greater than the first and quite masks it. If there were no 
interm olecular and interatomic agitation — that is, if the temperature 
of the body were absolute zero — the molecules might set under 
sufficient force ail with their axes in the direction of H, like the 
magnets in Ewing’s model. The intensity of magnetisation would 
then be a maximum and would be independent of the field when this 
had reached the value needed to secure parallelism. But molecular 
and atomic agitation — that is, heat — with the resulting collisions, 
produces disturbance of the axes. 

Langevin examined specially the case of a paramagnetic gas such 
as oxygen. Let us imagine that we are dealing with a constant mass 
kept at constant unit volume. Let its moment in field H be M. 
Let the moment be increased to M + dM. The work done from 
outside on the gas is therefore HdM. But work done on a 
gas at constant volume goes to increase its temperature. If 
we keep the temperature constant we must take away heat dQ = 

HdM. But if T is the temperature, ^ is a perfect differential, 

H 

for it is equal to the entropy removed, d<j>* Then 7 | V dM is 

also a perfect differential. Now the condition of the gas, in- 
cluding the condition M, is a function of H and T only. 

H 

It follows easily that M must be a function of ^ 
or M =/f, 7 )• 

But as far as experiment has yet gone, when T is constant 

MocH. 

H 

Therefore M aTj-, 

M C 

or H “ T' 

But M/H is proportional to the susceptibility, so that this 
result gives Curie’s law. This cannot hold, however, down to 
the absolute zero. There we shall have a moment M„ due 
to parallel alignment of all the molecules. But of course the gas 
law assumed ceases to hold before we get to zero temperature. 

By a treatment analogous to that by which the mean square of 
the velocity is found, Tangevm found that the magnetic suscepti— 
M 2 

bility should be where R is the gas constant. 

The magneton.* P. Weiss, in conjunction with Kammerlingh- 
* Weiss, Journal de Physique, 5 ser. I. (1911), pp. 900 and 965. 



300 MAGNETISM 

Onnes,* made measurements at the temperature of liquid hydrogen 
of the intensity of magnetisation of iron, nickel, and magnetite, and 
by certain inferences of that of cobalt. At this temperature the 
bodies might be regarded as saturated, with all the molecular axes 
parallel. Weiss found that the magnetic moment per gramme- 
molecule was very near in each case to a small integral multiple of 
1123‘5. This value he termed the “ magneton-gramme.” He 
puts forth the theory that there is in each atom of these substances 
at least one elementary magnet of constant moment and the same 
for all of them, and he terms this the u magneton. 1 ’ Assuming 
Perrin's value 68'5 X 10 22 as the number of molecules in the 
gramme-molecule, and assigning one magneton with moment m to 
each molecule in the magneton-gramme, we have 

68*5 x 10 22 7 n = 1123-5 
whence m = 16*4 x 10~ 22 . 

The magnetisations of iron, cobalt, magnetite, and nickel 
respectively agree with the possession per molecule of 11, 9, 7, 3 
magnetons respectively. Using Langevin’s theory with certain 
extensions, and assuming that it is applicable to solids as well as to 
gases, certain results obtained by himself and Foexf on bodies 
above the Curie point, or the point where the permeability falls 
almost to 1, appear to fall in line with the magneton hypothesis 
on the supposition that the number of active magnetons changes. 
Weiss also uses Pascal’s results to show that in paramagnetic 
solutions the magnetisation can be expressed in terms of the 
magneton. 

* Comm. Phys. Lab. Leiden , No. Ill, p. S (1910). 
t Journ. de Phys 5 ser. I. (1911), pp. 274 and 744. 



CHAPTER XXIII 

TEEEESTEIAL MAGITETISM 


The direction of the earth’s lines of force at a given place — To find 
the declination — To find the dip or inclination — The earth inductor — 

The intensity of the field — To determine the horizontal intensity H — 

The vibration experiment — The deflection experiment — Recording 
instruments — Results — Sketch of Gauss’s theory of terrestrial magnetism. 

In many magnetic and electric measurements it is necessary to know 
the intensity and direction of the earth’s magnetic field at the 
place of experiment. It is also of the highest scientific interest to 
determine the field of the earth as a whole, in the hope that we 
may answer the questions how and where is the earth magnetised 
and what is the origin of the magnetisation ? We shall give here 
a brief account of the methods usually adopted to obtain the field 
at a given place, a summary of the results of observations made at 
the various observatories distributed over the earth’s surface, and 
of the progress so far made in the investigation as to where the 
magnetisation resides and how the magnetic field is disturbed. As 
to the origin we have at present no theory of certain value.* . 

Tine direction of the earth’s lines of force at a given 
place. It is convenient to describe the direction of the earth’s field 
at a given place by two angles : (1) The angle which the vertical 
plane through the line of force — the plane of the magnetic meridian 
— makes with the vertical plane through the geographical North and 
South — the plane of the geographical meridian. This angle is called 
the Declination. (2) The angle between the line of force and 
the horizontal plane. This angle is called the Dip or Inclination. 

To find the declination. Let us suppose that we have a 
compass needle with axis of figure coinciding with the magnetic 
axis balanced without friction on the point C, Fig. 222. If the poles 
are ±m, and if the earth’s total intensity is I, we have two 
equal and opposite forces ml, one acting at each end. These 
may be resolved into horizontal components iwH, and into 
vertical components ± mV. The latter will give a couple mV/, 
* A full account of the Kew instruments will be found in Gordon’s Electricity 
and Magnetism , vol. i. chaps, xiv. and xv. ; or in Eney. Brit 9th ed., vol. xvi. 
p. 159, Meteorology, Terrestrial Magnetism. The results are discussed in that 
article, and in 44 Magnetism, Terrestrial,” 10th ed., vol. xxx. p. 453. In the 
11th ed. the corresponding articles are under “Inclinometer,” “ Magnetograph,” 
“ Magnetometer,” and 44 Magnetism, Terrestrial.” See also Bauer’s Land Magnetic 
Observations, Carnegie Institution, 1912. 
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where l is the distance between the poles, and will tend to make 
the needle dip in the direction of I. But the needle may be kept 
horizontal at a place in the Northern magnetic hemisphere by 
putting c towards the N end of it a distance from G such that if w 
is the weight of the needle w.cG = tnVl. The needle will then 



remain horizontal even when displaced from the magnetic meridian, 
for the only other forces acting on it are +»iH horizontal. When 
so displaced these forces will form a couple tending to bring the 
needle into the magnetic meridian, and it will ultimately settle 
there. Even if c is not accurately placed for horizontality, the 
needle will still settle in the plane of the magnetic meridian. 

Let us suppose that it moves over a horizontal graduated circle 
of which c is the centre, and that we know the geographical North 
point on this circle ; obviously the declination is the angle on the 
circle between this point and the N end of the needle. 

In practice the magnetic axis cannot be made to coincide exactly 
with the axis of figure. W e may deduce the direction of the magnetic 

(a) 


A <b) 

Fig. 223. 

axis from the positions of the axis of figure if the needle is first 
suspended with one face upwards, and is then turned over and 
suspended with the other face upwards. Let (a), Fig. 223, be a 
plan of the needle in the first case. We read the direction of AB 
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on the circle. Now turn the needle over about NS as axis and 
suspend it with the other face up, and let (b), Fig. 223, be the plan 
in the new position. NS is still in the same direction, but AB is 
thrown as much on one side of NS as it was previously on the 
other, and the mean of the two readings for the direction of AB 
gives the direction of NS. 

The form of the apparatus adopted in this country is known as 
the Kew magnetometer. The needle is a hollow magnetised steel 
tube about 4 in. long and £ in. diameter, Fig. 224, with a very fine 



Fig. 224 . 


horizontal scale on glass at one end s. and a lens l with s as i s 
focus at the other. It is provided with two points of suspension, 
p. and p,. The needle is hung up in a torsion box by a silk hbre, 
as represented diagrammatically in the figure. This torsion box i& 
mounted so that it can be turned about a vertical axis, easily 
adjusted vertically by levelling screws and a level not shown. A 
telescope focused 'for a long distance away moves round the same 
axis, and is provided with verniers on arms moving on a horizontal 
divided circle c. First, it is necessary to eliminate the torsion oi the 
fibre. This is done by placing the torsion box as nearly as_ possible 
in the magnetic meridian, and then hanging a non-magnetic plumb 
bob of the same weight as the magnet and m its place. When the 
bob has come to rest the magnet is hung up by p v and the telescope 
is moved round so that the centre of the scale s, viewed through 
the window w. and lighted through the window a> 2 is seen on the 
cross wire of the telescope. The axis of figure is the line joining 
the centre of the scale s to the centre of the lens l The readings 
of the telescope verniers are then taken. Say that the mean reading 
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is D r The needle is now turned over and hung from p 2 , and the 
telescope is moved round so that again the centre of s appears on 
the cross wire, and the telescope verniers are again read, giving, 
say, D 2 . The magnetic axis bisects the two directions given by the 
telescope readings, and corresponds to a reading £ (D 1 + D 2 ). 

For simplicity we shall suppose that by previous observations 
on the sun some object on the horizon at a distance has been fixed 
on as the geographical South point. The telescope is turned so 
that this point is on its cross wire and the verniers are read, giving a 
mean reading S, say. We have then the declination given by 

— — S. The instrument is provided with apparatus by 


which a sun observation may be taken and the reading of the South 
point on the circle c may be directly determined, but into this we 
shall not enter. The determination of the declination by different 
instruments * may differ by several minutes. 

To find the dip or inclination. The ideal apparatus for 
the determination of the dip would consist of a needle with its long 
axis of figure coinciding with the magnetic axis, and able to move 
freely round an axis through its centre of gravity, this axis being 
supported so as to be horizontal and perpendicular to the plane of 
the magnetic meridian. A vertical divided circle would be placed 
in the magnetic meridian with its centre in the axis of rotation 
of the needle and its zero reading in the horizontal through that 
axis, the ends of the needle lying just in front of the circle. 
The reading of either end of the needle would then give the dip. 

In practice, of course, these ideal conditions are only more 
or less nearly approached. The Kew Dip Circle consists of a 
vertical circle contained in a rectangular box which is glazed front 
and back, and it is mounted so as to turn round an axis which can 
be adjusted to be vertical by a level and levelling screws. There 
is a horizontal divided circle round the axis which gives the azimuth 
of the vertical circle. The vertical circle, shown without the box 
in Fig. 226, is divided from 0° at the ends of the horizontal diameter 


< * > 

Fig. 225 . 


to 90° at the ends of the vertical diameter. The needle, Fig. 225, is 
aflat plate of steel from 3 in. to 6 in. long, with sharply pointed ends, 
and an axis is fixed as nearly through the centre of gravity as possible, 
and perpendicular to the plate. This axis is a thin cylindrical steel 
rod projecting on both sides of the plate, and is as truly circular in 
section as it can be made. Almost level with the centre of the 
vertical circle are two horizontal and parallel agate knife edges, on 
which the axis of the needle itself can roll, the central line of that 

* !fboipeand Biicker, Phil Trans., A, vol. clxxxviii. (1896), p. 16. 
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axis being level with the centre of the scale. The needle when in 
position moves in a plane midway between the agate knife edges. 

A cross arm provided with verniers and two microscopes 
having cross wires in their fields of view can be turned round till, 
say, the upper end of the needle is on the cross wire of one 
microscope and the upper vernier is read. The cross wire in the 



Diagrammatic representation of the Dip Circle. 

other microscope is then brought to coincide with the lower end 
and the lower vernier is read. The mean reading gives the 
position of the needle on the scale. 

When an observation is to be made, the axis round which the 
dip circle rotates is made vertical and the needle is put on to 
V-bearings, which are then lowered so as to leave it on the knife edges. 
We shall suppose that the dip circle is already adjusted in the plane 
of the meridian, and that the face of the instrument is East. The 
position of each end of the needle is then read. The mean of 
these eliminates error due to a small error in the centering of the 
needle. For if NS, Fig. is the line through the ends of the 
needle and it does not pass through the axis of the circle, draw N'S 
parallel to NS, and HOH' the horizontal through C). Then 
NON' = SOS', and HON + H'OS = HON' - NON' + H'OS' + 
SOS' = HON' + H'OS', or the mean of the readings for N and S 
gives us the mean of the readings for N' and S'. 

The vertical circle may not be correctly set — that is, the points 
H and H' may not be at 0° on the scale. The circle with the 
needle on it is therefore turned through 180° round the vertical 
axis so as to face West, and the positions of the ends of the needle 
are again read. 


v 


g06 magnetism 

& wSSSSS^ «* NZ " But 2 " is -“ 



much below H as Z is above it, so that NZ + NZ" - 2NH, and 
fh<* mean of the readings eliminates the zero error. 

The aS of figure of the needle does not in practice coincide 
exa^Sh the g magnetic axis. To eliminate the error thus 



nroduced the needle is taken up and its f &< :® *® ve j Se< J: 
positions of the ends are again read. Then, as with the declination 
needle it is easy to see that the mean of the readings, with the 
feTof the needle West and with its face East, will give the 
position of the magnetic axis. At the same time part of the 
error due to the centre of gravity lying out of the axis option 
will be very nearly corrected. For if G, Fig. *39,- is the^ ^ 



J? ^7^^* A and B. By turning the 
H^edle over, the moment of the weight at A is reversed, and the 
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error due to the component of the displacement of G perpendicular 
to the axis is eliminated on taking the mean of the readings before 
and after turning over. The face of 
the instrument is then turned round 
into its original position facing East, 
and the positions of the ends of the 
needle are again read. Denoting 
the aspects of the face of the in- 
strument by E and W and those of 
the face of the needle by e and w 9 
we have to read each end in each of Fig. 229. 

the four arrangements Ee, W w, W>, 

E w 9 and the mean of the eight readings taken eliminates the errors 
so far considered. 

There is still outstanding the error due to OB, Fig. 229, the 
component of the displacement of the centre of gravity parallel 
to the axis. To eliminate this the needle is taken out and its 
magnetisation is reversed by the method of divided touch. It is 
assumed that the magnetisation is exactly reversed — an assumption 
quite certainly not fulfilled, but it at least gives us a method of pro- 
cedure which tends to diminish the error. B is now thrown as much 
above O as it was previously below it, and going through the four 
cases again the mean of the* readings with the magnetisation direct 
and reversed gives as good a value of the dip as can be obtained with 
a single needle. It is usual to find the value with two different 
needles and to take the mean in the hope that it is nearer the true 
value than that given by either separately. In this country, with 
a value near 70°, skilled observers mav obtain determinations with 
different needles differing by one or two minutes, and different 
instruments may give results differing by quantities of the same 

order. # . 

We assumed that the observations began with the circle in the 
magnetic meridian. To make this adjustment it is^ usual to set 
the microscope verniers at 90°, and turn the circle facing S till the 
ends of the needle are on the cross wires. The position on the 
horizontal circle is then read. The needle is then turned round and 
the dip circle is turned round the vertical axis till the microscopes 
again sight the needle-ends on the cross wires, and another reading 
on the horizontal circle is taken. The dip circle is then turned 
through 180° to face North, and the operations are repeated. The 
mean of the readings on the horizontal circle then gives the 
position of the circle in which the magnetic axis of the needle is 
vertical and,therefore, that in which the plane of the circle is perpen- 
dicular to the magnetic meridian, for in that plane the vertical force 
alone can move the needle. The dip circle is then turned through 
90° and the needle is assumed to be in the magnetic meridian. 

Sometimes the dip is taken by another method which does not 
require this adjustment. 
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Suppose that the dip circle is in a plane making an unknown angle 
0 with the magnetic meridian. If H is the horizontal intensity in 
the meridian, the effective horizontal intensity in the plane con- 
sidered is H cos 6, and if is the dip observed when the needle is 
free to move in this plane, and if D is the true dip, 

cot o x = — y — =cot D cos 0. 

The circle is now turned through 90° about the vertical axis and 
the dip Oj in the new position is observed. Then 

cot cos (6— 90)=cot D sin 0 


and cot 2 (S 1 +cot 2 (S 2 =cot 2 D, whence D is obtained from observation 
of and $ 2 . 

The earth inductor. There is a totally different method of 
obtaining the dip— -the earth-inductor method. It is employed 
at some observatories and appears likely to come into general 
use. The principle may be given thus: Suppose that & a coil 
in the form of a large ring has total area A, counting the 
areas of all the turns. Let it be laid flat on a horizontal table 
and be connected to a ballistic galvanometer. The total flux 
of induction through it is AV, where V is the vertical intensity. 
Now let it be turned over suddenly so that the other face of the 
coil is on the table. The change in induction is 2AV, and the 
throw of the galvanometer will be due to a flow of electricity 
proportional to 2AV. Say that the galvanometer gives this flow 
as Qj, coulombs. Now let the coil be raised into the vertical plane 
perpendicular to the magnetic meridian. The total flux through 
it is now AH, where H is the horizontal intensity. Now let it be 
turned suddenly round a vertical axis through 180°. The change 
in induction is 2AH. Say that the galvanometer indicates a flow 
of Q 2 coulombs. Then 

Qi _ 2AV _ V , 

Q 2 2AH H “ tel1 Dip> 


The intensity of the field. The total intensity I is never 
determined directly. If H is the horizontal component and D is 
the. dip, H— I cos D. The value of H can be found much more 
?T y a ?? J? muc 1 h “ ore ^actly than I, and if D is known I may be 
deduced if needed^. But in almost all cases we want to know H. 

To determine the horizontal intensity H. The 
horizontal intensity is determined by a combination of two 
separate experiments By one, known as the vibration experi- 

tW f h ? of ? and of: M the magnetic moment of 

a ° ne used " ^e other, known as the deflection experi- 
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ment, we find the ratio of these two quantities. The two results 
combined give us H, and incidentally M. 

The vibration experiment. If a magnet of moment M 
suspended so as to be horizontal and is displaced through 0 from 
the magnetic meridian^ it is easily seen that the magnetic couple 
tending to restore it to the meridian is MH sin 0, or, if 0 is very 
small, it is MH0, and we shall have a simple harmonic vibration. 
If K is the moment of inertia of the magnet and if the magnetic 
couple alone acts, Jdie time of vibration is 


T = 2ta/— 
v MH 


or 


MH — 


4tt 2 K 
T 2 * 


To find K, a non-magnetic bar of calculated moment of inertia B 
is attached to the magnet and the new time of vibration T v is 
observed and 



or 


MH: 


4tt 2 (K+B) 

= T' 2 * 


Equating the two values of MH we obtain 
K+B_T' 2 
K T 2 


and 


BT 2 

X' 2 — T 2- 


The value of K need not be redetermined for each vibration 
experiment. 

The vibration experiment is carried out by suspending a needle 
like that used in the declination experiment in the same torsion box. 
Fig. 224. The vibration needle, however, is provided with a holder 
for the bar B. Corrections, into which we shall not enter, are made for 
the additional torsion couple due to the thread, for the arc of swing 
not being negligibly small, and for the change in the magnetic 
moment M due to the temperature and for its increase due to the 
magnetisation induced by the earth's field. 

The deflection experiment. In this experiment the 
vibration needle used in the previous experiment is set to deflect 
another needle from the meridian. The general principle of the 
method is as follows : 

If the vibration needle ScN, Fig. 230, is set end on, E or W 
of another needle it will deflect it through 0, given by (p. 215) 

2M 
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where d is the distance of the centre of the deflecting needle from 
the deflected needle, when we neglect small quantities. If then we 
observe 8 and measure d, we know the ratio of H to M, for 

H 2 

M d z tan 6 * 


Multiplying this by the result of the vibration experiment and 
taking the square root, 

T v d 3 tan 9 


Or another procedure may be adopted, and this is the more 
usual. The deflecting magnet, always in the end on position, is 



turned round the centre of the deflected magnet until the latter 
is in equilibrium and at right angles to the former. Then from 



Fig. 231. 


Fig. 231 we see that the angle 0 through which the deflecting 
magnet has been turned round is given by 


sin 8 = 


m 

dm 



' 2K 
d? sin 8* 


whence 
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In usin<r the last method, a graduated horizontal cross bar 
about a metre long is fixed at right angles to, and just under, the 
torsion box. A carriage slides along this bar to carry ™~ ct " 
in* magnet, and the distance d is read on the. scale of the bar. 
To measure 0 a short magnet provided with a mirror is suspended 
in the torsion box of Fig. 224 to serve as the deflected magnet. 
A telescope with a scale attached replaces the telescope used in 
the declination experiment to fix the position of this deflected 
magnet. The deflected magnet is first suspended and its position 
is observed when the deflecting magnet is not acting The reading 
of the horizontal circle at the base of the instrument is also to be 
taken. The deflecting magnet is then put m position at a distance 
indicated as d on the bar scale and the instrument, with the 
telescope, is turned round until the deflected magnet appeals m the 
same ^sition in the field of the telescope. The horizontal scale 
at the base is again read, and the difference m readings g _ 
the deflection 0. If the observed d were the actual d this would 
suffice in so far as the simple formula holds. But the centre of the 
magnet may not coincide with the index mark on the ^rnage. 
The deflected magnet is therefore turned end for end. The deflec- 
tion is now reversed and the mean value eliminates error of 
centering of the deflecting magnet. The graduation of t^ ^ 
may not date from a point exactly under the centre of the deflected 
magnet. The deflecting magnet is therefore moved on ite carnage 
to the other side of the bar to the distance marked as d, and the 
deflections^re again taken .with the magnet in its tab pop ioim on 
the carriage and when it is turned end for end. We have tnen 
four value! of the deflection, and the mean eliminates the errors 

considered. g.yr 

But the formula for the deflecting force is only approxi- 
mate. A nearer approximation is given by * 


sin 0 = 


2M 




where P depends on the distribution of magnetisation along the 

maSet We may eliminate P by taking another value of the 
deflation & at another distance d! and it is easily found tha 

H _ % (d* - $*) 

M d 5 sin 0 — si* 1 0 

The error in the determination of § is a minimum if the value 

of ^-is about 1*8* 

Cb 

* Maxwell, Electricity and Magnetism, vol. ii., 3rd ed., p. 106. 
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Values frequently chosen are cl = SO cm. and d! = 40 cm. 

Corrections for temperature and for magnetism induced by the 
earth in the deflecting magnet must be made. 

Dr. Chree has shown* that the approximation represented by 
the factor 1+P/r 2 is not justifiable with the magnets usually 
employed and that another term, Q /V 4 , should be taken into account. 
The reader is referred to Dr. Chree’s papers for a discussion of this 
point. 

The value for H in this country is in the neighbourhood of 0*18, 
and different instruments may give values differing by as much 
as two or three units in the fourth place, say by as much as 1 in 
1000 of the whole. 

In the regions near the magnetic poles, i.e. the two points 
where the force is vertical, the horizontal intensity is only a small 
fraction of the total intensity and too small to be measured 
accurately. Special instruments which we need not describe f have 
been devised to measure both dip and total intensity in these regions. 

Recording instruments. Besides the instruments which 
give the absolute values of the magnetic elements, it is usual to 
equip magnetic observatories with self-recording instruments which 
register continuously the small changes which are always occurring 
in the direction and intensity of the force. For this purpose three 
magnets are used, one to record changes in declination, another 
those in horizontal intensity, and a third those in vertical intensity. 
A satisfactory self-recording dip instrument has not been devised. 
Each magnet is suspended in a dark box, and is furnished with a 
mirror which reflects a small beam of light from a lamp on to a re- 
volving drum covered with sensitised paper.f Each magnet is sur- 
rounded with a thick copper ring to damp its vibrations. The 
declination magnet is suspended so that it is free to set in the 
direction of the horizontal component. The horizontal force 
magnet has a bifilar suspension, and the torsion head is turned 
round so that the magnet is at right angles to the average magnetic 
meridian. Let Fig. 232 represent a plan. If H changes in direction 
only and not in magnitude, the change being through the small 
angle we shall have H sin S along SN with no turning effect, 

and H cos <?=H perpendicular to NS : therefore the moment 

<5 2 

on the magnet is decreased by MH which is negligible. A very 

small change in direction is, therefore, without effect. If H 
changes in magnitude, say from H to H+<5H, the moment on the 

* Proc, Boy. Soc., lxv. (1899), p. 375 ; Phil. Mag. [6], vol. viii. (Aug. 1904), 
p. 113. 

t See Walker’s Terrestrial and Comical Magnetism , p. 209, for early forms. 
Recent forms are described in National Antarctic Expedition Magnetic Observations , 
Royal Society, 1909. 

J For details see references in footnote on p. 301. 
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magnet increases by M<5H, and this is indicated by its angular 
displacement. 

The vertical force magnet is provided with a knife edge at 
its centre, resting on a plane, and is so adjusted that with 
the average vertical force it is 
horizontal. It is practically a 
balance arm. If the vertical com- 
ponent changes, either through 
change in direction or magnitude 
of the total intensity, the magnet 
tilts. Special methods are 
adopted to calibrate the records 
on the revolving drum (. Ency . Fig. 232. 

Brit . , Z.c\). 

Results. Observation shows that the magnetic elements are 
subject to continual “disturbances. 1 ’ On quiet days, in this 
country, the disturbances in the declination are not usually more 
than a few minutes. There are days on which the disturbances are 
greater, and sometimes are so large that they are described as due 
to magnetic storms. But it is very rare in this country for the 
range of declination to exceed 5°. When the value of an element 
for each hour of the day is averaged for a large number of days, it 




Continuous line, summer. Dotted line, winter. 


is found that there is a diurnal periodicity or inequality differing 
at different parts of the earth, and differing again in summer and 
winter. Thus the declination at Kew shows a diurnal inequality 
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represented by Fig. 233. There is also a small annual inequality 
and probably a very small lunar inequality. 

If, instead of considering the actual value of an element, the 
amplitudes of its range are plotted, it is found that there is a con- 
nection between the range and sunspots, the range increasing as 
the area of the sunspots increases.* 

In addition to these changes there is a secular change. The 
secular change in dip and declination is well represented by a 



method due to Bauer. Fig. 234, gives the changes in the declina- 
tion at London since 1580.f 

These secular variations make it necessary to take a particular 
epoch when giving the value of the elements at a place. 



Fig. 235. 


Figs. 235 and 236 show the lines of horizontal force (Duperrey’s 

* Form account of the inequalities see Chree, Studies in Terrestrial Magnetism 
On the connection with sunspots and auroras, see Ency. Brit , l.c. 

f Table of the mean annual changes in the elements at different positions in 

these islands is given by Thorpe and Kiicker, Phil. Tram., A, clxxxi. (1890), p. 325. 
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Fig. 238 those for equal dip or isoclinie lines for 1876. The 
figures on the right of Fig. 238 are the tangents of the dip. 

Several careful magnetic surveys of limited areas on the earth’s 
surface have been recently made. Thus, Thorpe and Rucker 
made a survey over Great Britain and Ireland in 1891-92,* finding 
various local deviations due, apparently, to the presence of 
magnetised rocks. Some of these deviations could be ascribed 



Fig. 238. 


to the known presence of such rocks, and from others the sub- 
terranean existence of magnetised matter was inferred. 

Sketch of Gauss’s theory of terrestrial magnetism. 
In 1839 Gauss published a paper on the General Theory of 
Terrestrial Magnetism^ in which he investigated a formula which 
should represent the earth’s field at every point of its surface. 
We shall give only a brief account of the principles of the theory. 
The original memoir is well worthy of study, not only for the 
subject-matter, but for the admirable introduction which it gives 
to the use of spherical harmonics. 


Let us assume that the earth is a sphere and that its magnetic 
field is due in part to magnetisation within the surface, in part 
bo magnetisation without the surface, and in part to electric 
currents which lie wholly within or wholly without the surface. 
These electric currents may be replaced by magnetic shells (p. 222), 
so that the field may be regarded as due to a definite distribution 
of magnetism. This distribution will have a potential given by 

V= f — ^ where dm is an element of magnetism and r its distance 


from the point considered, and V will have a single definite value 


* Phil. Trans.) A., vol. clxxxviii. (1896). 

t Werke t y. p. 119 ; Taylor’s Scientific Memoirs , ii. p. 184. In Lloyd’s 
MaffmeUsm t p. 223, a brief abstract is given. 
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at each point on the surface. This would not be true if currents 
existed passing through the surface. For in order that the 
potential shall be definite the work done in carrying unit pole 
from one point, A, to another point, B, must be the same by all 
paths, or, what is equivalent, the work done round any closed 
path ABA must be zero. But if a current C passes through 
the area enclosed by ABA, the work done round the path is 4xC, 
and this work will be different for different paths* enclosing 
different amounts of current. Hence the work from A to B is 
indefinite and in this case there is not a potential.* 

Let us first consider the distribution of magnetism within the 
surface. Let R be the radius of the earth, r the distance from the 
earth’s centre of a point P outside the earth, Z the latitude, and X 
the longitude of the point of intersection of r with the surface. 
Then it can be shown (Gauss, l.c.) that the potential at P may be 
put in the form of a converging series : 


R 


V = B~+B 1 
r 


R 2 +b*! + 


’0—^1^ T 


where B 0 , B v B 2 , &c., are certain functions of l and X known as 
spherical harmonics. The general form of each of these functions 
is known.f If the order is designated by the suffix, that of the 
nth order B n contains 2n + 1 arbitrary constants. 

At a very great distance from the earth the potential tends to a 

value V = — where M is the earth's magnetic moment and 8 


is the angle its magnetic axis makes with r. The first term, 

B R 

— , must, therefore, vanish, or B 0 = 0 ; and it is easily shown, 

T 

too, that in the second term B x = a sin l 4* b cos 7 sin X + c cos l cos X> 
since B X R 2 must be equal to Mcos#; a , 6, and c are constants 
depending on the position of the magnetic axis. 

Next let us consider the distribution without the surface. If 
can be proved that the potential within the surface may be put in 
the form of a converging series : 


V= V 0 + A 0 ^ 


+ A^+ - 


where again A 0 , A x , &c., are spherical harmonics, but with arbi- 
trary constants other than those in B r B 2 , &c. V 0 is the potential 
at the earth’s centre, since it is the value of V when r= 0. Being 

* It is now known that there are minute vertical currents in the air, but too 
minute to be considered in a theory which does not pretend to give an exact 
account. . , . 

f Thomson and T»it' a. X«twal Philosophy, voi. 1 . y. 18<- 
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constant, it may be omitted, for in determining the forces 

differentiate V. „ . ,, , , 

If we suppose a thin shell round the surface of the earth to be 
free from magnetism, within that shell the potential will be the sum 
of the potentials due to external and internal magnetism. Then 

v = a < 4+ Ai t + A 4? + - • • 


+ + B 27s + 


The intensity in any direction s is — If s is drawn in the 

geographical meridian towards the North, ds = R dl. Let the 
component of the horizontal intensity in that direction be X. If 
s is drawn towards the geographical West, da = R cos ld\. Let the 
component in that direction be Y. If * is drawn vertically down- 
wards, ds — — dr. Let the vertical intensity Z. 

„ 1 dW 

Then X = “ R 3T 


Y = - 


1 dW 
RcosZ d\* 



Gauss began by assuming that the earth’s field is entirely due 
to inside magnetisation, and that the series converges so rapidly 
that the first four terms are sufficient to express V. So that 


V t>R 2 , t,R 3 j_B R 4 -t-B R5 

V = B 172 + B *7s +Ji s-^4 + °rps ■ 


B, contains three constants, B 2 five, B g seven, B 4 nine, giving 
twenty-four in all. It must be noted that though these constants 
depend on the internal distribution, they tell us nothing as to that 
distribution, for a given distribution of external potential may be 
produced by an infinite number of different arrangements of mag- 
netism. To determine the constants it would be sufficient to take 
eight stations at which X, Y, and Z were known, if these were known 
exactly. But, of course, there are errors in the values, not only of 
observation, but also of reduction to the same instant of time. Gauss 
took twelve stations in seven different latitudes, and computed the 
values of the twenty-four constants best satisfying the values of X, Y, 
and Z at the stations. He then calculated the values of X, Y, Z^for 
a larger number of known stations all over the earth where X, Y, Z 
had been observed. The differences between observation and 



TERRESTRIAL MAGNETISM 819 

calculation were not much greater than the errors of observa- 
tion. In Taylor’s Scientific Memoirs , vol. ii. 5 will be found maps 
giving the lines of equal dip, equal declination, and equal total 
intensity according to Gauss’s formula. Considering that the 
observations could not all be correctly reduced to the same epoch, 
these lines show a remarkable agreement with the observed lines 
and justify the preliminary assumption that the earth’s field is, at 
any rate, mostly due to internal magnetism. Subsequent recalcula- 
tion of the constants * has tended to confirm this assumption. 

Gauss himself suggested that the disturbances of the magnetic 
elements might be treated in a similar way, and that it might be 
shown whether they arose from internal or external changes in 
magnetism. Schuster f undertook such an investigation on the 
diurnal variation for the year 1870. His work led to the con- 
clusion that the variation was chiefly “ due to causes outside the 
earth’s surface, and probably to electric currents in our atmosphere,” 
and that “ currents are induced in the earth by the diurnal varia- 
tion which produce a sensible effect, chiefly in reducing the 
amplitude of the vertical components and increasing the amplitude 
of the horizontal components.” 

* j Wncy. Brit., 10th ed., xxx. p. 462 ; 11th ed., xvii. p. 881. 
f Ptel. Trans., A, vol. clxxx. (1889), p. 467. 
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The Faraday rotation— Faraday’s successors — Ver dot’s constant and its 
variation with wave length — Effect of rise of temperature — Absolute 
values of Verdet’s constant— Rotation by gases — notation by films of iron, 
nickel, and cobalt— Representation of the rotation by two equal circularly 
polarised rays with opposite rotations travelling with different velocities 
—An electron theory of the rotation— Confirmations of the theory — 
Magnetic double refraction when the light ray is perpendicular to the 
lines of force — Voigt’s theory — Magnetic double refraction in colloids — 
Magnetic double refraction in pure liquids — The Kerr magnetic effect — 

The Zeeman effect — Lorentz’s theory — Zeeman’s verification. 

TReT ^ra day rotation. Faraday opens his paper describ- 
ing his^p^i discovery of an action of magnetism on light by 
saying: 44 1 have long held an opinion, almost amounting to con- 
viction, in common . I believe with many other lovers of natural 
knowledge, that the various forms under which the forces of matter 
are made manifest have one common origin ; or, in other words, are 
so directly related and mutually dependent that they are conver- 
tible, as it were, one into another, and possess equivalents of power 
in their action k . • * - 

He then states that this persuasion had led him formerly to 
make many unsuccessful attempts to obtain the direct relation of 
light and electricity. Recently, however, he had succeeded in 
44 magnetising and electrifying a ray of lights and in illuminating a 
magnetic line of force? a picturesque description of the fact that if a 
ray of plane-polarised light travels through certain substances along 
the lines of force in the field of a permanent magnet or in that of a 
solenoid through which is passed a current of electricity the plane 
of polarisation gradually rotates as the ray travels on. 

The first substance which exhibited the effect was a very heavy 
glass, a silicated borate of lead which he had made some years earlier. 
A plate of this glass two inches square and half an inch thick was 
polished on its narrow sides and placed between the poles of an 
electro-magnet in such a position that when the current was on, 
lines of force went, as nearly as might be, straight through the two 
inches of glass from one side to the other. A ray of light from an 
Argand burner was made to fall on a glass plate at the polarising 

R& s*. III. p. 1 (November 1845). 
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angle and then passed plane-polarised in the horizontal 'direction 
through the glass close to the poles and in the direction of the 
lines of force. It was then received through a Nicol prism into 
the observer’s eye. The prism could be rotated about the ray as 
axis, and the rotation could be measured. 

Before the current was put on, the Nicol was turned into the 
position of extinction. On making the current the field of view 
lighted up. If the Nicol was then rotated, a new position of 
extinction was found showing that the light was still plane- 
polarised, but that the plane was turned round into a new position. 
He found that there was no visible effect if the magnet were so 
turned that the lines of force were perpendicular to the ray. The 
fields produced by a permanent magnet, and by a helical coil or 
solenoid in which an electric current flowed, were effective, and as 
far as he could estimate he found that the rotation with a given 
length of glass was proportional to the strength of field, and with 
different lengths of glass proportional to the length. He examined 
a large number of substances besides the glass, and found that 
many exhibited the effect, such as flint and crown glass, water and 
alcohol. The solenoid arrangement was useful for the liquids, 
which could be enclosed in tubes with glass ends, placed along the 
axis of the solenoid. It was this solenoid method, in which an electric 
current was effective, which led him to say that he had electrified a 
ray of light. With optically active bodies such as turpentine or 
sugar he found that the magnetic rotation was merely added to or 
subtracted from the natural rotation according to its sign. He 
was unable to detect any rotation in air. 

In every case which Faraday observed, the rotation was in the 
direction of the current which would produce the lines of force, if 
we imagine them due to a solenoid surrounding them. Thus if the 
lines of force are supposed to come out from the paper to the 
reader’s eye, the creating current would circulate counter-clockwise, 
and that would be the direction of rotation of the plane of polari- 
sation. The rotation would be reversed if the lines of force went 
from the eye to the paper. 

Subsequent researches have shown that all substances which 
light traverses exhibit the Faraday effect, and for the most part with 
the rotation in the direction which he observed and which is described 
as positive. But salts of iron and some few others, though not salts 
of nickel and cobalt, exhibit a negative rotation. The distinction 
in no way corresponds to the distinction of paramagnetic and dia- 
magnetic, for iron nickel and cobalt, though enonnously para- 
magnetic, coincide with the great majority of diamagnetics in giving 
positive rotation, while the diamagnetic chloride of titanium gives 
a negative rotation. 

The magnetic rotation differs in one very important respect 
from the rotation by a naturally active substance such as sugar 
solution. In the sugar solution the rotation is always “right- 
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handed” or clockwise in a ray coming to the observer. It is 
therefore counter-clockwise to him in a ray going from him. So 
that if a ray is sent along a solution from the observing end and 
then reflected back to the observer the rotations in the two journeys 
are opposite and cancel each other, and the ray emerges polarised 
parallel to its original plane. But with a “ magnetised ” ray the 
rotation is always in the direction of the current which would 
produce the lines of force, so that for each journey along a line of 
force the rotation is increased by the same amount. Thus Faraday * 
found that the rotation for one passage through a piece of glass 
was 12°, but on reflecting it to and fro so that it made five passages 
the rotation was increased to 60°. 

Faraday’s successors. Faraday does not appear to have 
made further experiments after the publication of his paper, his 
attention being called off by his investigations into paramagnetism 
and diamagnetism ; but the subject was pursued by many workers. 
E. Becquerel was the first to observe that different colours were 
rotated by different amounts, red least, violet most — a phenomenon 
known as rotary dispersion. By making the magnetic rotation 
“ left-handed ” and then passing the rotated light through a sugar 
tube of suitable length to neutralise the rotation for one colour, 
it was neutralised for all as nearly as he could judge, or the 
magnetic rotation was proportional to the natural rotation for all 
colours. G. Wiedemann used different parts of a solar spectrum as 
the source of light, a solenoid to produce the field, and a tangent 
galvanometer to measure the current. He was thus able to show that 
the rotation was proportional to the current, and therefore to the 
field intensity within the coil. He found that the magnetic rotary 
dispersion of carbon bisulphide, for instance, was not very far from 
being proportional to the natural rotary dispersion in a sugar 
solution but yet sensibly different, and it was not far from being 
inversely as the square of the wave length, though again quite 
sensibly different. 

Verdet’s constant, and its variation with, wav© 
length. Verdetj* made a long series of experiments on various 
substances with an accuracy probably superior to that attained 
up to his time, and he proved conclusively that the rotation 
per unit length of a substance traversed is proportional to the 
component of the intensity of field in the direction of the ray. If, 
then, ds is an element of the path of the ray in a substance, 
and the intensity H makes an angle 6 with d$, the rotation R of 
the plane of polarisation between s — a and $ = 6, usually expressed 
in minutes of arc, is 

R=C JlH cosOds, 

a 

* Exp. Res. III. p. 453. 

f ffiwHr&t tome i. ; or Gordon, Electricity and Magnetism , voJ. ii» 
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where C is a constant for the substance for the particular wave 
length used. It is known as Verdet’s constant, though it might 
more appropriately be named after Faraday. If Y a , V 6 , be the 
magnetic potentials at the beginning and end of the path con- 
sidered we may put R in minutes = C (V*— Y«), a concise form of 
expression, though the integral form is the one practically useful. 

Verdet worked before the value of absolute units was realised, 
and he was content to express the constant of a substance in terms 
of the constant for water. Taking the rotation in water of light 
at the E line in the spectrum as 1, he found the rotations of the 
light of the various lines as follows. Underneath are the rotation, 
which would have been observed if they had been inversely as the 
squares of the wave length. 


Lines in spectrum 
Observed rotations 
Calculated from 1 /A 2 


W AT ER 

C D 
0*63 0*79 
0-64 0-80 


E 

1-00 

1*00 


F 

1-318 

1*08 


G 

1*605 

1*50 


For carbon bisulphide, creosote, and various other liquids the 
dispersion is about as near to that calculated from 1/X 2 as in the 
case of water, departing as notably from it as the wave length 

diminishes. . 

If the substance examined absorbs the light of one particular 
wave length there are peculiarities in the rotation, which were first 
predicted from theory, and which will be more appropriately 
described when we discuss the theory now accepted. 

Effect of rise of temperature. Bichat was the first to 
make a careful examination of the effect of change of temperature 
of the Verdet constant, and he found that in general the constant 
lessens as the temperature rises, though bis numerical values ha\e 

not been confirmed by subsequent workers. 

Absolute values of Verdet’ s constant. T.he first 
determination of the absolute value of a Verdet constant was 
made by Gordon* for sodium light in carbon bisulphide. 

' A few years later another determination of the same constant 
was made by Lord Rayleigh, f He used a coil with a known 
number of turns surrounding a tube of known length containing 
the bisulphide. The current was measured by a potentiometer 
method, assuming the E.M.F. of a Clark cell. If the tube had ex- 
tended a great distance beyond the coil at each end the different 
of magnetic potential between the ends would have been 4x. X 
number of turns of coil X current. But as the ends were i at points 
where the field was still appreciable a correction was needed.^ 

To measure the rotation Lord Rayleigh used a special half- 

* Gordon, El. and Mag., vol. ii. chap, xlviii. , .. 

f Phil. Tram. 176, p. 843 (1885) ; or 8eie»t>fie Papers, vol. in p. 360. 
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shadow ” method,* on the general principle now always adopted in 
polarimetry, in which the field is divided into regions with their 
planes of polarisation slightly inclined to each other. The 
sodium light used was polarised by a Nicol. It then passed 
through a cell containing sugar solution, but a plate of glass was 
immersed in the solution, and placed so that one half of the beam 
passed through it, while the other half passed by its edge and so 
through an extra thickness of sugar solution. This half of the beam 
was therefore a little more rotated than the half passing through 
the glass, and when the beam emerged from the cell its two halves 
were polarised in planes making a small angle with each other. 
Then the beam passed through the tube and into the analysing 
Nicol in front of the observer’s eye. The observer either focussed 
his eye directly on to the edge of the glass plate in the sugar cell, 
or viewed the edge by a Galilean telescope. To understand the 
method let us suppose that, to begin with, there is no current in 
the coil. Let OR OL, Fig. 239, represent the equal amplitudes and 

C c 




the directions of vibration in the two halves of the field of view. 
The angle ROL is greatly exaggerated in the figure. It is not 
more than 2 or 3 degrees usually. Let the analysing Nicol be 
turned so that it extinguishes vibrations in the direction of OC, 
the bisector of ROL. If MON is perpendicular to OC, and 
RM LN are perpendicular to it, the analyser, when placed so that 
it would extinguish vibrations along OC, admits equal vibrations 
OM ON from the two halves of the field. If it be now turned 
through a small angle so that the vibrations admitted are OM' ON', 
Fig. 240, it is obvious that there will be a great difference in the 
illumination of the two hal yes. Hence the position of the analyser 
for equality of illumination can be fixed with considerable 
accuracy. When this has been done let the current be put on 
so that the magnetic field is established. The planes of OR 

* Poynting, Phil. Mag. [5], z. (1880), p. 18. 
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and OL will be equally rotated, and the analysing Nicol must 
be turned through the same angle to secure equality of the two 
halves of the field once more. The angle is read on a divided 
circle with which the analyser is provided. 

The result which Lord Rayleigh obtained for the Verdet 
constant for sodium light for bisulphide of carbon at 38° 
measured in minutes per unit difference of potential is 

0*04202. 


Rodger and Watson * made determinations of the Verdet con- 
stants for sodium light in carbon bisulphide and in water over a 
range from 0° C. to 40° O. for the former, and over a range from 
0° C. to 100° C. for the latter. Their values for the constants 
were: for carbon bisulphide 0*04347— 737Z/10 7 , and for water 
0*01311—4 tf/10 7 — 4 2 2 /10 8 . Their formula for bisulphide of carbon 
would give the value of the constant at 18° as 0*4214, which only 
differs from Lord Rayleigh’s value by 1 in 350. 

Constants for many other materials were determined in terms of 
that of carbon bisulphide by H. Becquerel, and these may be turned 
into absolute values by using the constant just given for that liquid. 
The following values are extracted from a table of BecquereFs results 
given by Gordon, Z.c. : carbon bisulphide, 1 ; water, 0*308 ; 
benzene, 0*636 ; rock-salt, 0*843 ; crown glass, 0*481 ; bichloride 
of titanium, — 0*358.f 

Rotation by gases. In 1879 both H. Becquerel and Kundt 
and Rontgen J succeeded in measuring the rotation by gases. 
Becquerel passed a ray several times to and fro along a copper 
tube with glass ends surrounded by a coil. Kundt and Rontgen 
also used a copper tube with glass ends surrounded by a coil. 
Into this the gas to be dealt with was compressed to 250 atmo- 
spheres. The glass ends were so seriously strained by the internal 
pressure that they became doubly refracting. It was therefore 
necessary to put the polariser and analyser within the tube, each 
being fixed to the tube at the end at which it was placed. Ihe 
polariser end was clamped in a fixed position. The analyser end 
could be twisted round, subjecting the tube to torsion, and the 
angle of twist could be measured. It was found that the rotation 
was proportional to the density of the gas, so that it could be 
reduced to normal density at 0° C. and 760 m In all cases 
examined the rotation was positive. The following rotations at 
NTP in terms of that of bisulphide of carbon were obtained : 


CS* 


0 

0*000109 


N 

0 000127 


II 

0*000132 


co 2 

0*000232 


* A 7 nmuber of values’ by different worker will be found in Winkelmann’s 

Jlandbuch , vol. v. . . , r 7 _ 

J Some account of both researches is given by Gordon, 
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Rotation by films of iron, nickel, and cobalt. In 
1884 Kundt* succeeded in depositing on glass films of iron, nickel, 
and cobalt less than a wave length in thickness which easily 
transmitted light. When one of these was placed in a magnetic 
field normal to the lines of force the plane of a polarised ray 
passing through was rotated in the positive direction — i.e . the 
direction of the magnetising current — and by an amount pro- 
portional to the thickness of the film. The rotation increased with 
increase of the field up to about 17,000° ; but when the field exceeded 
this the rotation did not increase much. The maximum rotation 
of a certain red ray in iron was such that passage through 1 cm. 
of iron would at the same rate give a rotation of £00,000°. 
The rotation of bine light was less than that of red. 

The approach of the rotation to a limit suggested that the 
rotation is proportional, not to the external magnetising force H, 
but to the intensity of magnetisation I. With II = 17,000 we may 
suppose the iron to be saturated or that I has reached its limit. 
In an ordinary non-ferromagnetic substance the intensity of 
magnetisation is given by I = /cH, where k is a minute constant 
and I is proportional to H. In a ferromagnetic metal k is not 
constant and I is noc proportional to H. Du Boisf plotted I 
against H for each of the three metals iron, nickel, and cobalt, 
using Rowlands’s values. He then plotted rotation for a definite 
thickness against H, using the rotations determined by Kundt and by 
/ himself, and found that the form of the two sets of curves was the 
same, or the rotation was proportional to I. 

Representation of the rotation of the plane of polari- 
sation by two equal circularly polarised rays with 
opposite rotations travelling with different velocities. 
Let a point P move with uniform angular velocity w in a circle 
radius a. Drop a perpendicular PN on a diameter ACA' If P 
starts at t = 0 from A, AGP = ojt and 
CN = a cos ut. Then N has a simple 
harmonic motion with the same period 
as P. 

When P starts from A let P' start 
from the same point with the same 
angular velocity co round the same circle 
but in the opposite direction, so that P' 
is always in PN produced. Then the sum 
of the displacements of P and P' parallel 
to AA' = £a cos wtf, and the sum of the 
displacements perpendicular to AA' is zero, since the displacements 
are equal and opposite. Hence a simple harmonic vibration may 
be made up of, or conversely maybe resolved into, two circular 
* motions, each of half its amplitude and with equal period. 



* 

t 


Phil. Mag. [5], xviii. (1884), p. 308. 
Ibid. [5], xxiv. (1887), p. 445. 
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A train of waves of circularly polarised light may be regarded 
as consisting of circular disturbance, represented by a radius of 
given length travelling round each point in the path and with the 
same angular velocity for each radius, the ends of the radii being 
on a revolving spiral. A corkscrew turned round counter-clockwise 
without advancing exactly represents such a train of waves with 
counter-clockwise rotation travelling towards its point, and if it 
be laid lengthwise on a mirror its reflection in the mirror repre- 
sents the transmission of a train with clockwise rotation. Let (a). 
Fig. 242, represent the right-handed corkscrew as seen from above, the 
thick lines representing the upper part. Then if it is turned round 




counter-clockwise as seen from A, a given displacement will travel 
forward from A to B. If ( b ) represents its reflection in the 
mirror MM, a clockwise rotation as seen from A' will send a 
given displacement forward from A' to B'. 

If the two displacements in (a) and (i) are combined, they will 
always give an up-and-down displacement perpendicular to the 
plane of the paper, or a plane-polarised disturbance. 

But now suppose that while the speed of rotation of the two 
is the same, one travels faster forward than the other, that is, has 
a longer wave length, or is a steeper spiral. .Thus in Tig. £43 let 
ACDB represent the faster-moving and longer wave, AEFG the 
slower and shorter. At the instant represented they coincide at A, 
and as the revolution is at the same rate for both spirals they 
combine now and always to give at A a disturbance perpendicular 
to the paper. At this instant they coincide again at G, and 
combine now and always to give at G a disturbance in a line which 
is turned round in the direction of the circular motion which has the 
greatest forward velocity. That is, there is rotation of the plane 
of polarisation. 
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We may obtain the actual rotation by noting that the 
forward propagation of a circular disturbance with speed v is 
represented by 

where 0 is the angle the radius makes with a fixed direction per- 
pendicular to the line of propagation, the distance x being 
measured from a starting-point on the line at which 0=0 when 
t = 0. For at any fixed point the angle 0 grows at the rate 
or at each point there is circular motion, and at distance #,0 = 0 
when x = vt , or the displacement which is at x = 0 when t = 0 
is propagated forward with velocity v. 

Now let an equal circular disturbance, but with opposite 
rotation, — o), travel forward with a less velocity v r . Then ‘the 
direction of disturbance at x at time t will be 



assuming that it is 0 at # = 0 when t = 0. 

It is easily seen that the sum of two displacements, each a and 

0 1 O' 

in directions 0 0', is in the direction — ^ — , and is in magnitude 


2a cos 


0 - 0 ' 

2 


That is, it is in the direction 



and its magnitude is 


It is, then, a simple harmonic vibration in a constant direction 
at a constant point, but as we travel forward the direction turns 
round in the positive direction of w at a rate per unit distance 

Ct)/ 1 1 \ to* v — v / 

2\v' v j 2 vv' 9 

or if n is the frequency of revolution, so that w = %irn , we may 
put the rotation of the plane of polarisation as 


and in the direction of l-otation of the faster-moving constituent. 
So far this is merely a geometrical representation of the facts 



MAGNETISM AND LIGHT 329 


and at first sight it appears somewhat artificial. But it appears 
more natural if we assume, as we surely must, that there is some 
sort of motion round the lines of force in a magnetic field. Then 
a resolution into circular motion would seem to be appropriate. 

An electron theory of the rotation. We have now to 
show that if we suppose that in a circularly polarised ray the 
electrons are whirled round with the frequency of the waves (i.e. a 
number of times per second equal to the number of waves passing a 
point per second), then the velocity will be different for the two 
directions of whirling if a magnetic field exists parallel to the path 
of the ray. 

According to Sellmeier’s mechanical theory, the velocity of a 
train of light waves in a medium depends on the nearness of the 
wave frequency to the natural frequencies of vibration of the 
molecular or atomic systems constituting the medium. By 
the natural frequencies we mean those of the different types of 
motion of each system if it is disturbed and then left to vibrate 


without any external action. 

Let N„ N 2 , &c., be the natural periods of the constituents of 
The velocity v of a train of waves of frequency » 


the medium, 
is given by 


!=K q £L_ 

l3 jv+ N 1 2 -j 


A 


v 


N 


+ &c. 


where K, /3 a , /3 2 , &c., are constants for the medium.* 

For simplicity we shall suppose that there is only one mode of 
natural vibration N, and that this takes place under an acceleration 
towards a centre at distance d equal to i<?d or 4)7r 2 N 2 d. The 
velocity of a train of waves is given in this case by 


When n — N, the formula makes v = 0. The physical inter- 
pretation is that there is at this value “ resonance,” and the waves 
spend their energy in setting the constituent systems of the 
medium into vibration so that they are absorbed and not trans- 
mitted There will be absorption too, in a real system, for some 
little range on each side of n = N. As we rise from n = 0, i.e. 
from waves of infinite length towards n = N, 1M which is pro- 
portional to p 2 where p is the refractive index, gradually increases 
and becomes great as n nears N. When n has just passed N, 1/ir 
is at first negative or p is unreal. But when l/»* becomes positive 
and p real it increases as n increases. There is, however, a limit A. 
towards which it tends as n goes on increasing. 

• Theory of Opties for an account of the theory of dispersion and 

O. “ 

author of a work on Magneto- und Elelttro-opftli, Teubner, 1908. 
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We may represent the general nature of the change in 
1/n 2 or jj? by Fig. 244. 

This theory holds good in the electro-magnetic theory if we 
suppose that the medium consists of central bodies round which 
electrons or small charged bodies are revolving, each with a period 
or periods of its own. We make the usual supposition that the 



charge on each electron has the same negative value. We represent 
it numerically by e and the mass of the electron by m . 

Now let a circularly polarised beam of frequency n travel 
through the medium. We suppose that it makes the electrons 
whirl round the centres of their natural orbits in circles with 
frequency n , instead of the natural frequency N, the wave dis- 
turbance calling into play a force which, added to mA 7 r 2 N% the 
natural force of the system, accounts for the new period. 

b When a field H is put on, let us suppose that its + direction 
coincides with the direction in which the ray is travelling. If d is 
the distance of the electron e from its centre, its velocity is SirJid, 
and as it is moving transversely to the field H a radial force due 
to IT, equal to ^irndHe^ will be called into play. The negative 
electron moving clockwise is equivalent to a positive current circu- 
lating counter-clockwise. Hence the force is inwards on an 
electron moving clockwise and outwards on one moving counter- 
clockwise. If m is the mass of the electron, the acceleration at 
distance d is ±27rwdH^/m. The total acceleration due to the 
internal force and to this magnetic force ls 

(47t 2 N 2 ± $7 r?iHe / m)d 2 (1 ) 

and this is the natural acceleration when the field is on. 

. Putting (1) iu the form w 2 d, we see that there are now two 
different natural frequencies, given by w/2tt, where w has the 

47r 2 N 2 + %ttu Wejm 
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foi a ray in which the rotation is clockwise as seen from the source, 
and the value 

4tt 2 N 2 — SirnHe/m 

for a ray with the opposite rotation. 

If the two frequencies are N x , N 2 , then 

N j 2 = N 2 +”-M£.=N 2 + v ^ 

<2>TT7n 

N 2 2 =N2-|^i=N 2 -i, 

2 2tt>« 


where v— 


n\le 

QirM 


(*) 


As the natural frequencies for two circularly polarised rays with 
opposite rotations thus differ, they have different velocities, v v 
given by 


— = K+ 


* 


P - 


N*+y-*« 


= K+ 


0 




N 2 — w 2 (N 2 — n 2 ) 2 


P _ 


N 2 — >/— ra 2 


=K+ 


P 




N 2 — n 3 (N 2 — w 2 ) 2 


(3) 


If we subtract the first of these from the second we get 


1 1 _ 

V* V* (N 2 -7l 2 ) 2 


(*) 


— a result which is due to Voigt. 

We have taken v as positive for negative electrons, and as 

ju? 9 which is proportional to -4, usually increases as we approach an 


absorption band from the long wave side, we may take as usually 
positive. Hence (4) is usually positive, or v^> r 2 , and a circularly 
polarised ray in which the rotation as seen from the source is 
clockwise moves with greater velocity than a ray with counter- 
clockwise rotation. The rotation therefore has the same sign 
whether n is less than or greater than N. 

If a ray of plane-polarised light is resolved into two co-existing 
circular components, and we assume that they have different 
velocities as given by (3), the clockwise component moves the faster 
and the plane of polarisation rotates clockwise or in the direction 
of the current round the ray which would produce the field in which 
it is travelling. 

If v x and v 2 are nearly equal, we may put the rotation pel 
unit length (p. 328), by aid of (4), in the form 


-rrvvPv 
(N 2 — K 2 ) 2 ' 
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When the rotation is in the opposite direction, as in titanium 
chloride and in salts of iron, we may perhaps account for it by 
a negative sign for j3, i.e. a decrease in /j. as X decreases, or perhaps 
by assigning the opposite sign for r, which implies that positive 

charges^ai^evolvn^Qf ^ theory< jRighi * showed that the 

wave lengths of two oppositely circularly polarised rays were 
different when they were made to traverse a magnetic held along 
the lines of force,' before the electron theory was elaborated to 
account for the difference of their velocities. A pencil from a 
source was divided into two pencils which were circularly polarised 
with rotations in opposite directions and then ran alongside each 
other through a tube containing an active liquid and surrounded by 
a solenoid. The two pencils then passed through a Nicol and i nter- 
fered in the focal plane of a micrometer eyepiece by which the fringes 
could be seen and their positions fixed. When the current was put 
on the position of a fringe was read by the micrometer wire. Then 
the current was reversed and the fringes shifted, and by an amount 
sufficiently near to that which would be expected from the observed 
rotation of the planes of polarisation in the liquid by the same 

Brace f made a similar experiment with a similar result. Some 
time later, by making the two rays travel in an arrangement of 



prisms to and fro along the lines of force, he succeeded in 
separating them on emergence. . 

Macaluso and Corbino $ showed that the rotation is in the 
same direction on opposite sides of a sodium vapour absorption 
band, and Wood§ measured the rotation in the neighbourhood of 
both I) lines, and obtained results of the kind represented in 
Fig. 245. But in the case of a solution of praseodidymium chloride, 

* Wied. Belli (liter, ii. p. 715 (1878). 

t Phil. Mag. i. p. 464 (1901). He gives in the introduction a brief account of his 
earlier work, and then describes his method of separating the rays. 

t QtmpL Bend, cxxvii. p. 548; Wood, Optics , 2nd ed. p. 530. 

| Phil. Mag. [6] xiv. p. 145 (1907). 
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a salt with a strong absorption band in the yellow, Wood found 
that though the rotation had the same sign on the two sides of the 



Fig. 246. 


band it did not appear to rise towards the band on both sides, hut 
.rather to be as indicated in Fig. 246.* 

Magnetic double refraction when the light ray is 
perpendicular to the lines of force. Voigt’s theory. 
We have seen that if we resolve a vibration which is perpendicular 
to the field into two circular vibrations with opposite rotations 
in a plane also perpendicular to the field, the natural periods of 
the two are one a little greater and the other a little less than 
the natural period before the field existed. If we assume that 
these two periods exist for a ray travelling perpendicularly to the 
lines of force in which the motion of the electrons is also perpen- 
dicular to the lines of force, the equation for the velocity v before 
the field exists, which is 

JL=k 4- ft 

^N 2 -w 2 ’ 

must be replaced by the less simple form 

JL=k + ft* - + & 

2 $ 28 1/ 2 

= K +j^r^5+ ne S lectin § M S faer P owers - 

The velocity before the field is established is also the velocity of 
a ray which has its vibrations along the lines of force, and which 
is therefore unaffected by the field. Let us put it v r = v. If we 
take off the field, v becomes = 0 and v n = v,. This requires that 
2f3 1 = /3. We have then 

1 1 _ /V 

»„• v* (N *-nY 

It will be noted that this is a small quantity of a higher order 
than the corresponding difference which accounted for the rotation 

* Phil. Mag. ix. p: 725 (1905). 
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of the plane of polarisation. Further, it changes sign with N — n ; 
or when n < N,^ ^>v n ^ and when n is > N, v p <^v n . The theory 
of which this is a mere indication led Voigt to the result just 
obtained, and it was verified by Voigt and Weichert in the case of 
sodium vapour.* 

Magnetic double refraction in colloids due to sus- 
pended particles. In 1901+ Kerr observed that if a small 
quantity of Fe 3 0 4 is chemically precipitated in invisibly fine 
particles in water, which is thereby rendered slightly hazy, the 
liquid becomes doubly refracting when it is placed in a magnetic 
field and is traversed by a polarised ray perpendicularly to the field. 
The vibrations in which the electric component, is along the lines of 
force, travel more rapidly than the vibrations in which it is at 
right angles. At the same time the former are more absorbed. 
This agrees with the supposition that the particles of the oxide 
arrange themselves in fine filaments along the lines of force, and 
act like a Hertz's grating of parallel wires. 

Very shortly after this, Majoranat independently discovered the 
phenomenon in colloidal solutions of iron, and found that it was 
very notable in long-prepared “ Fer Bravais.” Cotton and 
Mouton § also worked at the subject, examining many colloidal 
solutions. 

Magnetic double refraction in pure liquids. At first 
Cotton and Mouton supposed that the colloidal condition was 
necessary for magnetic double refraction, but they discovered that 
it is exhibited by nitrobenzene, and it has been observed in other 
aromatic compounds. The phenomenon is closely parallel to the 
Kerr electric effect. If <5 is the retardation of one ray behind 
the other in traversing length l of a substance placed in a field H 
which is at right angles to the path, and if X is the wave length 

i=CZH 2 . 

A 

C is the constant of magnetic double refraction for the substance 
for the wave length used. Cotton and Mouton found that for nitro- 
benzene C increases as A diminishes, and that if B is the Kerr 
electric constant C/B is very nearly the same for different wave 
lengths. This has been confirmed for other aromatic compounds 
by McComb and Skinner.!) 

A theory of magnetic double refraction has been developed by 
Havelock,^ who supposes that the molecules are differently spaced 
along and perpendicular to the field. Cotton and Mouton prefer 

* 5^' Am * 67 > P- 345 C 18 ") ; or Wood’s Optics, chap. xvii. 

t Brd. Assoc. Report (1001), p. 568. 

f Science Abstracts, 1002, No. 1844. 

I de Okim. et de Phys. [8], yol. xi. p. 146 and p, 280 for their earlier 
W a ^ ^ Physique [5], vol. i. (1911), p. 5, for their later discovery. 

Mem. xxix. p. 525and p. 541 (1909). 

f Proo. Boy. 8oc. t A, vol Ixxvii. p. 170, and vol. lxxx. p. 28. 
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to account for the effect by supposing, not that the molecules alter 
their distances apart, but that they are oriented with axes of some 
kind along the lines of force. They consider that Voigt’s theory will 
not account for the double refraction which they have discovered, 
for his theory should apply to all bodies, whereas their double 
refraction is so far confined to a particular class. 

The Kerr magnetic effect. Reflection from magnets. 
The reflection of light at a surface is not merely a return of the waves 
at an impenetrable surface, for the nature of the reflection depends 
on the constitution of the medium within the surface. For instance, 
the polarising angle differs with different reflecting media, showing 
that the medium near the surface takes part in the process. Con- 
sidering this, and further considering that, as the Faraday effect in 
some salts of iron is already great, it might be expected to be 
vastly greater in the steel of a magnet, Dr. Kerr* was led to 
expect some kind of rotation in a plane-polarised ray when 
reflected from the pole of a magnet. 

To test his expectation he polished a flat as perfect as 
possible on one pole of an electro-magnet and then brought the 
other pole near to it, just leaving between them a chink through 
which a ray of plane-polarised light could be directed on to the 
surface at an angle of incidence between 60° and 80°. When the 
plane of polarisation was either parallel to or perpendicular to the 
plane of incidence and the current was off, the plane was unaltered 
by reflection. These two planes were selected because, in accordance 
with the ordinary result of reflection from a metal, the light in any 
other plane would after reflection be elliptically polarised. After 
reflection the ray passed through a Nicol to the observers eye. 
The Nicol was turned to extinction. On putting the current on, 
the light reappeared faintly, the plane of polarisation always 
turning in the direction opposite to that of the magnetising 
current, and the polarisation was slightly elliptical, as the principle 
of reversibility would lead us to expect. 

In further experiments Kerr worked with normal incidence 
through a perforation in the opposing pole and found again a 
rotation, though less in value, and again in the opposite direction 
to the magnetising current. According to the later work of 
Kundt, the light entering the metal and finally absorbed by it 
would have its vibration turned round in the direction of the 
magnetising current so that we might expect the reflected vibration 
to be turned in the opposite direction. 

Afterwards Kerr obtained similar effects with reflection at 
surfaces worked on the equatorial parts of a magnet. He summed 
up his results in the statement that a new small component was 
introduced in the reflected ray with vibration perpendicular to that 
of the ray reflected before the iron was magnetised. The vibration 

* Phil. Mag. [5], vol. lit p. 321 (1877), fo r reflection from a pole ; vol. v, p. 161 
(1878), for reflection from the side. 
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in the original direction was not changed in phase by magnetisa- 
tion. The new component differed from it in phase by a small angle. 

Du Bois* measured the rotation on reflection at normal incidence 
from mirrors worked on the ends of iron, nickel, and cobalt 
cores of electro-magnets. The cores were in the form of prolate 
spheroids. He used this shape because, according to the theory of 
induction, if without the metal core the field is uniform, the 
magnetisation I, when the metal is put in, is uniform and 
parallel to the axis. Measuring the rotation e and the intensity of 
magnetisation I, du Bois found that s=KI, and he termed K the 
Kerr constant. If the magnetisation was not normal to the 
surface, then I was replaced by I*, the normal component. K was 
found to be nearly independent of temperature, and when e was 
expressed in minutes it was found that K was : for iron —0*01 38, 
for cobalt —0*0198, and for nickel —0*0160, while for magnetite 
it was +0*012. There was dispersion, K decreasing for iron from 
red to violet, while for cobalt there was a minimum in the green, 
and for nickel a minimum in the yellow of the spectrum. 

The Zeeman effect.f The three actions of magnetism on 
light which we have already described consist in modifications of 
the light due to changes in the medium through which it is trans- 
mitted, or at which it is reflected when the medium is magnetised. 
The modifications may be ascribed to alterations of velocity and 
not to alterations in the frequency of the waves. There can be no 
alteration in wave frequency where there is no relative motion of 
source and medium and the condition is steady. Now we are to 
describe an effect of the magnetic condition on the light emitting 
elements of the source — an alteration in the frequency, not in the 
velocity, ot the waves emitted. An alteration of this kind, sought 
in vain by Faraday, perhaps observed by Fievez, was only certainly 
found by Zeeman in 1896. t 

Zeeman placed a sodium flame between the poles of an electro- 
magnet which could create a powerful field through the flame. 
The light going out perpendicularly to the lines of force or 
equatorially was received in a grating spectroscope, the grating 
having 14,938 lines to the inch and therefore giving considerable 
dispersion. Before the current circuit was closed the D lines were 
fine and sharp. When the current was put on they widened 
perceptibly. The red lithium lines from a lithium flame showed a 
similar effect. To show that the effect was directly due to the 
magnetic field and not to any indirect effect such as a change of 
temperature through the change of shape of the flame, a tube with 
glass ends was put across the magnetic axis in place of the flame. 
A piece of sodium was inserted in the tube, which was heated so 
that sodium vapour was formed. A beam of white light from an 

* Mil Mag. xxix. p. 253 (1890). 

f Zeeman, Researches m Magneto- Optics. Macmillan , 1913. 

| -PM. Mag. [5], xliii.p. 228 (1897)* 
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arc was passed through the tube into the spectroscope and the dark 
D lines appeared. When the current was put on, these too 
widened. The total widening of each of the lines was about 1/40 
of the distance between them when the field was about 10,000. 
As the two lines differ in frequency by about 1 in 1000, the two sides 
of each broadened band differed in frequency by about 1 in 40,000. 

Lorentz ’s theory. Zeeman thought that the electron 
theory as developed by Lorentz would give the key to his observa- 
tions, and Lorentz indicated to him a theory of the effect which we 
may put in the following form. 

The principle is that which was afterwards used by Voigt in the 
explanation, which we have given already, of the change of velocity 
of circularly polarised light with change of direction of revolution. 
The starting-point is the equivalence of a charge e moving with 
velocity v to a current element ev, so that if there is a magnetic field 
of which the component perpendicular to the direction of v is H, a 
force acts on e equal to llev and perpendicular to H and 

If be resolved into any components and the force on e due to 
each component be separately considered, the resultant of all these 
separate forces will be Ha It is sufficient to illustrate this by the 
simple case where the field is perpendicular to the velocity v 9 and 
that velocity is resolved into v cos 0 and v sin 0 at right angles 
and in a plane perpendicular to H. The forces on e moving 
separately with these velocities will be Rev cos 0, Rev sin 0, and 
these will have as resultant Rev. Hence we can resolve v as we like, 
and the forces acting on e due to the separate components will have 
a resultant equal to the force due to the actual motion. 

Now take the case of a system in which a single electron revolves 
round a centre under a force towards the centre proportional to 
the distance. The orbit will be in general an ellipse, and it may 
be in any plane. But the motion can always be resolved into 
three linear simple harmonic motions along three axes Ox, 0 y, 
and O z through the centre O, and all three will have the same 
period, though they will not have the* same phase, i.e. will not all 
pass through O at the same instant, unless the actual motion is 
linear. Each of the linear motions may now be resolved into two 
equal and opposite circular motions in any plane through the 
linear motion, each having the same period but with radius equal 
to half the linear amplitude. If the period is N and the radius is 
d the acceleration in each circle is 4<ir* Wd. 

Let a magnetic field H be created in the direction of x . 
We leave the motion along Ox linear, for it will not be 
affected by the field, and its frequency will remain N. The 
motions along 0 y f Ox may be resolved into two pairs of cir- 
cular motions, and it is most convenient to put these in the plane 
of y, x, each pair consisting of two opposite motions. As we have 
seen, we may treat each motion separately in considering the effect 
of the motion in the magnetic field. Consider a circular motion 
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of radius A in which the electron e moves round .clockwise as seen 
from the N.S.P. If its velocity is v it will have an additional 
force Hev inwards, and so its frequency will be increased from 
NtoN r The total force to the centre if the mass is m is 
4 tt 2 N%wZ + Hev = 4?r 2 N 2 ??id + ^ 7 tN 1 H^Z, putting for v. 

The acceleration is (4 tt 2 N 2 + S-ttN-jH e/m)d, and the frequency is 
given by 

Qtt 


N 1 2 = N 2 + 


and as the second term on the right is very small compared with 
the first, in it we may put N for N x , so that 


N x 2 = N 2 + 


HHeJm 

Stt 


A counter-clockwise motion will have an additional force out- 
wards, and so the frequency is reduced. Its value N 2 is given by 

M 2 \T2 N 2 H£?/m 

-IN ___ ? 

or approximately 

N 2 2 = N a - ~^ TO . 

2 2x 

There are therefore three frequencies, the original frequency N 
still’reraaining in the vibrations along the lines of force, and there 
are two sets of circular motions in a plane perpendicular to the 
lines of force and with frequencies, one rather greater and the 
other rather less than N. 

Consider the light going out equatorially. The circular vibra- 
tions will only send linear vibrations in that direction, for it is in 
their own plane, and the direction of vibration in the waves will 
be perpendicular to the lines of force. The vibrations in the 
source along the lines of force will send out vibrations parallel to 
that direction and of the original frequency. Hence, if we receive 
the^ light in a spectroscope, we may expect to have a line in the 
position of the original line polarised in the equatorial plane, or, 
as it is easier to picture, vibrating parallel to the lines of force, 
and this should be flanked by two lines with vibrations transverse 
to the lines of force. If we consider the light travelling out axially, 
then the vibration along the lines of force with the original 
frequency sends no waves in that direction, but the two opposite 
sets of circular vibrations send opposite circularly polarised rays, 
and in a spectroscope we ought to have two lines, one on each side 
ti tle original position, and the light in them should be circularly 
pdtoed in opposite directions. 

verification. Zeeman found that experiment 
ymfiai these anticipations of tfeeoiy, But . further research wi% 
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stronger fields and better resolving power showed that the effect of 
establishment of the field was usually considerably more compli- 
cated than in the simple case which we have treated, though for 
some lines there is mere tripling, as described above.* For instance, 
the sodium line D JL shows a quadrupling in the equatorial direction, 
the polarisation indicating that the central line is doubled. D 2 shows 
six lines, and the polarisation indicates that the two side lines are also 
doubled. Lorentz f showed that if there are n degrees of freedom 
in the vibrating source, all coinciding before the establishment of 
the field, and so giving one line in the spectrum, we may suppose 
them to be made all slightly different when the field is established, 
thus giving n lines. Thus in our simple case n = 3, and each of 
the degrees has the same period if there is no field. When the 
field is put on there are three periods and three lines in place 
of one. 

Since Zeeman made his great discovery a very great deal of 
work has been done by himself and by others in investigating the 
details of the effect, but these details belong more to optics than 
to magnetism.! 

We shall conclude with a very interesting calculation which 
Zeeman made, in his first paper, of the value given for ejm by the 
observed widening of the lines. From the values of N x and N a 
we get 

N/— N 2 a = N i±^ .H e/m 
Qtt 


N 1 -N a =i-H e/m 


and 




-w v (r-r)’ ■ 

tl \a l a 2 / 

where X v X 2 are the wave lengths of the two side lines, and V is 
the velocity of light, 

__&r X7 A 2 — A x 1 
~H A ‘X 9 


since in the denominator \ v A g may be put equal to A, the 
original wave length. Now, as — ~ — - was found to be fbr 

A= 0-000059, when H was 10,000, and as V is 3x10 x V/m is about 

* Schuster’s Theory of Ojitics, l.e. 

f The Theory of Electron (1909), p. 112; or CimgrU Intermtumal de Phyxique 

(1900), vol. iii. p. 1. # _ . 00iM 

J A bibliography is given in Zeeman s work (see p. 66b). 
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I0 7 . Various later measurements of the separation of the lines in 
known fields have shown that ejm obtained in this way is a little 
different for lines in different series, but that it is the same for lines 
in the same series. The mean value is very near to 1*77 X 10 7 , 
which again is very near to the mean of the best measurements of 
e/m for the kathode rays and for j3 rays. 
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of force in magnetic field. 177 
of force in magnetic field, mapping 
by iron filings, 177 
of force of earth, direction of, 301 
or tubes of electric strain, 55 
Lippmann’s theory of electric deforma- 
tion of crystals, 157 

Liquid dielectrics, Quincke’s experiments 
with, 138 


Liquids, as para- or diamagnetics. 204 
electric expansion of, 143 
magnetic double refraction in, 334 
magnetic properties of (Pascal), 296 
Lorentz’s theory of Zeeman effect, 337 

Magnet, axis and centre of, 215 
consequent poles in, 174 
earth as a, 1 69 
moment of, 215 

situation of magnetisation in, 174 
saturation of, 175 
Magnetic double refraction, 333 
field, 176 

field, lines of force in, 177 
fields, some special, 219 
hysteresis, 1S3 
induction, 229 
intensity, 211 

measurements, founded on inverse 
square law, 209 
recording instruments, 312 
permeability. 235 
poles, 315 
shell, field of, 222 
shell, potential of, 222 
susceptibility, 239 

Magnetisation and temperature, 186, 200 
and the magnetising force producing 
it, 181 

by divided touch, 171 

by double touch, 172 

by single touch, 171 

by induction, 180 

Calculation of induced, 249 

Cbange of Length on, 188 

Distribution of, 174 

Effect of hammering on, 194 

Electro-magnetic, method of, 173 

Induced, 168 

Methods of, 170 

of iron in very strong fields, 274 
of iron in very weak fields, 273 
situation of, in magnet, 174 
Magnetised bodies, forces on, 253 et seq. 

sphere, field due to, 226 
Magnetism and light, 320 
Electron theory of, 297 
molecular hypothesis of, 192 
terrestrial, 301 
Magnetometer, Kew, 303 

method of measurement of permea- 
bility by, 266 
Magneton, 299 
Magnets, ball ended, 174 
compound, 174 

constitntion of molecular, 201 

electro, 173 

fields, of, 178 

horseshoe, 174 

natural, 165 

nickel and cobalt, 176 

portative force of, 175 

preservation of, 175. 
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Max well, electro-magnetic theory of light, 

120 . 

on electric stresses, 138 
on residual charge, 114 
Measurement of charge, 30 

of ^m^hUity, ’Ballistic method, 271 

of permeability, magnetometer 
method, 266 

of susceptibility and permeability 
of para- and diamagnetic 
substances, 282 , 

Mechanical model to illustrate hysteresis, 

279 

model to illustrate residual charge, 

118 

Medium surrounding magnetic body, 

MolecSar hypothesis of electric strain, 58 
hypothesis of magnetism, 192 
theory and permeability, 241 
Moment of a magnet, 215 

Natubal magnets, 165 
Needle, time of vibration of, with small 
susceptibility, 260 
Negative electrification, 2 

Nickel and cobalt, magnetisation and 
permeability, 276 
as a magnet, 203 
magnets, 176 


Pabamagnetics, 203 
Curie’s law for, 291 
tend to move to stronger field, 205 

Pascal’s experiments on magnetic quali- 
ties of solutions, liquids and gases, 296 
Permanent magnets, 180 
Permeability, 180, 184, 234 
and molecular theory, 241 
and temperature, 187 
measurement of, 266 
Piezoelectric electrometer, 156 
Piezoelectricity, 148 # 

discovery by Cune, 153 
Pole, strength of ^magnetic, 210 
unit magnetic, 210 
Positive electrification, 2 

certain systems, 80 

at any point in a magnetic field, 217 
difference of, 103 

Equa tio ns expressing continuity of, 

Instniments used to measure, 87 
measur ement o£ practical methods, 
§4 

of a small magnet at any point in its 
fisdd, 219 _ . 

variation of, andjntensity, 43 


Quadrant electrometer, 8/ 

electrometer, calibration of, 89 
electrometer, theory of, 89 
Quantity of electrification, 24 
Quincke’s experiments on stresses in 
dielectrics, 188 

Recording instruments for magnetic 
observations, 312 
Refraction, laws of, 106 
Residual charge, 22 

charge and discharge, 113 
charge, Maxwell on, 114 
charge, mechanical model, 118 
Resinous or negative electrification, 2 
Retentivity in magnets, 169 
Riecke’s researches m pyroelectricity, l&u 
Rowland’s experiments on susceptibility 
and permeability, 284 
Rubbers for electrification, 1 

Solids, specific inductive capacity, 122 

et seq. , . » 

Solutions, magnetic properties ol 
(Pascal), 296 

Specifi^^n ducti ve capacity, 100, 120 

inductive capacity and refractive 
index, 120 , 

inductive capacity, Boltzmann s ex- 
periments, 122 

inductive capacity, Hopkinson s ex- 
periments, 125 

inductive capacity of alcohol, 1*9 
inductive capacity of gases, 127 
inductive capacity of solids, et 

inductive capacity of water, 129 

Sphere, capacity of, 81 

potential due to charged, 45 
Spheres, concentric, potential and 

capacity of, 82 . n 

Spherical shell, intensity inside, 40 
shell, intensity outside, 39 
Storage of electricity, 21 
Strain in dielectric, 48 et seq. 

in dielectric, pressure transverse to 
lines of, 135 

in dielectric, tension along lines or, 
134 

lines or tubes of, 55 . 

Stresses in medium surrounding magnetic 
body, 261 

Surface density, definition of, 52 
Susceptibility, magnetic, 184, 239 

Temperature, effect of, on magnetism, 
186,200 

i yiorm pn.m lTTV. ] 

constant, 


change oi tempera- 
taaee cm change of potential, 161 
P^e4ectiicfifcy^l48 , 


j.00, & uy 

effect of, on permeability, 187 
effect of rise of, onVerdet’scoi 
323 

Tension along lines of strain, 134 
Terrestrial magnetism, 300 

magnetism, Gauss’s theory, 316 
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homson’s trap door electrometer, 91 
ownsend’s experiment on susceptibility 
and permeability, 293 
ubes of force in electric field, 32? 
of force in magnetic field, 217 
of force, properties of. 34-86 
of strain, transference from one 
charge to another, 56 

nit magnetic pole, 210 
nits of electrification, 28, 32 

ECTOR resolution of a small magnet, 220 
erdet’s constant, 322 

constant, effect of temperature on, 
323 

Ebration, time of, of a needle with small 
susceptibility, 260 


Villari reversal, 190 

Voigt’s experiments in pyroelectricity, 
153 

theory of pyro- and piezoelectricity, 
156' 

theory of the Faraday rotation, 329 
Vitreous, or positive, electrification, 2 

Water, specific inductive capacity of, 
129 

Weber’s theory of magnetisation, 194 
Wills’ experiments in susceptibility and 
permeability, 292 
Wimshurst machine, 18 
Winter’s plate machine, 11 
ring, 12 

Zeeman effect, 336 


PRINTED BY 

BALLANTYNE AND COMPANY 

LTD 

TAVISTOCK ST COVENT GARDEN 
LONDON 



